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Alexandroff One Point Compactification

Czestaw Bylinski
University of Bialystok
Poland

Summary. In the article, I introduce the notions of the compactification
of topological spaces and the Alexandroff one point compactification. Some prop-
erties of the locally compact spaces and one point compactification are proved.

MML identifier: COMPACT1, version: 7.8.05 4.87.985

The articles [15], [5], [16], [17], [4], [18], [1], [8], [14], [13], [19], [7], [9], [10], [6],
[12], [2], [3], and [11] provide the notation and terminology for this paper.

Let X be a topological space and let P be a family of subsets of X. We say
that P is compact if and only if:

(Def. 1) For every subset U of X such that U € P holds U is compact.

Let X be a topological space and let U be a subset of X. We say that U is
relatively-compact if and only if:
(Def. 2) U is compact.
Let X be a topological space. Note that () x is relatively-compact.
Let X be a topological space. Observe that there exists a subset of X which
is relatively-compact.
Let X be a topological space and let U be a relatively-compact subset of X.
Observe that U is compact.
Let X be a topological space and let U be a subset of X. We introduce U
is pre-compact as a synonym of U is relatively-compact.
Let X be a non empty topological space. We introduce X is liminally-
compact as a synonym of X is locally-compact.
Let X be a non empty topological space. Let us observe that X is liminally-
compact if and only if:
(Def. 3) For every point z of X holds there exists a generalized basis of x which
is compact.
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168 CZESEAW BYLINSKI

Let X be a non empty topological space. We say that X is locally-relatively-
compact if and only if:

(Def. 4)  For every point = of X holds there exists a neighbourhood of = which is
relatively-compact.

Let X be a non empty topological space. We say that X is locally-closed /com-
pact if and only if:

(Def. 5) For every point x of X holds there exists a neighbourhood of = which is
closed and compact.
Let X be a non empty topological space. We say that X is locally-compact
if and only if:
(Def. 6) For every point x of X holds there exists a neighbourhood of = which is
compact.
Let us observe that every non empty topological space which is liminally-
compact is also locally-compact.
Let us note that every non empty 73 topological space which is locally-
compact is also liminally-compact.
One can verify that every non empty topological space which is locally-
relatively-compact is also locally-closed /compact.
Let us observe that every non empty topological space which is locally-
closed /compact is also locally-relatively-compact.
Let us observe that every non empty topological space which is locally-
relatively-compact is also locally-compact.
One can verify that every non empty Hausdorff topological space which is
locally-compact is also locally-relatively-compact.
One can check that every non empty topological space which is compact is
also locally-compact.
Let us observe that every non empty topological space which is discrete is
also locally-compact.
Let us mention that there exists a topological space which is discrete and
non empty.
Let X be a locally-compact non empty topological space and let C' be a
closed non empty subset of X. Note that X [C' is locally-compact.
Let X be a locally-compact non empty T3 topological space and let P be an
open non empty subset of X. Note that X [P is locally-compact.
One can prove the following two propositions:
(1) Let X be a Hausdorff non empty topological space and E be a non empty
subset of X. If X[F is dense and locally-compact, then X [FE is open.

(2) For all topological spaces X, Y and for every subset A of X such that
Qx C Qy holds (incl(X,Y))°A = A.
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Let X, Y be topological spaces and let f be a function from X into Y. We
say that f is embedding if and only if:

(Def. 7) There exists a function A from X into Y [rng f such that h = f and h
is a homeomorphism.

The following proposition is true
(3) Let X, Y be topological spaces. Suppose Qx C Qy and there exists

a subset X; of Y such that X; = Qx and the topology of Y [X; = the
topology of X. Then incl(X,Y’) is embedding.

Let X be a topological space, let Y be a topological space, and let h be a
function from X into Y. We say that h is compactification if and only if:

(Def. 8) h is embedding and Y is compact and h°(€2x) is dense.

Let X be a topological space and let Y be a topological space. Note that
every function from X into Y which is compactification is also embedding.

Let X be a topological structure. The one-point compactification of X yields
a strict topological structure and is defined by the conditions (Def. 9).

(Def. 9)(1)  The carrier of the one-point compactification of X = succ(Qx), and
(ii)  the topology of the one-point compactification of X = (the topology of
X)U{UU{Qx}; U ranges over subsets of X: U is open A U€ is compact }.
Let X be a topological structure. Note that the one-point compactification
of X is non empty.
We now state the proposition
(4) For every topological structure X holds
Qx C Qithe one-point compactification of X -
Let X be a topological space. Note that the one-point compactification of
X is topological space-like.
Next we state the proposition
(5) Every topological structure X is a subspace of the one-point compacti-
fication of X.

Let X be a topological space. One can verify that the one-point compacti-
fication of X is compact.
One can prove the following propositions:

(6) Let X be a non empty topological space. Then X is Hausdorff and
locally-compact if and only if the one-point compactification of X is Haus-
dorff.

(7) Let X be a non empty topological space. Then X is non compact if
and only if there exists a subset X’ of the one-point compactification of
X such that X' = Qx and X’ is dense.

(8) Let X be a non empty topological space. Suppose X is non compact.
Then incl(X, the one-point compactification of X) is compactification.
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Arrow’s Impossibility Theorem

Freek Wiedijk
Institute for Computing and Information Sciences
Radboud University Nijmegen
Toernooiveld 1, 6525 ED Nijmegen, The Netherlands

Summary. A formalization of the first proof from [6].

MML identifier: ARROW, version: 7.8.05 4.87.985

The terminology and notation used here are introduced in the following articles:
[11], [13], [12], [10], [9], [5], [2], [3], [1], [8], [4], and [7].

1. PRELIMINARIES

Let A, B’ be non empty sets, let B be a non empty subset of B, let f be a
function from A into B, and let  be an element of A. Then f(z) is an element
of B.

Next we state two propositions:

(1) For every finite set A such that card A > 2 and for every element a of A
there exists an element b of A such that b # a.

(2) Let A be a finite set. Suppose card A > 3. Let a, b be elements of A.
Then there exists an element ¢ of A such that ¢ # a and ¢ # b.

2. LINEAR PREORDERS AND LINEAR ORDERS

In the sequel A denotes a non empty set and a, b, ¢ denote elements of A.
Let us consider A. The functor LinPreorders A is defined by the condition
(Def. 1).

@ 2007 University of Bialystok
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(Def. 1) Let R be a set. Then R € LinPreorders A if and only if the following
conditions are satisfied:
(i) R is a binary relation on A,
(ii) for all a, b holds (a, b) € R or (b, a) € R, and
(i) for all @, b, ¢ such that (a, b) € R and (b, ¢) € R holds (a, c) € R.
Let us consider A. Note that LinPreorders A is non empty.
Let us consider A. The functor LinOrders A yielding a subset of LinPreorders A
is defined by:
(Def. 2) For every element R of LinPreorders A holds R € LinOrders A iff for all
a, b such that (a, b) € R and (b, a) € R holds a = b.
Let A be a set. One can verify that there exists an order in A which is
connected.
Let us consider A. Then LinOrders A can be characterized by the condition:
(Def. 3) For every set R holds R € LinOrders A iff R is a connected order in A.

Let us consider A. One can verify that LinOrders A is non empty.

In the sequel o, o' are elements of LinPreorders A and o” is an element of
LinOrders A.

Let us consider A, o, a, b. The predicate a <, b is defined by:

(Def. 4) {a, b) € o.

Let us consider A, o, a, b. We introduce b >, a as a synonym of a <, b. We
introduce b <, a as an antonym of a <, b. We introduce a >, b as an antonym
of a <, b.

We now state a number of propositions:

(3) a<,a.
(4) a<,borb<,a.
(5) Ha<,bora<,bandif b<,corb<,c, then a <, c.
(6) Ifa <, bandb <, a,then a =bo.
(7) If a # band b # c and a # ¢, then there exists o such that a <, b and
b <, c
(8) There exists o such that for every a such that a # b holds b <, a.
(9) There exists o such that for every a such that a # b holds a <, b.
(10) If a # b and a # c, then there exists o such that a <, b and a <, ¢ and
b<,ciffb<,candc<,biff ¢ <y b.
(11) If a # b and a # c, then there exists o such that b <, a and ¢ <, a and
b<,ciffb<,candc<,biff ¢ <y b.
(12) Let o, o' be elements of LinOrders A. Then a <, b iff a <, b and b <, a
iff b <y aif and only if a <, b iff a <. b.
(13) Let o be an element of LinOrdersA and o' be an element of
LinPreorders A. Then for all a, b such that a <, b holds a <, b if and only
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if for all a, b holds a <, b iff a <, b.

3. ARROW’S THEOREM

For simplicity, we follow the rules: A, N are finite non empty sets, a, b are
elements of A, i, n are elements of N, p, p’ are elements of (LinPreorders A)",
and f is a function from (LinPreorders A)"V into LinPreorders A.

We now state the proposition

(14) Suppose that
(i)  for all p, a, b such that for every 7 holds a <) b holds a <y, b,
(ii) for all p, p/, a, b such that for every i holds a <p@i) b iff @ <) b and
b <p@) a iff b <y a holds a <jq, biff a <jf() b, and
(iii) card A > 3.
Then there exists n such that for all p, a, b such that a <p) b holds
a <j(p) b-

In the sequel p, p’ denote elements of (LinOrders A)" and f denotes a func-
tion from (LinOrders A)" into LinPreorders A.

One can prove the following proposition

(15) Suppose that
(i)  for all p, a, b such that for every i holds a <,;
(ii)  for all p, p/, a, b such that for every i holds a <

) b holds a <f(p) b,

p(i) 0 iff @ <, ;) b holds

a <f(p) biff a <t b, and
(i) card A > 3.

Then there exists n such that for all p, a, b holds a < biff a <jgg) b.

p(n)
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Congruences and Quotient Algebras
of BClI-algebras

Yuzhong Ding Zhiyong Pang
Qingdao University of Science Qingdao University of Science
and Technology and Technology
China China

Summary. We have formalized the BClI-algebras closely following the
book [7] pp.16-19 and pp.58-65. Firstly, the article focuses on the properties
of the element and then the definition and properties of congruences and quo-
tient algebras are given. Quotient algebras are the basic tools for exploring the
structures of BCI-algebras.

MML identifier: BCTALG_2, version: 7.8.05 4.87.985

The articles [11], [5], [12], [10], [13], [2], [3], [1], [8], [14], [6], [15], [4], and [9]
provide the terminology and notation for this paper.

1. BAsic PROPERTIES OF THE ELEMENT

For simplicity, we adopt the following convention: X is a BCl-algebra, I is
an ideal of X, a, z, y, 2z, u are elements of X, f is a function from N into the
carrier of X, and j, i, k, n, m are elements of N.

Let us consider X, x, y and let n be an element of N. The functor (z \ y)"
yielding an element of X is defined by:

(Def. 1) There exists f such that (z \ y)" = f(n) and f(0) = x and for every
element j of N such that 7 <n holds f(5+1) = f(j) \ y.

One can prove the following propositions:
1) (z\y)’ ==
2) (@\y»'=az\y
(3) (@\y)?=2\y\y

@ 2007 University of Bialystok
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@) @\ =(=\y)")\y

(5) (z\0x)"* ==

(6) (0x\0x)" = Ox-.

(M) (@\y")\z=((z\2)\y)"

@) (@\(z\(z\y)" = (z\y)"

@) ((Ox \2)")¢ = (0x \ )™
(10) ((@\y)"\y)™ = (@ \y)"*™
(A1) ((z\y)"\2)™ = ((z\ 2)" \y)"
(12) (((0x \2)")9) = (0x \ 2)".
(13) (0x \ &)™™= ((0x \ 2)") \ ((0x \ z)™)°.
(14)  ((0x \ @)™ )¢ = ((0x \2)™)°\ ((0x \ =)").
(15)  ((Ox \ ((0x \2)™))")¢ = (Ox \ )™
(16) If (0x \ )™ = 0x, then (0x \ )" = 0x.
(17) If z\y ==z, then (z\y)" = =x.
(18) (0x \ (\ )" = ((Ox \ )"\ (0x \ )"
(19) If x <y, then (z\2)" < (y\2)"
(20) If x <y, then (z\y)" < (z\x)"
1) ((@\ 2\ (2" <o\ y.
(22) ((@\ @\ )"\ () )" < .

Let us consider X, a. We introduce a is minimal as a synonym of a is atom.
Let us consider X, a. We say that « is positive if and only if:

(Def. 2) 0x < a.
We say that a is least if and only if:

(Def. 3) For every x holds a < z.
We say that a is maximal if and only if:

(Def. 4)  For every z such that a < z holds = = a.
We say that a is greatest if and only if:

(Def. 5) For every z holds z < a.

Let us consider X. Observe that there exists an element of X which is
positive.

Let us consider X. Note that Ox is positive and minimal.

Next we state several propositions:

(23) @ is minimal iff for every z holds a \ x = z°\ a°.

(24) ¢ is minimal iff for every y such that y < z holds z¢ = y°.
(25) ¢ is minimal iff for all y, z holds ((z \ 2\ (v \ 2))¢)¢ = y° \ z€.
(26) If Ox is maximal, then every a is minimal.

(27)

If there exists « which is greatest, then every a is positive.
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(28) =z \ (x°)° is a positive element of X.
(29) a is minimal iff (a®)¢ = a.
(30) a is minimal iff there exists = such that a = x°.
Let us consider X, x. We say that x is nilpotent if and only if:
(Def. 6) There exists a non empty element k of N such that (0x \ 2)¥ = 0x.
Let us consider X. We say that X is nilpotent if and only if:
(Def. 7)  Every element of X is nilpotent.

Let us consider X, x. Let us assume that x is nilpotent. The functor ord(x)
yielding a non empty element of N is defined by:

(Def. 8)  (0x\2)*4®) = 0x and for every element m of N such that (0x\z)™ = Ox
and m # 0 holds ord(z) < m.

Let us consider X. One can verify that Ox is nilpotent.

We now state four propositions:
(31) x is a positive element of X iff x is nilpotent and ord(z) = 1.

(32) X is a BCK-algebra iff for every = holds ord(z) = 1 and « is nilpotent.
(33) (0x \ z°)™ is minimal.

(34)

If x is nilpotent, then ord(z) = ord(z°).

2. CONGRUENCES AND QUOTIENT ALGEBRAS

Let X be a BCl-algebra. An equivalence relation of X is said to be a
congruence of X if:
(Def. 9) For all elements x, y, u, v of X such that (x, y) € it and (u, v) € it
holds (z \ u, y \ v) € it.
Let X be a BCl-algebra. An equivalence relation of X is said to be an
L-congruence of X if:
(Def. 10) For all elements z, y of X such that (x, y) € it and for every element u
of X holds (u\ z, u\ y) € it.
Let X be a BCl-algebra. An equivalence relation of X is said to be an
R-congruence of X if:
(Def. 11) For all elements x, y of X such that (x, y) € it and for every element u
of X holds (z \ u, y \ u) € it.
Let X be a BCI-algebra and let A be an ideal of X. A binary relation on X
is said to be an I-congruence of X by A if:
(Def. 12) For all elements z, y of X holds (z, y) €itiff xt \y € Aand y \ z € A.
Let X be a BCl-algebra and let A be an ideal of X. Note that every I-

congruence of X by A is total, symmetric, and transitive.
Let X be a BCI-algebra. The functor IConSet X is defined as follows:
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(Def. 13) For every set A; holds A; € IConSet X iff there exists an ideal I of X
such that A; is an I-congruence of X by I.

Let X be a BCI-algebra. The functor ConSet X is defined as follows:
(Def. 14) ConSet X = {R : R ranges over congruences of X }.
The functor LConSet X is defined by:
(Def. 15) LConSet X = {R: R ranges over L-congruences of X}.
The functor RConSet X is defined as follows:
(Def. 16) RConSet X = {R : R ranges over R-congruences of X }.

For simplicity, we adopt the following rules: R is an equivalence relation
of X, Ry is an I-congruence of X by I, F is a congruence of X, Rs is an
R-congruence of X, and L, is an L-congruence of X.

We now state three propositions:

(35) For all X, E holds [0x]j is a closed ideal of X.

(36) Risacongruence of X iff R is an R-congruence of X and an L-congruence
of X.

(37) Ry is a congruence of X.

Let X be a BCl-algebra and let I be an ideal of X. We see that the I-
congruence of X by I is a congruence of X.
One can prove the following propositions:

38) [0xn,) C 1.

39) I is closed iff I = [0x]g,)-

40) If (z,y) € E, then z \ y € [0x]z and y \ z € [0x] 5.

41) Let A, I be ideals of X, I} be an I-congruence of X by A, and I3 be an
I-congruence of X by I. If [0x] ;) = [0x] (s, then Iy = I>.

(42) If {z,y) € E and u € [0x]y, then (z, (y \ u)¥) € E.

(43) Suppose that for all X, z, y there exist i, j, m, n such that ((z\ (z\

)\ (w\ ) = ((y\ (y\2))™\ (z\y)" Let given E, I. If I = [0x],
then FE is an I-congruence of X by I.

IConSet X C ConSet X.

ConSet X C LConSet X.

ConSet X C RConSet X.

ConSet X = LConSet X N RConSet X.

If every L is an I-congruence of X by I, then £ = R;.

(
(
(
(

(44
(45
(46
(47
(48
(49
(50

In the sequel E denotes a congruence of X and R; denotes an I-congruence
of X by I.
Let us consider X, E. Note that Classes F is non empty.

If every Rj is an I-congruence of X by I, then F = R;.

~— — — ~— ~— ~— ~—

[0x]f,) is a closed ideal of X.
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Let us consider X, E. The functor EqClaOp FE yielding a binary operation
on Classes E' is defined by:

(Def. 17)  For all elements Wy, W of Classes E and for all z, y such that Wy = [z]g
and Wy = [y]; holds (EqClaOp E) (W7, W) = [z \ y] 5.
Let us consider X, E. The functor zeroEqC FE yields an element of Classes F
and is defined as follows:

(Def. 18) zeroEqC E = [0x] g

Let us consider X, E. The functor X /g yielding a BCI structure with 0 is

defined by:
(Def. 19) X /g = (Classes E, EqClaOp E, zeroEqC E).

Let us consider X and let F be a congruence of X. One can check that X /p
is non empty.

In the sequel W7, Wy denote elements of Classes F.

Let us consider X, E, Wy, W,. The functor W7 \ Wy yielding an element of
Classes E is defined by:

(Def. 20) Wi \ Wy = (EqClaOp E)(W;, Ws).
Next we state the proposition
(51) X /g, is a BCl-algebra.
Let us consider X, I, Ry. Note that X /g, is strict, B, C, I, and BCI-4.
Next we state the proposition

(52) For all X, I such that I = BCK-part X and for every I-congruence R;
of X by I holds X/p, is a p-semisimple BCI-algebra.
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(2) For every finite real-membered set X and for every real number a holds
card X = card(a ® X).

(3) For every real-membered set X and for every real number a such that
a # 0 holds X ~ao X.

(4) Let X be a real-membered set and a be a real number. Then
(i) if a =0 and X is non empty, then a o X = {0}, and
(ii) if ao X = {0}, then a =0 or X = {0}.
Let X be a finite real-membered set and let a be a real number. One can
verify that a o X is finite.
The following propositions are true:

(5) For every finite real-membered set X and for every real number a such
that a # 0 holds card X = card(a o X).

(6) Ifi|dp and ip # 0, then [i] < |iy].
(7) For every i3 such that i3 # 0 holds 4y | i iff 41 - i3 | 92 - 3.
(8) For all natural numbers a, b, m and for every element n of N such that
a mod m = bmod m holds a” mod m = b" mod m.
) Ifiy-i = ig-i(modis) and ¢ and i3 are relative prime, then i; = i3(mod i3).
) If iy =iy(modis), then iy - k =iy - k(mod is - k).
11) If i3 = ig(mod i), then iy - i3 = ig - i3(mod ).
) For every integer ¢ holds 0 = 0 mod i.
)

For every b such that b > 0 and for every a there exist integers ¢, r such
that a=b-q+rand r > 0 and r < b.

(14) 1If iy = i2(modig), then iy gedis = ig ged i3.
(15) If a and m are relative prime, then there exists an integer = such that
(a-x—b)modm = 0.
(16) If m > 0 and a and m are relative prime, then there exists a natural
number n such that (a-n — b) mod m = 0.
(17) If m # 0 and agedm 1 b, then it is not true that there exists an integer
x such that (a -z —b) mod m = 0.
(18) If m # 0 and agedm | b, then there exists an integer = such that
(a-x—b)modm = 0.
Let = be an integer. Observe that 22 is natural.
We now state several propositions:
19) If n >0 and p > 0, then p-gmod p™ =p- (¢ modp"_/l).
20)
21) Ifn > 0 and pis prime and p and ¢ are relative prime, then p f gmodp™.
22)

(
( p-gqmodp-n=p-(¢gmodn).

(

( For all natural numbers p, ¢, n such that n > 0 holds (p — ¢) modn =0
iff p mod n = ¢ mod n.
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(23) For all natural numbers a, b, m such that m > 0 holds @ mod m =
b mod m iff m | a—b.

(24) If n > 0 and p is prime and p and ¢ are relative prime, then it is not
true that there exists an integer x such that (p- 22 — ¢) mod p™ = 0.

(25) If n > 0 and p is prime and p and ¢ are relative prime, then it is not
true that there exists an integer x such that (p -z — ¢) mod p™ = 0.

Let m be an integer. The functor Congm yielding a binary relation on Z is
defined as follows:

(Def. 1) (z, y) € Congm iff z = y(mod m).
Let m be an integer. One can check that Congm is total.
Let m be an integer. One can check that Congm is reflexive, symmetric,
and transitive.

Next we state four propositions:

(26) Suppose m # 0 and (a-x —b) mod m = 0. Let y be an integer. Then
(i)  ifaand m are relative prime and (a-y—b) modm = 0, then y € []cypg
and

(i) ify e [z] then (a -y —b) modm = 0.

Congm>

(27) Let a, b, m, = be integers. Suppose m # 0 and a and m are relative
prime and (a -z — b) mod m = 0. Then there exists an integer s such that
(z, b- s) € Congm.

(28) Let a, m be elements of N. Suppose a # 0 and m > 1 and a and m are
relative prime. Let b, = be integers. If (a -z — b) mod m = 0, then (z,
b- aPulerm="1y ¢ Congm.

(29) Suppose m # 0 and agedm | b. Then there exists a finite sequence f;
of elements of Z such that len fi = agedm and for every ¢ such that
¢ € dom f; holds (a - fi(¢) —b) mod m = 0 and for all ¢, co such that
¢1 € dom f1 and ¢y € dom f; and ¢; # ¢2 holds fi(c1) Z fi(c2)(modm).

We use the following convention: fi, fo denote finite sequences of elements
of N and a, b, ¢, d, n denote elements of N.
Next we state a number of propositions:
(30) For all b, n such that b € dom f; and len f; = n 41 holds (f1 ™ (d))p =
((f1)) = (d).
(31) Suppose len f; > 2 and for all b, ¢ such that b € dom f; and ¢ € dom f;
and b # ¢ holds ged(f1(b), f1(c)) = 1. Let given b. If b € dom f1, then

ged(TT((f1) 1), 1 (b)) = 1.
(32) For every a such that a € dom f; holds fi(a) | [] f1-

(33) Ifa € dom f; and p | fi(a), then p | [] f1.
(34) Iflenfi =n+1and a > 1 and a <n, then (f1)1(n) = fi(len fy).
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(35) For all a, bsuch that a € dom f; and b € dom f; and a # band len f; > 1

holds f1(b) | TT((f1)1a)-
(36) If for every b such that b € dom f; holds a | f1(b), then a | 3 f1.

(37) Suppose len f; > 2 and for all b, ¢ such that b € dom f; and ¢ € dom f;
and b # ¢ holds ged(f1(b), f1(c)) = 1 and for every b such that b € dom f;
holds f1(b) # 0. Let given f5. Suppose len fo = len fi. Then there exists an
integer x such that for every b such that b € dom f; holds (z — fa(b)) mod
f1(b) = 0.

(38) If for all b, ¢ such that b € dom f; and ¢ € dom f; and b # ¢ holds
ged(f1(b), f1(c)) = 1 and for every b such that b € dom f; holds f1(b) | a,
then [] f1 | a.

(39) Suppose len f; > 2 and for all b, ¢ such that b € dom f; and ¢ € dom f;
and b # ¢ holds ged(f1(b), f1(c)) = 1 and for every b such that b € dom f;
holds f;(b) > 0. Let given fa. Suppose len fy = len f; and for every b such
that b € dom f; holds (z— f2(b))mod f1(b) = 0 and (y— f2(b))mod f1(b) = 0.
Then x = y(mod [] f1).

We follow the rules: mq, mo, ms, r, s, a, b, ¢, c1, ca, T denote integers and
n1, N9, ng denote natural numbers.
The following propositions are true:

(40) Suppose my # 0 and mg # 0 and m; and mqy are relative prime. Then
there exists an integer r such that for every z such that (z —c¢1) modmy =
0 and (z — ¢2) mod my = 0 holds x = ¢; + my - r(modm; - mg) and
(my -7 — (c2 — 1)) mod mg = 0.
(41) If my # 0 and mgy # 0 and my gedma 1 ¢1 — ¢, then it is not true that
there exists « such that (x — ¢;) mod m; = 0 and (2 — ¢2) mod my = 0.
(42) Suppose m; # 0 and mg # 0 and mq ged ma | 2 — ¢;. Then there exists r
such that for every x such that (z—c;) modm; = 0 and (z—cg) modmg = 0
holds = = ¢; +my -r(mod lem(my, my)) and ((mq <+ (m1 gedma))-r—((c2—
c1) + (my1 gedms))) mod (mg + (my gedms)) = 0.
(43) Suppose my # 0 and my # 0 and agedm; | ¢; and bged my | o and my
and meo are relative prime. Then there exist integers w, r, s such that
(i) for every x such that (a-x—c1)modm; = 0 and (b-x—cy) modmg =0
holds z = r+(m1+(aged my))-w(mod(m;+(aged my))-(me-+(bged ma))),
(ii))  ((a+ (agedmq))-r— (c1 + (agedmy))) mod (mq =+ (agedmy)) =0,
(i)  ((b+(bgedma))-s— (c2 + (bgedma))) mod (mg + (bged m2)) = 0, and
(iv)  ((m1+(agedmy))-w — (s —r)) mod (me + (bgedmy)) = 0.
(44) Suppose that
i) m #0,
(ii)  mg #0,
(iii)  mg #0,
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(iv)  mj and mg are relative prime,

(v) m; and mg are relative prime, and

(vi)  mgo and mg are relative prime.

Then there exist r, s such that for every z if (zx — a) mod m; = 0 and
(x —b) mod mg = 0 and (z — ¢c) mod m3 = 0, then x = a+m; -7 +
my - mg - sS(modmy - ma - m3) and (my -r — (b — a)) mod me = 0 and
(my-mg-s—(c—a—my-r)) modms=0.

(45) Suppose m; # 0 and mg # 0 and m3 # 0 and mjgedms t a — b or
mygedms 1 a — ¢ or mygedms 1 b — ¢. Then it is not true that there
exists x such that (x — a) mod m; = 0 and (x — b) mod my = 0 and
(x — ¢) mod mg = 0.

(46) For all non zero natural numbers nj, ng, ng holds
lem(ged(ny, ns), ged(ne, n3)) = ged(lem(ny, na), n3).

(47) Let ni, n2, ng be non zero natural numbers. Suppose ged(nq,n2) | a—b
and ged(nq, ng) | a—cand ged(ng, n3) | b—c. Then there exist 7, s such that
for every z if (x—a) mod n; = 0 and (x—b) mod ny = 0 and (z—c) mod ng =
0, then = a 4+ n; - 7 + lem(ny,n2) - s(modlem(lem(ny, ne2),ng)) and
((n1 +ged(ny,n2)) - — ((b — a) =+ ged(ni,n2))) mod (ng + ged(ni, ng)) =
0 and ((lem(ni,ng) + ged(lem(ny, ng),ng)) - s — ((c — (a + ny - 7)) =
ged(lem(ng, na),n3))) mod (n3 + ged(lem(ny, na), ng)) = 0.

In the sequel fi denotes a finite sequence of elements of N and a, b, m denote
elements of N.
Let m be an element of N and let X be a set. We say that X is a complete
residue system modulo m if and only if:
(Def. 2) There exists a finite sequence f1 of elements of Z such that X = rng f;
and len fj = m and for every b such that b € dom f; holds f1(b) €
[b ~ 1]Congm‘
One can prove the following propositions:
(48) {a:a < m} is a complete residue system modulo m.

(49) Let X be a finite set. Suppose X is a complete residue system modulo
m. Then card X = m and for all integers x, y such that x € X and y € X
and z # y holds (x, y) ¢ Congm.

(50) 0 is a complete residue system modulo m iff m = 0.

(51) Let X be a finite set. Suppose card X = m. Then there exists a finite
sequence f1 such that len fi = m and for every a such that a € dom f;
holds fi(a) € X and f; is one-to-one.

(52) Let X be a finite subset of Z. Suppose card X = m and for all integers
x, y such that € X and y € X and = # y holds (z, y) ¢ Congm. Then
X is a complete residue system modulo m.

In the sequel a is an integer.
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The following two propositions are true:

(53) Let X be a finite subset of Z. Suppose X is a complete residue system
modulo m. Then a ® X is a complete residue system modulo m.

(54) Let X be a finite subset of Z. Suppose a and m are relative prime and X
is a complete residue system modulo m. Then a o X is a complete residue
system modulo m.
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1. PRELIMINARIES

For simplicity, we adopt the following convention: f, f1, fo, g denote partial
functions from R to R, A denotes a closed-interval subset of R, r, x, £y denote
real numbers, n denotes an element of N, and Z denotes an open subset of R.

The following propositions are true:

(1) sin(x+2-n-7)=sinz.
(2) sin(x+(2-n+1)-7) = —sinz.
(3) cos(z+2-n-m)=cosuz.
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(4) cos(z+(2-n+1)-m) = —cosx
(5) Ifsin(%) >0, then sin(%) = /1=5=2
(6) Ifsin(%) <0, then sin(%) = —/ 1=z
(1) sin() =
(8) sin(—F) =%
O %I c]-11
(10) arcsin(*2) =12
(11) arcsin(—@) =-7.
(12) If cos(%) > 0, then cos(%) = /152,
(13) cos(%) = L.
(14) cos(3F) = -2,
(15) arccos(*3) = Z.
(16) arccos(—@) =3I
(17) (The function sinh)(1) = e;fel.
(18) (The function cosh)(0) = 1.
(19) (The function cosh)(1) = e;_tl.
(20) For every linear function L; holds —L; is a linear function.
(21) For every rest Ry holds —R; is a rest.
(22) For all f1, zg such that f; is differentiable in z¢ holds — f is differentiable

in Zo and (—fl)l(l'o) = —fl/(l'o).

(23) Let given f1, Z. Suppose Z C dom(—f1) and f; is differentiable on Z.
Then — f; is differentiable on Z and for every x such that x € Z holds
(_fl)/[z(x) =—fi'(x).

(24) —the function sin is differentiable on R.

(25) —the function cos is differentiable in z and (—the function cos)’(z) =
(the function sin)(z).

(26)(1)  —the function cos is differentiable on R, and

(ii)  for every x such that x € R holds (—the function cos)’(z) = (the func-
tion sin)(x).

(The function sin)|p = the function cos.
The function cos)|p = —the function sin.

—the function cos)}p = the function sin.

w
(@)

(

(

(The function sinh)|p = the function cosh.
(The function cosh)p = the function sinh.
( [

The function exp)'p = the function exp.
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(33) Suppose Z C dom (the function tan) and for every x such that z € Z
holds f(z) = e L o and (the function cos)(z) # 0. Then
(i)  the function tan is differentiable on Z, and
(i) for every x such that z € Z holds (the function tan)|,(r) =

(the function cos)(z)2"
(34) Suppose that
(i) Z C dom (the function cot), and
(ii) for every z such that z € Z holds f(z) = — (iho functi})n S and (the
function sin)(z) # 0.
Then
(ili)  the function cot is differentiable on Z, and
(iv)  for every x such that z € Z holds (the function cot)},(z) =

(the function sin)(z)2"

(35) For every real number 7 holds dom(R +—— r) = R and rng(R —— r) C R.

Let r be a real number. The functor Cstr yielding a function from R into
R is defined as follows:

(Def. 1) Cstr =R+—r.
We now state two propositions:

(36) For all real numbers a, b and for every closed-interval subset A of R
holds X 4.4 = Cst 1 A.

(37) For all real numbers a, b and for every closed-interval subset A of R such

that A = [a,b] holds sup A = b and inf A = a.

2. SEVERAL INTEGRABILITY FORMULAS OF SPECIAL FUNCTIONS

The following propositions are true:

b
(38) For all real numbers a, b such that a < b holds /Cst 1(z)dr =b—a.

(39) / (the function cos)(z)dx = (the function sin)(sup A) — (the function

A
sin)(inf A).

(40) If A=1[0, 3], then [ (the function cos)(x)dx = 1.

(41) If A=10,7], then [ (the function cos)(z)dzx = 0.

B —

(42) If A= 1[0, %], then /(the function cos)(z)dz = —1.
A
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(43) If A=1[0,7-2], then / (the function cos)(x)dx = 0.

A
(44) fA=[2-n-m(2-n+1)-7)], then / (the function cos)(x)dx = 0.
A
(45) IfA=[z+2-n-m,x+(2-n+1)- 7|, then /(the function cos)(z)dz =

. A
—2-sinx.

(46) /(—the function sin)(z)dr = (the function cos)(sup A) — (the function

A
cos)(inf A).
(47) If A=10, 3], then /(—the function sin)(z)dx = —1.
A
(48) If A =0, 7], then /(—the function sin)(z)dx = —2.

(49) If A =0, %3], then / —the function sin)(z)dx = —1.
A

(50) If A=[0,7-2], then /(—the function sin)(z)dx = 0.
A
(61) IfA=[2-n-7,(2-n+1)- 7], then /(—the function sin)(z)dx = —2.
A
(52) fA=[z+2-n-mao+(2-n+1)- 7|, then /(—the function sin)(z)dx =

A
—2-cosx.

(53) /(the function exp)(z)dz = (the function exp)(sup A) — (the function

A
exp)(inf A).
(54) If A=10,1], then /(the function exp)(z)dx = e — 1.
A
(55) / (the function sinh)(z)dz = (the function cosh)(sup A) — (the function
A
cosh)(inf A).

_1)2
(56) If A=10,1], then /(the function sinh)(z)dzr = (62 1 .
e
A

(57) / (the function cosh)(x)dz = (the function sinh)(sup A) — (the function
A
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sinh)(inf A).

2
-1
(58) If A= , then / (the function cosh)(z)dz = 62 .
-e
A

(59) Suppose that

(i) ACZ

(ii)  dom (the function tan) = Z,

(iii)  dom (the function tan) = dom fs,
)

for every x such that x € Z holds fa(z) = (the functi%)n IO and (the

(iv
function cos)(z) # 0, and
(v)  fo is continuous on A.

Then /fg(m)d:n = (the function tan)(sup A) — (the function tan)(inf A).

(60) Suppose that

(i) ACZ

(ii)  dom (the function cot) = Z,

(ili))  dom (the function cot) = dom fs,

(iv)  for every x such that x € Z holds fa(x) = — (iho ﬁmcti}m smz and (the
function sin)(z) # 0, and

(v)  fo is continuous on A.

Then / fa(x)dz = (the function cot)(sup A) — (the function cot)(inf A).

(61) Suppose dom (the function tanh) = dom f, and for every z such that

x € R holds fa(x) = (o functioln omz and f2 is continuous on A. Then

/fg(x)dx = (the function tanh)(sup A) — (the function tanh)(inf A).

(62) Suppose A C ]—1,1[ and dom((the function arcsin)} h—1,1() = dom f> and

for every x holds z € |-1,1[ and f2(z) = \/1177 and fy is continuous

on A. Then /fg(x)dx = (the function arcsin)(sup A) — (the function

A
arcsin)(inf A).
(63) Suppose A C |—1,1[ and dom((the function arccos) -1 1[) dom fo and

for every x holds x € |—1,1[ and fo(z) = —\/1+7

on A. Then / fa(x)dz = (the function arccos)(sup A) — (the function

and fy is continuous

A
arccos)(inf A).

(64) Suppose that

0 A=[-2,4,

(i)  dom((the function arcsm) -1 1[) = dom fo,

193
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1
V1i—z2’

(iii)  for every x holds z € |—1,1[ and fa(x) = and

(iv)  fo is continuous on A.

Then [ fo(z)dx = z
o=

(65) Suppose that
() A=[¢ %]
(ii

2072
dom((the function arccos)’”_1 1[) = dom fs,
(i

for every x holds x € |—-1,1] and fa(x) = —
f2 is continuous on A.

Then [ fo(z)dw = ——.
/

1
V1-z2’

and

)
)
)
)

(iv

(66) Suppose that f is differentiable on Z and g is differentiable on Z and
A C Z and f[, is integrable on A and f{, is bounded on A and g}, is

integrable on A and g}, is bounded on A. Then /(ffZ + giz)(x)dx =

A
((f(sup A) — f(inf A)) + g(sup A)) — g(inf A).
(67) Suppose that f is differentiable on Z and g is differentiable on Z and
A C Z and f[, is integrable on A and f{, is bounded on A and g}, is

integrable on A and g}, is bounded on A. Then /(ffZ — giz)(x)dx =

f(sup A) — f(inf A) — (g(sup A) — g(inf A)).
(68) Suppose f is differentiable on Z and A C Z and fFZ is integrable on A
and fFZ is bounded on A. Then /(7’ ffz)(m)dx =r-f(sup A) —r- f(inf A).
A
(69) /((the function sin) + (the function cos))(x)dz = (((—the function cos)

A
(sup A) — (—the function cos)(inf A)) + (the function sin)(sup A)) — (the

function sin)(inf A).

(70) If A =10, %], then /((the function sin) + (the function cos))(x)dz = 2.

A
(71) If A=[0, 7], then /((the function sin) + (the function cos))(x)dx = 2.
A

(72) If A= [0,%2], then /((the function sin) + (the function cos))(x)dz =

A
0

(73) If A=[0,7 2], then /((the function sin) 4 (the function cos))(x)dx =
A



SEVERAL INTEGRABILITY FORMULAS ... 195

0.
(714) IfA=[2-n-7,(2-n+1)- 7], then
/((the function sin) + (the function cos))(x)dx = 2.

A
(75) fA=[z+2-n-mx+(2-n+1)- 7|, then

/((the function sin) + (the function cos))(x)dx =2 - cosx — 2 - sin z.
A

(76) /((the function sinh) + (the function cosh))(z)dx = (((the function

A
cosh)(sup A) — (the function cosh)(inf A)) + (the function sinh)(sup 4)) —
(the function sinh)(inf A).
(77) If A =10,1], then /((the function sinh) + (the function cosh))(z)dx =

A
e—1.

(78) /((the function sin) — (the function cos))(x)dx = (—the function cos)

A
(sup A) — (—the function cos)(inf A) — ((the function sin)(sup A) — (the
function sin)(inf A)).

(79) If A=10, 5], then /((the function sin) — (the function cos))(x)dz = 0.
A

(80) If A =10, 7], then /((the function sin) — (the function cos))(x)dz = 2.
A

(81) If A= [0,%2], then /((the function sin) — (the function cos))(z)dx =

A
2.
(82) If A= [0, 7 2], then /((the function sin) — (the function cos))(x)dx =
A
0

(83) IfA=[2-n-7m,(2-n+1)- 7], then
/((the function sin) — (the function cos))(x)dx = 2.
A
(84) IfA=[z+2-n-mx+(2-n+1)- x|, then
/((the function sin) — (the function cos))(x)dx = 2 - cosx + 2 - sin z.
A
(85) /(r (the function sin))(x)dx = 7 - (—the function cos)(sup A) — 7 -

A
(—the function cos)(inf A).



196 CUIYING PENG AND FUGUO GE AND XIQUAN LIANG

(86) /(r (the function cos))(x)dx = r - (the function sin)(sup A) — r - (the

A
function sin)(inf A).

(87) / (r (the function sinh))(z)dx = r - (the function cosh)(sup A) — r - (the

A
function cosh)(inf A).

(88) / (r (the function cosh))(z)dx = r - (the function sinh)(sup A) — r - (the

A
function sinh)(inf A).

(89) /(7" (the function exp))(x)dx = r - (the function exp)(sup A) — r - (the

A
function exp)(inf A).

1
(90) / ((the function sin) (the function cos))(x)dx = 5 ((the function

A
cos)(inf A) - (the function cos)(inf A) — (the function cos)(sup 4) - (the
function cos)(sup A)).

(91) If A=[0, 3], then /((the function sin) (the function cos))(z)dx =
A

1
5"

(92) If A=[0,n], then /((the function sin) (the function cos))(z)dz = 0.
A

1
(93) If A=[0,7-3], then /((the function sin) (the function cos))(x)dx = 3
A
(94) If A=[0,7 2], then /((the function sin) (the function cos))(z)dx = 0.
A
(95) fA=[2-n-m(2-n+1)- 7], then

/ ((the function sin) (the function cos))(x)dz = 0.
A
(96) fA=[z+2-n-mx+(2-n+1)- 7|, then

/ ((the function sin) (the function cos))(x)dz = 0.

A

(97) / ((the function sin) (the function sin))(x)dz = ((the function cos)(inf A)-

A
(the function sin)(inf A) — (the function cos)(sup A) - (the function

sin)(sup A)) + /((the function cos) (the function cos))(z)dz.
A
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(98) /((the function sinh) (the function sinh))(z)dx = (the function cosh)

A
(sup A) - (the function sinh)(sup A) — (the function cosh)(inf A) - (the func-

tion sinh)(inf A) — / ((the function cosh) (the function cosh))(x)dz.
A

1
(99) /((the function sinh) (the function cosh))(z)dzr = 3 ((the function

A
cosh)(sup A) - (the function cosh)(sup A) — (the function cosh)(inf A) - (the
function cosh)(inf A)).

1
(100) /((the function exp) (the function exp))(x)dx = 3 ((the function

A
exp)(sup A)? — (the function exp)(inf A)?).

(101) /((the function exp) ((the function sin) + (the function cos)))(z)dz =

A
((the function exp) (the function sin))(sup A) — ((the function exp) (the

function sin))(inf A).

(102) /((the function exp) ((the function cos) — (the function sin)))(z)dz =

A
((the function exp) (the function cos))(sup A) — ((the function exp) (the

function cos))(inf A).
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Summary. In this paper I present selected properties of triangular ma-
trices and basic properties of the rank of matrices over a field.

I define a submatrix as a matrix formed by selecting certain rows and columns
from a bigger matrix. That is in my considerations, as an array, it is cut down
to those entries constrained by row and column. Then I introduce the concept
of the rank of a m x n matrix A by the condition: A has the rank r if and only
if, there is a r x r submatrix of A with a non-zero determinant, and for every
k x k submatrix of A with a non-zero determinant we have k < r.

At the end, I prove that the rank defined by the size of the biggest submatrix
with a non-zero determinant of a matrix A, is the same as the maximal number
of linearly independent rows of A.
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terminology and notation for this paper.

5] provide the

1. TRIANGULAR MATRICES

For simplicity, we use the following convention: x, X, Y are sets, D is a
non empty set, 7, j, k, m, n, m’, n’ are elements of N, ig, jo, ng, Mo are non
zero elements of N, K is a field, a, b are elements of K, p is a finite sequence of
elements of K, and M is a matrix over K of dimension n.

Next we state a number of propositions:
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(1) For every matrix A over D of dimension n x m holds if n = 0, then
m = 0 iff len A = n and width A = m.

(2) The following statements are equivalent
(i) M is a lower triangular matrix over K of dimension n,
(i) M T is an upper triangular matrix over K of dimension n.

) The diagonal of M = the diagonal of M T.

) Let p1 be an element of the permutations of n-element set. Suppose

p1 # idseq(n). Then there exists ¢ such that i € Segn and p1(i) > ¢ and

there exists j such that j € Segn and p1(j) < j.

(5) Let M be a matrix over K of dimension n and p; be an element of the
permutations of n-element set. Suppose that

(i)  p1 # idseq(n), and

(i) M is a lower triangular matrix over K of dimension n or an upper
triangular matrix over K of dimension n.
Then (the product on paths of M)(p1) = Ok.

(6) Let M be a matrix over K of dimension n and I be an element of
the permutations of n-element set. If I = idseq(n), then the diagonal of
M = I-Path M.

(7) Let M be an upper triangular matrix over K of dimension n. Then
Det M = (the multiplication of K) & (the diagonal of M).

(8) Let M be a lower triangular matrix over K of dimension n. Then

Det M = (the multiplication of K) ® (the diagonal of M).

(9) For every finite set X and for every n holds
{Y’;Y ranges over subsets of X: cardY =n} = (CarsX).
(10) 2Set Segn = (5)-
(11) Let R be an element of the permutations of n-element set. If R =
Rev(idseq(n)), then R is even iff (%) mod 2 = 0.

(12) Let M be a matrix over K of dimension n and R be a permutation of
Segn. Suppose R = Rev(idseq(n)) and for all 4, j such that i € Segn
and j € Segn and i+ j < n holds M;; = Og. Then M - R is an upper
triangular matrix over K of dimension n.

(13) Let M be a matrix over K of dimension n and R be a permutation of
Segn. Suppose R = Rev(idseq(n)) and for all 4, j such that i € Segn
and j € Segn and i +j > n+ 1 holds M; ; = Og. Then M - R is a lower
triangular matrix over K of dimension n.

(14) Let M be a matrix over K of dimension n and R be an element of the
permutations of n-element set. Suppose that

(i) R = Rev(idseq(n)), and
(i)  for all 7, j such that i € Segn and j € Segn and i + j < n holds
M; ; = Ok or for all 4, j such that i € Segn and j € Segn and i+j > n+1
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holds Mi,j = OK
Then Det M = (—1)%") (the multiplication of K ® (R-Path M)).

(15) Let M be a matrix over K of dimension n and M;, Ms be upper trian-
gular matrices over K of dimension n. Suppose M = My - My. Then

(i) M is an upper triangular matrix over K of dimension n, and
(ii)  the diagonal of M = (the diagonal of M) e (the diagonal of Ms).

(16) Let M be a matrix over K of dimension n and My, Mj be lower triangular
matrices over K of dimension n. Suppose M = M; - M5. Then
(i) M is a lower triangular matrix over K of dimension n, and
(ii)  the diagonal of M = (the diagonal of M) e (the diagonal of Ms).

2. THE RANK OF MATRICES

Let D be a non empty set, let M be a matrix over D, let n, m be natural
numbers, let n1 be an element of N, and let my be an element of N™. The
functor Segm (M, nq, m) yielding a matrix over D of dimension n x m is defined
as follows:

(Def. 1) For all natural numbers i, j such that (i, j) € the indices of
Segm (M, n1,mq) holds (Segm(M,n1,m1))i; = My, (5)mi()-

For simplicity, we follow the rules: A denotes a matrix over D, A" denotes a
matrix over D of dimension n’ x m/, M’ denotes a matrix over K of dimension
n’ x m/, n1, ne, nz denote elements of N”, m, mo denote elements of N™, and
M denotes a matrix over K.

Next we state a number of propositions:

(17) If [rngng, rngm; ] C the indices of A, then (i, j) € the indices of
Segm(A,ni,my) iff (n1(i), m1(j)) € the indices of A.

(18) If [rngni, rngm;] C the indices of A and n = 0 iff m = 0, then
(Segm(A,n1,m1))T = Segm (AT, my,ny).

(19) If frngni, rngmg ] C the indices of A and if m = 0, then n = 0, then
Segm(A, n1,m1) = (Segm (AT, my,n1))T.

(20) For every matrix A over D of dimension 1 holds A = ({41 1)).

(21) If n=1and m = 1, then Segm(A,n1,m1) = ((An, (1),m1(1)))-

(22) For every matrix A over D of dimension 2 holds A = ( A Aig ) .
Ax1 Azp

(23) If n =2 and m = 2, then Segm(A,ny,m;) =
( Ani()mi()) Ani(1)mi2) >
A1 @) (1) Ani@)mi(2)
(24) If i € Segn and rngm; C Segwidth A, then Line(Segm(A4,ni,my),i) =
Line(A,nq(3)) - my.
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(25) If ¢ € Segn and j € Segn and ni(i) = ni(j), then
Line(Segm(A, n1,m1),i) = Line(Segm(A4, n1,m1), j).

(26) If i € Segn and j € Segn and ni(i) = ny1(j) and i # j, then
Det Segm (M, ny,n9) = Og.

(27) 1If ny is not one-to-one, then Det Segm(M,ny,n3) = 0.

(28) If 7 € Segm and rngn; C Seglen A, then (Segm(A,ni,m1))g
AQm, (j) - 11

(29) If ¢ € Segm and j € Segm and mi(i) = my(j), then
(Segm(A,n1,m1))n; = (Segm(A,nl,ml))DJ.

(30) If i € Segm and j € Segm and mi(i) = mi(j) and i # j, then
Det Segm (M, ma,m1) = O.

7j =

(31) If m; is not one-to-one, then Det Segm (M, ma, m;) = Ok.
(32) Let ng, n2 be elements of N®. Suppose n; is one-to-one and ng is one-

to-one and rngn; = rngny. Then there exists a permutation p; of Segn
such that no = nq - p;.

(33) For every function f from Segn into Segn such that ne = ny - f holds
Segm(A, ny,my) = Segm(A4,ny, my) - f.

(34) For every function f from Segm into Segm such that ms = my - f holds
(Segm(A,n1,ms))" = (Segm(A,ny,my))T - f.

(35) Let p1 be an element of the permutations of n-element set. If ng =
n3 - p1, then Det Segm (M, ng,n1) = (—1)%"P) Det Segm(M,n3,n;) and
Det Segm (M, n1,n9) = (—1)%8®1) Det Segm (M, ny,n3).

(36) For all elements ny, na, nj, ny of N™ such that rngn; = rngn} and
rngny = rngn, holds Det Segm(M,ni,n2) = DetSegm(M,n},nj) or
Det Segm (M, n1,ne) = —Det Segm(M, n, nl).

(37) Let F', F be finite sequences of elements of D and given ni, m;. Suppose
len F = width A’ and F; = F-m and [rngny, rngmq | C the indices of A’.
Let given i, j. If ny=*({j}) = {4}, then RLine(Segm(A’, ny,m1),i, F}) =
Segm(RLine(4’, 4, F),n1, mq).

(38) Let F be a finite sequence of elements of D and given i, ni. If i ¢
rngny and frngny, rngmy | C the indices of A’, then Segm(A’, ny,my) =
Segm(RLine(A4’,i, F),ni,my).

(39) If i € Segn' and i € rngn; and [rngny, rngmy ] C the indices of
A, then there exists ng such that rngns = (rngn; \ {i}) U {j} and
Segm(RLine(A4’, i, Line(4’,5)),n1,m1) = Segm(A’, na, my).

(40) For every finite sequence F' of elements of D such that i ¢ Seglen A’
holds RLine(A’,i, F) = A’

Let n, m be natural numbers, let K be a field, let M be a matrix over K of
dimension n X m, and let a be an element of K. Then a - M is a matrix over
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K of dimension n x m.

We now state two propositions:

(41) 1If [rngng, rngmg ] C the indices of M, then a - Segm(M,ni,my) =
Segm(a - M,ny,my).

(42) 1If ny = idseq(len A) and m; = idseq(width A), then Segm(A,ni,my) =
A.

Let us observe that there exists a subset of N which is empty, without zero,
and finite and there exists a subset of N which is non empty, without zero, and
finite.

Let us consider n. Observe that Segn is without zero.

Let X be a without zero set and let Y be a set. One can verify that X \ Y
is without zero and X NY is without zero.

One can prove the following proposition

(43) For every finite without zero subset N of N there exists k such that
N C Segk.

Let N be a finite without zero subset of N. Then Sgm N is an element of
Ncard N.

Let D be a non empty set, let A be a matrix over D, and let P, () be without
zero finite subsets of N. The functor Segm(A, P, Q) yields a matrix over D of
dimension card P x card @ and is defined by:

(Def. 2)  Segm(A, P,Q) = Segm(A, Sgm P, Sgm Q).
Next we state two propositions:
(44)  Segm(A, {io}, {jo}) = ((Aig.jo))-
(45) If iy < jo and mng < myg, then Segm(A,{ig,jo},{no,mo}) =
< Aio,no Aio,mo > )
Ajone Ajomo
In the sequel P, P, P, QQ, @1, Q2 are without zero finite subsets of N.
The following propositions are true:
(46) Segm(A,Seglen A, Seg width A) = A.
(47) 1If i € Segcard P and @ C Segwidth A, then Line(Segm(A, P,Q),i) =
Line(A, (Sgm P)(7)) - Sgm Q.
(48) 1If i € Segcard P, then Line(Segm (A, P, Seg width A),i) =
Line(A, (Sgm P)(7)).
(49) If j € Segcard@ and P C SeglenA, then (Segm(A,P,Q))o,; =
A (sem Q)(j) - Sgm P
If j € Segcard @, then (Segm(A4, Seglen 4,Q))n; = An (sem @)(j)-
Segm(A, Seglen A\ {i}, Seg width A) = A};.
Segm (M, Seglen M, Seg width M \ {i}) = the deleting of i-column in M.
(Sgm P)~1(X) is a without zero finite subset of N.

203
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(54) If X C P, then Sgm X = Sgm P - Sgm((Sgm P)~1(X)).

(55) [ (SgmP)~H(X), (Sgm Q) (Y)] C the indices of Segm(A, P, Q).

(56) If P € P and Q C @ and P, = (SgmP;)"}(P) and
Q2 = (SgmQ1)~1(Q), then [rngSgm P, rngSgm Q2] C the indices of
Segm(A, P;,Q1) and Segm(Segm (A, Py, Q1), P2, Q2) = Segm(A, P, Q).

(57) Suppose P =0 iff @ = () and [ P, Q] C the indices of Segm(A, Py, Q1).
Then there exist P», ()2 such that P, C P; and Q2 C (1 and P, =
(Sgm P1)°P and Q2 = (Sgm Q1)°Q and card P» = card P and card Q2 =
card Q and Segm(Segm(A, P1,Q1), P,Q) = Segm(A, P2, Q2).

(58) For every matrix M over K of dimension n holds Segm(M,Segn \
{i},Segn\ {j}) = the deleting of i-row and j-column in M.

(59) Let F, Fy be finite sequences of elements of D. Suppose len F' =
width A" and F, = F - Sgm@ and [P, @] C the indices of A’. Then
RLine(Segm(A4’, P,Q), i, F5) = Segm(RLine(A’, (Sgm P) (i), F), P, Q).

(60) Let F be a finite sequence of elements of D and given i, P. If
i ¢ P and [P,Q] C the indices of A’, then Segm(A’,P,Q) =
Segm(RLine(4',i, F'), P,Q).

(61) If [ P, Q] C the indices of A and card P = 0 iff card@ = 0, then
(Segm (A, P,Q))" = Segm(A™,Q, P).

(62) If [ P, Q] C the indices of A and if card @ = 0, then card P = 0, then
Segm(A, P,Q) = (Segm(A™,Q, P))T.

(63) Iff P, @ C theindices of M, then a-Segm(M, P, Q) = Segm(a-M, P, Q).

Let D be a non empty set, let A be a matrix over D, and let P, Q be
without zero finite subsets of N. Let us assume that card P = card (). The

functor EqSegm(A, P, Q) yields a matrix over D of dimension card P and is
defined by:

(Def. 3) EqSegm(A, P,Q) = Segm(A, P, Q).
Next we state several propositions:

(64) For all P, Q, i, j such that i € Segcard P and j € Segcard P and
card P = card @ holds Delete(EqSegm(M, P, Q),i,j) = EqSegm(M, P \
{(Sem P)(i)}, Q \ {(Sgm Q)(j)}) and card(P \ {(Sgm P)(i)}) = card(Q \
{(Sem Q)(4)})-

(65) For all M, P, P, Q1 such that card P, = card@; and P C P; and
Det EqSegm(M, P, Q1) # Ok there exists @ such that @ C @ and
card P = card @ and Det EqSegm (M, P, Q) # Ok.

(66) For all M, P, Q, Q1 such that card P, = card@; and Q C @; and
Det EqSegm(M, Py, (1) # Ox there exists P such that P C P; and
card P = card ) and Det EqSegm(M, P, Q) # Ok.

(67) If card P = card @, then [ P, Q] C the indices of A iff P C Seglen A
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and @ C Segwidth A.

(68) Let given P, Q, i, jo. Suppose i € Segn’ and jy € Segn’ and i € P
and jg ¢ P and card P = card Q and [ P, Q] C the indices of M'. Then
card P = card((P\{i})U{jo}) but [ (P\{i})U{jo}, @] C the indices of M’
but Det EqSegm (RLine(M’, 4, Line(M’, jo)), P, Q) = Det EqSegm (M’, (P\
{i}) U {jo},Q) or DetEqSegm(RLine(M’,i,Line(M’,jo)),P,Q) =
—Det EqSegm(M', (P \ {7’}> U {jO}v Q)

(69) 1If card P = card Q, then [ P, @] C the indices of A iff [Q, P] C the
indices of AT,

(70) If [P, Q] C the indices of M and cardP = card@, then
Det EqSegm (M, P, Q) = Det EqSegm(M ™, Q, P).

(71) For every matrix M over K of dimension n holds Det(a-M) = power g (a,
n) - Det M.

(72) If [ P, Q] C the indices of M and card P = card @), then Det EqSegm(a -
M, P,Q) = power g (a, card P) - Det EqSegm(M, P, Q).

Let K be a field and let M be a matrix over K. The functor rk(M) yielding
an element of N is defined by the conditions (Def. 4).
(Def. 4)(i)  There exist P, @ such that [ P, Q] C the indices of M and card P =
card Q and card P = rk(M) and Det EqSegm (M, P, Q) # Ok, and
(ii)  for all P, @ such that [ Py, Q1] C the indices of M and card P| =
card Q1 and Det EqSegm (M, P;, Q1) # Ok holds card P; < rk(M).
The following propositions are true:

(73) For all P, Q such that [ P, Q] C the indices of M and card P = card @)
holds card P < len M and card () < width M.

(74) rk(M) <len M and rk(M) < width M.

(75) If frngng, rngns ] C the indices of M and Det Segm(M, no, n3) # O,
then there exist P;, P» such that P, = rngne and P, = rngns and
card P; = card P, and card P; = n and Det EqSegm(M, Py, P») # Ok.

(76) Let R; be an element of N. Then rk(M) = R; if and only if the following
conditions are satisfied:

(i)  there exist elements r1, ro of Nt such that [rngry, rngro] C the
indices of M and Det Segm (M, r1,79) # Of, and

(ii)  for all n, ny, n3 such that [rngne, rngng] C the indices of M and
Det Segm (M, ng,ng) # 0 holds n < R;.

(77) If n =0 or m = 0, then rk(Segm(M,n1,m1)) = 0.

(78) If [rngni, mgm;] < the indices of M, then rk(M) >
rk(Segm (M, ni, my)).

(79) If [ P, @ C the indices of M, then rk(M) > rk(Segm (M, P, Q)).

(80) If P C P and Q C Q1, then rk(Segm(M, P, Q)) < rk(Segm(M, P;,Q1)).
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(81) For all functions f, g such that rng f C rngg there exists a function h
such that dom h = dom f and rngh C domg and f =g - h.

(82) If [rngni, mgm;] = the indices of M, then rk(M) =
rk(Segm (M, ny, my)).

(83) For every matrix M over K of dimension n holds rk(M) = n iff Det M #
Ox.

(84) k(M) =rk(MT).

(85) For every matrix M over K of dimension n X m and for every permu-
tation F' of Segn holds rk(M) =rk(M - F).

(86) If a # Ok, then rk(M) = rk(a - M).

(87) Let p, p2 be finite sequences of elements of K and f be a function. If
po=p- fand rng f Cdomp, thena-p- f =a- po.

(88) Let p, p2, ¢, ¢1 be finite sequences of elements of K and f be a function.
If po =p- fand rng f C domp and ¢; = ¢ - f and rng f C dom ¢, then
(p+a)-f=p2ta

(89) If a # Ok, then rk(M’) = rk(RLine(M’, i, a - Line(M’, 7))).

(90) If Line(M,i) = width M — Og, then rk(the deleting of i-row in M) =
rk(M).

(91) For every p such that len p = width M’ holds rk(the deleting of i-row in
M') = rk(RLine(M’, 1,0k - p)).

(92) If j € SeglenM’ and if i = j, then a # —1g, then rk(M') =
rk(RLine(M’, 4, Line(M’,i) + a - Line(M’, j))).

(93) 1If j € Seglen M’ and j # i, then rk(the deleting of i-row in M’') =
rk(RLine(M’,i,a - Line(M’, 5))).

(94) k(M) > 0 iff there exist 4, j such that (i, j) € the indices of M and
Mi,j 7£ Ox.

0 o\ Uend)x(width )

(95) rk(M)=0iff M = : .o

0O ... 0 %

(96) rk(M) =1 if and only if the following conditions are satisfied:

(i)  there exist 7, j such that (i, j) € the indices of M and M, ; # Ok, and

(ii)  for all 49, jo, mo, mo such that ig # jo and ng # mg and | {ig,jo},
{ng,mo}{ C the indices of M holds Det EqSegm (M, {io, jo}, {no,mo}) =
Of.

(97) rk(M) =1 if and only if the following conditions are satisfied:

(i)  there exist 7, j such that (i, j) € the indices of M and M, ; # Ok, and
(ii)  for all 7, j, n, m such that [{i,j}, {n,m}] C the indices of M holds
Mi,n . Mj,m = Mi,m . Mjﬂ'



BASIC PROPERTIES OF THE RANK ... 207

(98) rk(M) =1 if and only if there exists i such that ¢ € Seglen M and there
exists j such that j € Segwidth M and M;; # Ox and for every k such
that k € Seglen M there exists a such that Line(M, k) = a - Line(M,1).

Let us consider K. Observe that there exists a matrix over K which is
diagonal.

One can prove the following propositions:

(99) Let M be a diagonal matrix over K and Nj be a set. Suppose N = {i :
(7, i) € the indices of M A M;; # O }. Let given P, Q. If [ P, Q] C the
indices of M and card P = card Q and Det EqSegm(M, P, Q) # Ok, then
PgNl anngNl.

(100) For every diagonal matrix M over K and for every P such that | P,
P ] C the indices of M holds Segm (M, P, P) is diagonal.

(101) Let M be a diagonal matrix over K and Ny be a set. If Ny = {i : (i,
i) € the indices of M A M;; # Ok}, then tk(M) = Nj.

For simplicity, we adopt the following rules: v, vy, vs, u denote vectors of
the n-dimension vector space over K, t, t1, to denote elements of (the carrier of
K)™, L denotes a linear combination of the n-dimension vector space over K,
and M, My denote matrices over K of dimension m X n.

We now state the proposition

(102)(1)  The carrier of the n-dimension vector space over K = (the carrier of

(11) Othe n-dimension vector space over Kk — 10— Ok,
(i)  if ;1 = vy and to = vg, then t; 4+ to = v; + v9, and
(iv) ift=wv,thena-t=a-v.
Let us consider K, n. Then the n-dimension vector space over K is a strict
vector space over K.
Let us consider K, n. One can verify that every vector of the n-dimension
vector space over K is function-like and relation-like.
Let us consider K, m, n and let M be a matrix over K of dimension m x
n. We introduce lines(M) as a synonym of rng M. We introduce M is without
repeated line as a synonym of M is one-to-one.
Let K be a field, let us consider m, n, and let M be a matrix over K of
dimension m X n. Then lines(M) is a subset of the n-dimension vector space
over K.

Next we state two propositions:
(103) =z € lines(M) iff there exists ¢ such that i € Segm and z = Line(M, ).

(104) Let V be a finite subset of the n-dimension vector space over K. Then
there exists a matrix M over K of dimension card V' x n such that M is
without repeated line and lines(M) = V.
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Let us consider K, n and let F' be a finite sequence of elements of the n-
dimension vector space over K. The functor FinS2MX F' yielding a matrix over
K of dimension len F' X n is defined by:

(Def. 5) FinS2MX F' = F.
Let us consider K, m, n and let M be a matrix over K of dimension m

x n. The functor MX2FinS M yielding a finite sequence of elements of the
n-dimension vector space over K is defined as follows:

(Def. 6) MX2FinS M = M.
One can prove the following propositions:

(105) If rk(M) = m, then M is without repeated line.

(106) If i € Seglen M and a = L(M (7)), then
Line(FinS2MX(L MX2FinS M), i) = a - Line(M, 7).

(107) If M is without repeated line and the support of L C lines(M) and
i € Segn, then (3 L)(i) = Y ((FinS2MX(L MX2FinS M))m,;).

(108) Let given M, Mj. Suppose M is without repeated line and for ev-
ery ¢ such that i € Segm there exists a such that Line(Mj,i) =
a - Line(M,i). Then there exists a linear combination L of lines(M) such
that L MX2FinS M = M;.

(109) Let given M. Suppose M is without repeated line. Then for every i
such that i € Segm holds Line(M,i) # n — Ok and for every M; such
that for every i such that ¢ € Segm there exists a such that Line(My,7) =
a - Line(M,4) and for every j such that j € Segn holds » ((Mi)n;) =

0 ... 0\™"
Ox holds M; = Do if and only if lines(M) is linearly

0 ... 0/,

independent.

(110) If rk(M) = m, then lines(M) is linearly independent.

(111) Let M be a diagonal n-dimensional matrix over K. Suppose rk(M) = n.
Then lines(M) is a basis of the n-dimension vector space over K.

Let us consider K, n. Then the n-dimension vector space over K is a strict

finite dimensional vector space over K.

The following propositions are true:

(112) dim(the n-dimension vector space over K) = n.

(113) Let given M, i, a. Suppose that for every j such that j € Segm
holds M;; = a. Then M is without repeated line if and only if
Segm(M, Seglen M, Seg width M \ {i}) is without repeated line.

(114) Let given M, i. Suppose M is without repeated line and lines(M) is

linearly independent and for every j such that j € Segm holds M ; = Ok
Then lines(Segm (M, Seglen M, Seg width M\ {i})) is linearly independent.
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(115) Let V be a vector space over K and U be a finite subset of V. Suppose
U is linearly independent. Let u, v be vectors of V. If u € U and v € U
and u # v, then (U \ {u}) U{u + a- v} is linearly independent.

(116) Let V be a vector space over K and u, v be vectors of V. Then z €
Lin({u, v}) if and only if there exist a, b such that z =a-u+0b-v.

(117) Let given M. Suppose lines(M) is linearly independent and M is with-
out repeated line. Let given i, j. Suppose j € Seglen M and i # j.
Then RLine(M, i, Line(M, i) + a - Line(M, 5)) is without repeated line and
lines(RLine(M, i, Line(M,i) + a - Line(M, 5))) is linearly independent.

(118) If P C Segm, then lines(Segm(M, P, Segn)) C lines(M).

(119) If P C Segm and lines(M) is linearly independent, then
lines(Segm (M, P, Segn)) is linearly independent.

(120) If P C Segm and M is without repeated line, then Segm (M, P, Segn) is
without repeated line.

(121) Let M be a matrix over K of dimension m x n. Then lines(M) is linearly
independent and M is without repeated line if and only if rk(M) = m.

(122) Let U be a subset of the n-dimension vector space over K. Sup-
pose U C lines(M). Then there exists P such that P C Segm and
lines(Segm (M, P,Segn)) = U and Segm(M, P, Segn) is without repeated
line.

(123) Let Ry be an element of N. Then rk(M) = R; if and only if the following
conditions are satisfied:

(i)  there exists a finite subset U of the n-dimension vector space over K
such that U is linearly independent and U C lines(M) and cardU = Ry,
and

(ii) for every finite subset W of the n-dimension vector space over K such
that W is linearly independent and W C lines(M) holds card W < Rj.
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Let Ry, Ro, S1, S9 be sets, let R be a relation between R and Ry, and let
S be a relation between S; and S;. Then RU S is a relation between R1 U S
and Ry U Ss.
Let Ry, S1 be sets, let R be a total binary relation on Ry, and let S be a
total binary relation on S7. Note that RU .S is total.
Let Ry, S1 be sets, let R be a reflexive binary relation on Rq, and let S be
a reflexive binary relation on S;. Observe that R U S is reflexive.
Let Rj, Sp be sets, let R be a symmetric binary relation on R, and let S
be a symmetric binary relation on S;. Observe that R U S is symmetric.
One can prove the following proposition
(1) Let Ry, S1 be sets, R be a transitive binary relation on R;, and S be a
transitive binary relation on Sy. If Ry misses Sp, then RU .S is transitive.

Let A be an empty set and let B be a set. One can check that ®A7B is total.
Let I be a non empty set and let C' be a 1-sorted yielding many sorted set
indexed by I. Then the support of C can be characterized by the condition:

(Def. 1) For every element i of I holds (the support of C')(i) = the carrier of
C(7).

Let Rq, Rs, S1, So be sets, let R be a relation between Ry and Ry, and let .S
be a relation between S; and S. The functor ["'R, S”] yields a relation between
FR1, S1]and [ Ra, Sa] and is defined by the condition (Def. 2).

(Def. 2) Let x, y be sets. Then (z, y) € ['R,S"] if and only if there exist sets 71,
s1, T2, sg such that x = (rq, s1) and y = (re, s2) and r; € Ry and s € 5;
and ry € Ry and sg € So and (ry, o) € R or (s1, s2) € S.

Let Ry, Ro, S1, S be non empty sets, let R be a relation between R; and R»,
and let S be a relation between S; and Sy. Then ['R, S| can be characterized
by the condition:

(Def. 3) Let r1 be an element of Ry, 7o be an element of Rs, s1 be an element of
S, and sg be an element of So. Then ((ri, s1), (r2, s2)) € ['R, S if and
only if (r1, r2) € R or (s1, s2) € S.
Let Ry, S1 be sets, let R be a total binary relation on R, and let S be a
total binary relation on S;. Note that ['R, S"] is total.
Let Ry, S1 be sets, let R be a reflexive binary relation on Rq, and let S be
a reflexive binary relation on S;. One can check that ['R, S"] is reflexive.
Let Ry, S1 be sets, let R be a binary relation on Rq, and let S be a total
reflexive binary relation on S;. Observe that ['R, S7] is reflexive.
Let Ry, S1 be sets, let R be a total reflexive binary relation on Ry, and let
S be a binary relation on S;. Observe that ["R, S"] is reflexive.
Let Ry, S be sets, let R be a symmetric binary relation on Ry, and let S
be a symmetric binary relation on S;. Note that ["R, S"] is symmetric.
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2. RELATIONAL STRUCTURES

Let us observe that every relational structure which is empty is also total.

Let R be a binary relation. We say that R is transitive-yielding if and only
if:

(Def. 4) For every relational structure S such that S € rng R holds S is transitive.

Let us note that every binary relation which is poset-yielding is also
transitive-yielding.

Let us mention that there exists a function which is poset-yielding.

Let I be a set. Observe that there exists a many sorted set indexed by [
which is poset-yielding.

Let I be a set and let C be a relational structure yielding many sorted set
indexed by I. The functor pcs-InternalRels C yields a many sorted set indexed
by I and is defined by the condition (Def. 5).

(Def. 5) Let i be a set. Suppose i € I. Then there exists a relational structure P
such that P = C(i) and (pcs-InternalRels C')(7) = the internal relation of
P.

Let I be a non empty set and let C' be a relational structure yielding many
sorted set indexed by I. Then pcs-InternalRels C' can be characterized by the
condition:

(Def. 6) For every element ¢ of I holds (pcs-InternalRels C')(i) = the internal
relation of C(i).

Let I be a set and let C be a relational structure yielding many sorted set
indexed by I. One can check that pcs-InternalRels C' is binary relation yielding.

Let I be a non empty set, let C' be a transitive-yielding relational structure
yielding many sorted set indexed by I, and let ¢ be an element of I. Note that
C'(i) is transitive.

3. TOLERANCE STRUCTURES

We introduce alternative relational structures which are extensions of 1-
sorted structure and are systems

( a carrier, an alternative relation ),
where the carrier is a set and the alternative relation is a binary relation on the
carrier.

Let P be an alternative relational structure and let p, ¢ be elements of P.
The predicate p ~ ¢ is defined by:

(Def. 7)  (p, q) € the alternative relation of P.

Let P be an alternative relational structure. We say that P is §-total if and
only if:
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(Def. 8) The alternative relation of P is total.
We say that P is g-reflexive if and only if:
(Def. 9) The alternative relation of P is reflexive in the carrier of P.

We say that P is S-irreflexive if and only if:

(Def. 10) The alternative relation of P is irreflexive in the carrier of P.

We say that P is B-symmetric if and only if:

(Def. 11) The alternative relation of P is symmetric in the carrier of P.

The alternative relational structure emptyTolStr is defined as follows:

(Def. 12)  emptyTolStr = (B, 0 ).

One can check that emptyTolStr is empty and strict.
The following proposition is true

(2) Let P be an alternative relational structure. If P is empty, then the
alternative relational structure of P = emptyTolStr.

One can check that every alternative relational structure which is g-reflexive
is also (-total.

Let us note that every alternative relational structure which is empty is also
[G-reflexive, G-irreflexive, and B-symmetric.

Let us note that there exists an alternative relational structure which is
empty.

Let P be a (-total alternative relational structure. Observe that the alter-
native relation of P is total.

Let P be a (-reflexive alternative relational structure. One can check that
the alternative relation of P is reflexive.

Let P be a (-irreflexive alternative relational structure. One can verify that
the alternative relation of P is irreflexive.

Let P be a f-symmetric alternative relational structure. One can verify that
the alternative relation of P is symmetric.

Let L be a B-total alternative relational structure. Note that the alternative
relational structure of L is (-total.

Let P be a (-symmetric alternative relational structure and let p, ¢ be
elements of P. Let us note that the predicate p ~ g is symmetric.

Let D be a set. Note that (D,Vp) is -reflexive and S-symmetric.

Let D be a set. Note that (D,0p p) is f-irreflexive and 3-symmetric.

Let us note that there exists an alternative relational structure which is
strict, non empty, G-reflexive, and (B-symmetric.

One can check that there exists an alternative relational structure which is
strict, non empty, G-irreflexive, and G-symmetric.

Let R be a binary relation. We say that R is alternative relational structure
yielding if and only if:
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(Def. 13) For every set P such that P € rng R holds P is an alternative relational
structure.

Let f be a function. Let us observe that f is alternative relational structure
yielding if and only if:
(Def. 14)  For every set = such that € dom f holds f(z) is an alternative relational
structure.

Let I be a set and let f be a many sorted set indexed by I. Let us observe
that f is alternative relational structure yielding if and only if:

(Def. 15) For every set = such that x € I holds f(z) is an alternative relational
structure.

Let R be a binary relation. We say that R is (-reflexive yielding if and only

if:
(Def. 16) For every alternative relational structure S such that S € rng R holds S
is J-reflexive.
We say that R is S-irreflexive yielding if and only if:
(Def. 17) For every alternative relational structure S such that S € rng R holds S
is [-irreflexive.
We say that R is S-symmetric yielding if and only if:
(Def. 18) For every alternative relational structure S such that S € rng R holds S
is B-symmetric.

One can check that every binary relation which is empty is also S-reflexive
yielding, G-irreflexive yielding, and (-symmetric yielding.

Let I be a set and let P be an alternative relational structure. Note that
I — P is alternative relational structure yielding.

Let I be a set and let P be a (-reflexive alternative relational structure.
Observe that I —— P is (-reflexive yielding.

Let I be a set and let P be a (-irreflexive alternative relational structure.
One can check that I —— P is (-irreflexive yielding.

Let I be a set and let P be a §-symmetric alternative relational structure.
One can verify that I — P is §-symmetric yielding.

Let us observe that every function which is alternative relational structure
yielding is also 1-sorted yielding.

Let I be a set. Observe that there exists a many sorted set indexed by [
which is S-reflexive yielding, G-symmetric yielding, and alternative relational
structure yielding.

Let I be a set. Note that there exists a many sorted set indexed by I which is
S-irreflexive yielding, S-symmetric yielding, and alternative relational structure
yielding.

Let I be a set. Observe that there exists a many sorted set indexed by [
which is alternative relational structure yielding.

217
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Let I be a non empty set, let C be an alternative relational structure yielding
many sorted set indexed by I, and let ¢ be an element of I. Then C(i) is an
alternative relational structure.

Let I be a set and let C' be an alternative relational structure yielding many
sorted set indexed by I. The functor pcs-ToleranceRels C' yields a many sorted
set indexed by I and is defined by the condition (Def. 19).

(Def. 19) Let ¢ be a set. Suppose i € I. Then there exists an alternative rela-
tional structure P such that P = C(i) and (pcs-ToleranceRels C)(i) = the
alternative relation of P.

Let I be a non empty set and let C' be an alternative relational structure
yielding many sorted set indexed by I. Then pcs-ToleranceRels C' can be char-
acterized by the condition:

(Def. 20) For every element ¢ of I holds (pcs-ToleranceRels C)(i) = the alternative
relation of C'(7).

Let I be a set and let C' be an alternative relational structure yielding
many sorted set indexed by I. Note that pcs-ToleranceRels C' is binary relation
yielding.

Let I be a non empty set, let C be a G-reflexive yielding alternative relational
structure yielding many sorted set indexed by I, and let i be an element of I.
One can verify that C(7) is f-reflexive.

Let I be a non empty set, let C' be a S-irreflexive yielding alternative rela-
tional structure yielding many sorted set indexed by I, and let ¢ be an element
of I. Note that C(i) is f-irreflexive.

Let I be a non empty set, let C' be a S-symmetric yielding alternative rela-
tional structure yielding many sorted set indexed by I, and let ¢ be an element
of I. Observe that C(i) is f-symmetric.

The following propositions are true:

(3) Let P, Q be alternative relational structures. Suppose that
(i)  the alternative relational structure of P = the alternative relational
structure of @, and
(ii) P is p-reflexive.
Then @ is S-reflexive.
(4) Let P, @ be alternative relational structures. Suppose that
(i)  the alternative relational structure of P = the alternative relational
structure of (), and
(ii) P is f-irreflexive.
Then @ is f-irreflexive.
(5) Let P, @ be alternative relational structures. Suppose that
(i)  the alternative relational structure of P = the alternative relational
structure of @, and
(ii) P is f-symmetric.
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Then @ is B-symmetric.
Let P, @ be alternative relational structures. The functor ["P, Q"] yields an
alternative relational structure and is defined by the condition (Def. 21).

(Def. 21) ['P,Q"] = (| the carrier of P, the carrier of @ ], ['the alternative relation
of P, the alternative relation of Q7]).

Let P, ) be alternative relational structures, let p be an element of P, and
let ¢ be an element of Q. We introduce ['p, ¢"] as a synonym of (p, q).

Let P, (Q be non empty alternative relational structures, let p be an element
of P, and let g be an element of ). Then ['p, ¢"] is an element of [P, Q"].

Let P, @ be alternative relational structures and let p be an element of
['P,Q"]. We introduce p'1 as a synonym of p;. We introduce p 2 as a synonym
of p2.

Let P, Q be non empty alternative relational structures and let p be an
element of ['P,Q"]. Then p 1 is an element of P. Then p 2 is an element of Q.

We now state two propositions:

(6) Let Sy, Sz be non empty alternative relational structures, a, ¢ be ele-
ments of Sy, and b, d be elements of Sy. Then [‘a,b’] ~ [‘¢,d"] if and only
ifa~corbn~d.

(7) Let Sy, Sy be non empty alternative relational structures and z, y be
elements of [°S1,S2"]. Then = ~ y if and only if one of the following
conditions is satisfied:

(i) 21~y or

(i) 22~y2

Let P be an alternative relational structure and let ) be a S-reflexive alter-
native relational structure. Note that ["P, Q"] is (-reflexive.

Let P be a g-reflexive alternative relational structure and let @ be an alter-
native relational structure. Observe that ["P, Q"] is [-reflexive.

Let P, () be [B-symmetric alternative relational structures. One can check
that ["P, Q"] is S-symmetric.

4. PCS’s

We introduce pcs structures which are extensions of relational structure and
alternative relational structure and are systems

( a carrier, an internal relation, an alternative relation ),
where the carrier is a set, the internal relation is a binary relation on the carrier,
and the alternative relation is a binary relation on the carrier.

Let P be a pcs structure. We say that P is compatible if and only if:

(Def. 22) For all elements p, p’, ¢, ¢’ of P such that p ~ ¢ and p’ < p and ¢’ < ¢
holds p' ~ ¢'.
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Let P be a pcs structure. We say that P is pcs-like if and only if:

(Def. 23) P is reflexive, transitive, [-reflexive, S-symmetric, and compatible.
We say that P is anti-pcs-like if and only if:
(Def. 24) P is reflexive, transitive, [-irreflexive, S-symmetric, and compatible.

One can verify the following observations:

% every pcs structure which is pcs-like is also reflexive, transitive, (-

reflexive, G-symmetric, and compatible,

* every pcs structure which is reflexive, transitive, [-reflexive, (-

symmetric, and compatible is also pcs-like,

% every pcs structure which is anti-pcs-like is also reflexive, transitive, -

irreflexive, G-symmetric, and compatible, and

% every pcs structure which is reflexive, transitive, (-irreflexive, (-

symmetric, and compatible is also anti-pcs-like.

Let D be a set. The functor TotalPCS D yields a pcs structure and is defined
as follows:

(Def. 25) TotalPCS D = (D,Vp,Vp).

Let D be a set. Observe that TotalPCS D is strict.

Let D be a non empty set. One can verify that TotalPCS D is non empty.

Let D be a set. One can check that TotalPCS D is reflexive, transitive,
[G-reflexive, and [-symmetric.

Let D be a set. Note that TotalPCS D is pcs-like.

Let D be a set. One can verify that (D,Vp,0p p) is anti-pcs-like.

One can verify that there exists a pcs structure which is strict, non empty,
and pcs-like and there exists a pcs structure which is strict, non empty, and
anti-pcs-like.

A pcsis a pes-like pes structure. An anti-pcs is an anti-pes-like pes structure.

The pcs structure EmptyPCS is defined by:

(Def. 26) EmptyPCS = TotalPCS 0.

Let us mention that EmptyPCS is strict, empty, and pcs-like.

Let p be a set. The functor SingletonPCS p yielding a pcs structure is defined
by:

(Def. 27) SingletonPCS p = TotalPCS{p}.

Let p be a set. Observe that SingletonPCSp is strict, non empty, and pcs-
like.

Let R be a binary relation. We say that R is pcs structure yielding if and
only if:

(Def. 28) For every set P such that P € rng R holds P is a pcs structure.
We say that R is pcs-yielding if and only if:
(Def. 29) For every set P such that P € rng R holds P is a pcs.
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Let f be a function. Let us observe that f is pcs structure yielding if and
only if:
(Def. 30) For every set z such that z € dom f holds f(x) is a pcs structure.
Let us observe that f is pcs-yielding if and only if:
(Def. 31) For every set x such that z € dom f holds f(x) is a pcs.
Let I be a set and let f be a many sorted set indexed by I. Let us observe
that f is pcs structure yielding if and only if:
(Def. 32) For every set = such that = € I holds f(x) is a pcs structure.
Let us observe that f is pcs-yielding if and only if:
(Def. 33) For every set x such that = € I holds f(z) is a pcs.
One can verify the following observations:
% every binary relation which is pcs structure yielding is also alternative
relational structure yielding and relational structure yielding,
* every binary relation which is pcs-yielding is also pcs structure yielding,
and
* every binary relation which is pcs-yielding is also reflexive-yielding,
transitive-yielding, S-reflexive yielding, and B-symmetric yielding.
Let I be a set and let P be a pcs. Note that [ —— P is pcs-yielding.
Let I be a set. Observe that there exists a many sorted set indexed by [
which is pcs-yielding.
Let I be a non empty set, let C be a pcs structure yielding many sorted set
indexed by I, and let i be an element of I. Then C(i) is a pcs structure.
Let I be a non empty set, let C' be a pcs-yielding many sorted set indexed
by I, and let i be an element of I. Then C(7) is a pcs.
Let P, Q be pcs structures. The predicate P C () is defined by the conditions
(Def. 34).
(Def. 34)(i) The carrier of P C the carrier of @,
(ii)  the internal relation of P C the internal relation of @, and
(iii)  the alternative relation of P C the alternative relation of Q.
Let us note that the predicate P C Q is reflexive.
Next we state two propositions:

(8) Let P, @ be relational structures, p, ¢ be elements of P, and pi, ¢1 be
elements of ). Suppose the internal relation of P C the internal relation
of @ and p = p; and ¢ = ¢; and p < q. Then p; < ¢q1.

(9) Let P, @ be pcs structures, p, ¢ be elements of P, and py, ¢; be elements

of (). Suppose the alternative relation of P C the alternative relation of
@ and p=p; and ¢ = ¢; and p ~ q. Then p; ~ ¢q.

Let C be a binary relation. We say that C' is chain-like if and only if:
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(Def. 35) For all pes structures P, @ such that P € rngC and @ € rng C holds
PCQorQCP

Let I be a set and let P be a pcs structure. Observe that I —— P is
chain-like.

Let us note that there exists a function which is chain-like and pcs-yielding.

Let I be a set. Note that there exists a many sorted set indexed by I which
is chain-like and pcs-yielding.

Let I be a set. A pcs-chain of [ is a chain-like pcs-yielding many sorted set
indexed by I.

Let I be a set and let C' be a pcs structure yielding many sorted set indexed

by I. The functor | JC yielding a strict pcs structure is defined by the conditions
(Def. 36).

(Def. 36)() The carrier of |JC = | (the support of C),
(ii)  the internal relation of | JC = | pcs-InternalRels C, and
(ili)  the alternative relation of | JC = |J pcs-ToleranceRels C.

We now state four propositions:

(10) Let I be a set, C' be a pcs structure yielding many sorted set indexed
by I, and p, q be elements of | JC. Then p < ¢ if and only if there exists a
set 7 and there exists a pcs structure P and there exist elements p’, ¢/ of
P such that i € I and P = C(i) and p’ = p and ¢ = ¢ and p’ < ¢'.

(11) Let I be a non empty set, C be a pcs structure yielding many sorted set
indexed by I, and p, ¢ be elements of | JC. Then p < ¢ if and only if there
exists an element ¢ of I and there exist elements p’, ¢’ of C(i) such that
p'=pand ¢ =gandp <g.

(12) Let I be a set, C be a pcs structure yielding many sorted set indexed
by I, and p, ¢ be elements of | JC. Then p ~ ¢ if and only if there exists a
set 7 and there exists a pcs structure P and there exist elements p’, ¢/ of
P such that i € I and P = C(i) and p’ =p and ¢ = q and p’' ~ ¢'.

(13) Let I be a non empty set, C be a pcs structure yielding many sorted set
indexed by I, and p, ¢ be elements of | JC. Then p ~ ¢ if and only if there
exists an element i of I and there exist elements p’, ¢’ of C(i) such that
p'=pand ¢ =qandp ~¢.

Let I be a set and let C be a reflexive-yielding pcs structure yielding many
sorted set indexed by I. Observe that |JC is reflexive.

Let I be a set and let C be a (-reflexive yielding pcs structure yielding many
sorted set indexed by I. Observe that |JC is B-reflexive.

Let I be a set and let C' be a f-symmetric yielding pcs structure yielding
many sorted set indexed by I. Note that |JC' is f-symmetric.

Let I be a set and let C' be a pcs-chain of I. One can check that |JC is
transitive and compatible.
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Let p, ¢ be sets. The functor MSSet(p, q) yielding a many sorted set indexed

by {0,1} is defined by:
(Def. 37) MSSet(p,q) = [0 +— p,1 — q].

Let P, @ be 1-sorted structures. One can check that MSSet(P, Q) is 1-sorted
yielding.

Let P, @ be relational structures. Observe that MSSet(P, @) is relational
structure yielding.

Let P, @ be alternative relational structures. Observe that MSSet(P, Q) is
alternative relational structure yielding.

Let P, @ be pcs structures. Note that MSSet(P, Q) is pcs structure yielding.

Let P, @ be reflexive pcs structures. Observe that MSSet(P, Q) is reflexive-
yielding.

Let P, @ be transitive pcs structures. One can check that MSSet(P, Q) is
transitive-yielding.

Let P, Q be f-reflexive pcs structures. Note that MSSet(P, Q) is [-reflexive
yielding.

Let P, () be f-symmetric pcs structures. Observe that MSSet(P, Q) is -
symmetric yielding.

Let P, @ be pcs’s. Observe that MSSet(P, Q) is pcs-yielding.

Let P, @ be pcs structures. The functor P & @ yielding a pcs structure is
defined by:

(Def. 38) P @ Q = |JMSSet(P,Q).
One can prove the following four propositions:

(14) Let P, @ be pcs structures. Then
(i)  the carrier of P @ @ = (the carrier of P) U (the carrier of Q),
(ii)  the internal relation of P & () = (the internal relation of P) U (the
internal relation of @), and
(iii)  the alternative relation of P& @ = (the alternative relation of P)U (the
alternative relation of Q).

(15) Let P, @ be pcs structures. Then P @ @ = ((the carrier of P) U (the
carrier of @)), (the internal relation of P) U (the internal relation of @),
(the alternative relation of P) U (the alternative relation of @Q)).

(16) Let P, @ be pcs structures and p, g be elements of P @ Q. Then p < ¢
if and only if one of the following conditions is satisfied:
(i)  there exist elements p’, ¢’ of P such that p’ = p and ¢ = ¢ and p’ < ¢/,
or
(ii)  there exist elements p’, ¢’ of @ such that p’ =p and ¢ =g and p' <¢'.
(17) Let P, @ be pcs structures and p, g be elements of P & Q. Then p ~ ¢
if and only if one of the following conditions is satisfied:
(i)  there exist elements p’, ¢ of P such that p’ =p and ¢’ = ¢ and p' ~ ¢/,
or
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(ii)  there exist elements p’, ¢’ of @ such that p’ = p and ¢ = ¢ and p' ~ ¢'.
Let P, @ be reflexive pcs structures. Observe that P @ @ is reflexive.

Let P, @ be p-reflexive pcs structures. One can verify that P & Q is (-
reflexive.

Let P, @ be B-symmetric pcs structures. Observe that P®Q is S-symmetric.
The following three propositions are true:
(18) For all pes’s P, @ such that P misses @ holds the internal relation of
P & @ is transitive.
(19) For all pes’s P, @ such that P misses @ holds P & @ is compatible.
(20) For all pes’s P, @ such that P misses  holds P & @ is a pcs.

Let P be a pcs structure and let a be a set. The functor P, yields a strict
pes structure and is defined by the conditions (Def. 39).

(Def. 39)(i) The carrier of P, = {a} U the carrier of P,
(ii)  the internal relation of P, = [{a}, the carrier of P,] U the internal
relation of P, and
(iii)  the alternative relation of P, = [ {a}, the carrier of P, ]U [ the carrier
of P,, {a}]U the alternative relation of P.
Let P be a pcs structure and let a be a set. Observe that P, is non empty.
The following propositions are true:
(21) Let P be a pcs structure and a be a set. Then
(i)  the carrier of P C the carrier of P,,
(ii)  the internal relation of P C the internal relation of P,, and
(iii)  the alternative relation of P C the alternative relation of P,,.

(22) For every pcs structure P and for every set a and for all elements p, ¢
of P, such that p = a holds p < q.

(23) Let P be a pcs structure, a be a set, p, ¢ be elements of P, and p1, q;
be elements of P,. If p =p; and ¢ = ¢; and p < q, then p; < ¢1.

(24) Let P be a pcs structure, a be a set, p be an element of P, and p1, q;
be elements of P,. Suppose p = p; and p # a and p; < ¢; and a ¢ the
carrier of P. Then g; € the carrier of P and ¢; # a.

(25) Let P be a pcs structure, a be a set, and p be an element of P,. If p # a,
then p € the carrier of P.

(26) Let P be a pcs structure, a be a set, p, ¢ be elements of P, and p1, ¢1 be
elements of P,. If p=p; and ¢ = ¢; and p # a and p; < q1, then p <gq.

(27) For every pcs structure P and for every set a and for all elements p, ¢
of P, such that p = a holds p ~ ¢ and ¢ ~ p.

(28) Let P be a pcs structure, a be a set, p, ¢ be elements of P, and p1, ¢
be elements of P,. If p = p; and ¢ = ¢; and p ~ ¢, then p1 ~ q1.
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(29) Let P be a pcs structure, a be a set, p, ¢ be elements of P, and p1, q;
be elements of P,. If p=p; and ¢ = ¢; and p # a and g # a and p; ~ q1,
then p ~ q.
Let P be a reflexive pcs structure and let a be a set. Observe that P, is
reflexive.
The following proposition is true
(30) For every transitive pcs structure P and for every set a such that a ¢ the
carrier of P holds P, is transitive.
Let P be a (-reflexive pcs structure and let a be a set. One can verify that
P, is (-reflexive.
Let P be a (-symmetric pcs structure and let a be a set. One can check
that P, is f-symmetric.
Next we state two propositions:
(31) For every compatible pcs structure P and for every set a such that
a ¢ the carrier of P holds P, is compatible.
(32) For every pcs P and for every set a such that a ¢ the carrier of P holds
P, is a pcs.
Let P be a pcs structure. The functor [P yields a strict pcs structure and
is defined by the conditions (Def. 40).
(Def. 40)(1)  The carrier of [P = the carrier of P,
(i)  the internal relation of [P = (the internal relation of P)~, and
(iii)  the alternative relation of [P = (the alternative relation of P)¢.
Let P be a non empty pcs structure. One can check that [P is non empty.
Next we state three propositions:
(33) Let P be a pcs structure, p, ¢ be elements of P, and p’, ¢’ be elements
of [P.Ifp=yp' and ¢ = ¢/, then p < qiff ¢ <p'.
(34) Let P be a pcs structure, p, ¢ be elements of P, and p’, ¢’ be elements
of [P.If p=yp' and ¢ = ¢/, then if p ~ ¢, then p’ % ¢
(35) Let P be a non empty pcs structure, p, ¢ be elements of P, and p’, ¢’ be
elements of [P. If p=p’ and ¢ = ¢/, then if p’ % ¢/, then p ~ q.
Let P be a reflexive pcs structure. One can check that [P is reflexive.
Let P be a transitive pcs structure. Observe that [P is transitive.
Let P be a (-reflexive pcs structure. One can verify that [P is S-irreflexive.
Let P be a f-irreflexive pcs structure. One can check that [P is S-reflexive.
Let P be a (-symmetric pcs structure. One can verify that [P is (-
symmetric.
Let P be a compatible pcs structure. Note that [P is compatible.

Let P, @ be pcs structures. The functor P ® () yielding a pcs structure is
defined by the condition (Def. 41).
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(Def. 41) P ® @ = ([ the carrier of P, the carrier of @], (the internal relation
of P) x (the internal relation of @), [‘the alternative relation of P, the
alternative relation of Q7).

Let P, QQ be pcs structures. One can check that P ® @ is strict.
Let P, @ be non empty pcs structures. Note that P ® @ is non empty.
One can prove the following propositions:
(36) Let P, @ be pcs structures, p, g be elements of P® Q, p1, p2 be elements
of P, and qi, g2 be elements of Q. If p = (p1, ¢1) and ¢ = (p2, ¢2), then
p < qiff p <pzand 1 < go.
(37) Let P, @ be pcs structures, p, ¢ be elements of P® Q, p1, p2 be elements
of P, and ¢1, g2 be elements of Q. If p = (p1, ¢1) and ¢ = (p2, ¢2), then if
p ~ g, then p1 ~ py or g1 ~ ga.
(38) Let P, @ be non empty pcs structures, p, ¢ be elements of P ® @, p1, p2
be elements of P, and q1, g2 be elements of Q. If p = (p1, ¢1) and ¢ = (p2,
¢2), then if p; ~ ps or q1 ~ g2, then p ~ q.
Let P, @ be reflexive pcs structures. Observe that P ® @ is reflexive.
Let P, @ be transitive pcs structures. One can check that P®() is transitive.
Let P be a pcs structure and let QQ be a (-reflexive pcs structure. One can
check that P ® @ is (-reflexive.
Let P be a p-reflexive pcs structure and let @ be a pcs structure. One can
check that P ® @ is f-reflexive.
Let P, @ be [f-symmetric pcs structures. One can verify that P ® Q is
J-symmetric.
Let P, Q be compatible pcs structures. Observe that P ® @) is compatible.
Let P, @ be pcs structures. The functor P —— @ yielding a pcs structure
is defined as follows:

(Def. 42) P— Q=P ®Q.
Let P, @ be pcs structures. One can check that P — @ is strict.
Let P, QQ be non empty pcs structures. Note that P —— (@ is non empty.
Next we state three propositions:

(39) Let P, @Q be pcs structures, p, ¢ be elements of P —— @, p1, p2 be
elements of P, and ¢;, g2 be elements of Q. If p = (p1, ¢1) and g = (p2,
g2), then p < ¢ iff p» <p1 and ¢1 < ¢o.

(40) Let P, @ be pcs structures, p, ¢ be elements of P —— @, p1, p2 be
elements of P, and ¢1, g2 be elements of Q. If p = (p1, ¢1) and g = (p2,
q2), then if p ~ g, then p1 7% p2 or q1 ~ qa.

(41) Let P, @ be non empty pcs structures, p, ¢ be elements of P — @,
p1, p2 be elements of P, and ¢, g2 be elements of Q. If p = (p1, ¢1) and
q = (p2, q2), then if py % py or g1 ~ g, then p ~ q.

Let P, Q be reflexive pcs structures. One can check that P —— (@ is reflexive.
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Let P, Q be transitive pcs structures. Observe that P —— (@ is transitive.
Let P be a pcs structure and let () be a G-reflexive pcs structure. Note that
P — Q is B-reflexive.
Let P be a S-irreflexive pcs structure and let @ be a pcs structure. One can
verify that P —— Q is G-reflexive.
Let P, @@ be f-symmetric pcs structures. Note that P —— @ is S-symmetric.
Let P, Q be compatible pcs structures. Note that P —— ( is compatible.
Let P, Q be pcs’s. Note that P —— @ is pcs-like.
Let P be a pcs structure and let S be a subset of P. We say that S is
self-coherent if and only if:
(Def. 43) For all elements x, y of P such that z € S and y € S holds z ~ y.
Let P be a pcs structure. Observe that every subset of P which is empty is
also self-coherent.
Let P be a pcs structure. One can check that there exists a subset of P
which is empty.
Let P be a pcs structure and let F' be a family of subsets of P. We say that
F is self-coherent-membered if and only if:
(Def. 44) For every subset S of P such that S € F holds S is self-coherent.
Let P be a pcs structure. Observe that there exists a family of subsets of P
which is non empty and self-coherent-membered.
Let P be a pcs structure and let D be a set. The functor Pir (P, D) yields
a binary relation on D and is defined by the condition (Def. 45).
(Def. 45) Let A, B be sets. Then (A, B) € Pr(P, D) if and only if the following
conditions are satisfied:
(i) AeD,
(ii) BeD,and
(i)  for every set a such that a € A there exists a set b such that b € B and
(a, b) € the internal relation of P.
The functor Prr (P, D) yielding a binary relation on D is defined by the condi-
tion (Def. 46).
(Def. 46) Let A, B be sets. Then (A, B) € Prr(P, D) if and only if the following
conditions are satisfied:
(i) AeD,
(i) BeD,and
(iii)  for all sets a, b such that a € A and b € B holds (a, b) € the alternative
relation of P.
Next we state two propositions:
(42) Let P be a pcs structure, D be a family of subsets of P, and A, B be
sets. Then (A, B) € Pir(P, D) if and only if the following conditions are
satisfied:
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(i) AeD,
(i) BeD,and
(i)  for every element a of P such that a € A there exists an element b of
P such that b € B and a <b.

(43) Let P be a pcs structure, D be a family of subsets of P, and A, B be
sets. Then (A, B) € Prr(P, D) if and only if the following conditions are
satisfied:

(i) AeD,
(i) BeD,and
(iii)  for all elements a, b of P such that a € A and b € B holds a ~ b.
Let P be a pcs structure and let D be a set. The functor P(P, D) yielding
a pcs structure is defined by:
(Def. 47) P(P, D) = (D, Pir(P, D), Prr(P, D)).
Let P be a pcs structure and let D be a family of subsets of P. We introduce
P(D) as a synonym of P(P, D).
Let P be a pcs structure and let D be a non empty set. Observe that P(P, D)
is non empty.
Next we state four propositions:

(44) Let P be a pcs structure, D be a set, and p, ¢ be elements of P(P, D).
Suppose p < q. Let p’ be an element of P. If p’ € p, then there exists an
element ¢’ of P such that ¢’ € ¢ and p’ < ¢'.

(45) Let P be a pcs structure, D be a non empty family of subsets of P, and
p, q be elements of P(D). Suppose that for every element p’ of P such
that p’ € p there exists an element ¢’ of P such that ¢’ € ¢ and p’ < ¢'.
Then p < q.

(46) Let P be a pcs structure, D be a set, and p, ¢ be elements of P(P, D).
Suppose p ~ q. Let p’, ¢’ be elements of P. If p’ € p and ¢’ € ¢, then
p~d.

(47) Let P be a pcs structure, D be a non empty family of subsets of P, and
p, g be elements of P(D). Suppose that for all elements p’, ¢’ of P such
that p’ € p and ¢’ € ¢ holds p’ ~ ¢/. Then p ~ q.

Let P be a pcs structure and let D be a set. One can check that P(P, D) is
strict.

Let P be a reflexive pcs structure and let D be a family of subsets of P.
Note that P(D) is reflexive.

Let P be a transitive pcs structure and let D be a set. One can check that
P(P, D) is transitive.

Let P be a B-reflexive pcs structure and let D be a self-coherent-membered
family of subsets of P. One can check that P(D) is S-reflexive.
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Let P be a f-symmetric pcs structure and let D be a family of subsets of
P. Observe that P(D) is f-symmetric.

Let P be a compatible pcs structure and let D be a family of subsets of P.
Note that P(D) is compatible.

Let P be a pcs structure. The functor pcs-coherent-power P yields a set and
is defined as follows:

(Def. 48) pcs-coherent-power P = {X; X ranges over subsets of P: X is self-
coherent }.

We now state the proposition

(48) For every pcs structure P and for every set X such that X €
pcs-coherent-power P holds X is a self-coherent subset of P.

Let P be a pcs structure. Note that pcs-coherent-power P is non empty.

Let P be a pcs structure. Then pcs-coherent-power P is a family of subsets
of P.

Let P be a pcs structure. Observe that pcs-coherent-power P is self-coherent-
membered.

Let P be a pcs structure. The functor P(P) yielding a pcs structure is
defined by:

(Def. 49) P(P) = P(pcs-coherent-power P).

Let P be a pcs structure. Note that P(P) is strict.

Let P be a pcs structure. Note that P(P) is non empty.

Let P be a reflexive pcs structure. One can verify that P(P) is reflexive.

Let P be a transitive pcs structure. One can check that P(P) is transitive.

Let P be a f-reflexive pcs structure. Note that P(P) is B-reflexive.

Let P be a -symmetric pcs structure. Note that P(P) is f-symmetric.

Let P be a compatible pcs structure. Note that P(P) is compatible.

Let P be a pcs. Observe that P(P) is pes-like.
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We adopt the following convention: n, m, k are elements of N, X is a non
empty subset of R, and Y is a non empty subset of R.
Next we state four propositions:
(1) If X =Y and Y is upper bounded, then X is upper bounded and

supX =supV.

(2) If X =Y and X is upper bounded, then Y is upper bounded and
sup X =supV.

(3) If X =Y andY is lower bounded, then X is lower bounded and inf X =
inf Y.

(4) If X =Y and X is lower bounded, then Y is lower bounded and inf X =
inf Y.
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Let s1 be a sequence of extended reals. The functor sup s; yields an element
of R and is defined by:
(Def. 1) sups; = suprngsj.
The functor inf s; yields an element of R and is defined as follows:
(Def. 2) infs; = infrngs;.
Let s1 be a sequence of extended reals. We say that s; is lower bounded if
and only if:
(Def. 3) rngs; is lower bounded.
We say that s; is upper bounded if and only if:
(Def. 4) rngs; is upper bounded.
Let s; be a sequence of extended reals. We say that s; is bounded if and
only if:
(Def. 5) s1 is upper bounded and lower bounded.

In the sequel s7 is a sequence of extended reals.
One can prove the following proposition
(5) For all s1, n holds {s1(k); k ranges over elements of N: n < k} is a non
empty subset of R.
Let s1 be a sequence of extended reals. The inferior realsequence s yields

a sequence of extended reals and is defined by the condition (Def. 6).

(Def. 6) Let n be an element of N. Then there exists a non empty subset Y of
R such that Y = {s1(k); k ranges over elements of N: n < k} and (the
inferior realsequence s1)(n) = inf Y.

Let s1 be a sequence of extended reals. The superior realsequence s; yields
a sequence of extended reals and is defined by the condition (Def. 7).

(Def. 7) Let n be an element of N. Then there exists a non empty subset Y of
R such that Y = {s;(k); k ranges over elements of N: n < k} and (the
superior realsequence s1)(n) = supY.

We now state the proposition
(6) If s; is finite, then s is a sequence of real numbers.
Let f be a partial function from N to R. We say that f is increasing if and
only if:

(Def. 8) For all m, n such that m € dom f and n € dom f and m < n holds

f(m) < f(n).
We say that f is decreasing if and only if:

(Def. 9) For all m, n such that m € dom f and n € dom f and m < n holds

f(m) > f(n).

We say that f is non-decreasing if and only if:
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(Def. 10) For all m, n such that m € dom f and n € dom f and m < n holds
f(m) < f(n).
We say that f is non-increasing if and only if:
(Def. 11) For all m, n such that m € dom f and n € dom f and m < n holds
f(m) > f(n).
One can prove the following two propositions:
(7))  s1 is increasing iff for all elements n, m of N such that m < n holds
s1(m) < s1(n),
(ii)  s1 is decreasing iff for all elements n, m of N such that m < n holds
s1(n) < s1(m),
(iii)  s; is non-decreasing iff for all elements n, m of N such that m < n
holds s1(m) < s1(n), and
(iv) s is non-increasing iff for all elements n, m of N such that m < n holds
s1(n) < sp(m).
(8) (The inferior realsequence si)(n) < sij(n) and s;(n) < (the superior
realsequence s1)(n).
Let us consider s;. Observe that the superior realsequence s; is non-
increasing and the inferior realsequence s; is non-decreasing.
Let s1 be a sequence of extended reals. The functor limsup sy yields an
element of R and is defined by:
(Def. 12) limsup s; = inf (the superior realsequence s1).
The functor liminf s; yields an element of R and is defined by:
(Def. 13) liminf s; = sup (the inferior realsequence s1).
In the sequel ry is a sequence of real numbers.
The following propositions are true:
(9) If sy = r; and r1 is bounded, then the superior realsequence s; = the
superior realsequence r; and limsup s; = limsupr;.
(10) If sy = r1 and 7 is bounded, then the inferior realsequence s; = the
inferior realsequence r; and liminf s; = liminf 7.
11
12
13
14

If s1 is bounded, then s7 is a sequence of real numbers.
If s1 = r1, then s; is upper bounded iff 71 is upper bounded.

(11)

(12)

(13) If sy =7y, then s; is lower bounded iff r; is lower bounded.

(14) If s; = r; and rp is convergent, then s; is convergent to finite number

and convergent and lim s; = lim r;.

(15) 1If s; = r1 and s7 is convergent to finite number, then 71 is convergent
and lim sy = lim 4.

(16) If s1 T k is convergent to finite number, then s; is convergent to finite

number and convergent and lim s; = lim(s; T k).

(17) 1If s1 T k is convergent, then s; is convergent and lim s; = lim(s; T k).
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(18) If limsups; = liminf s; and liminf s; € R, then there exists & such that
s1 T k is bounded.

(19) If s; is convergent to finite number, then there exists £ such that sq Tk
is bounded.

(20) Suppose s; is convergent to finite number. Then s; T k is convergent to
finite number and s; 1 k is convergent and lim s; = lim(sy 1 k).

(21) 1If sy is convergent, then s; T k is convergent and lim s; = lim(s; T k).

(22) 1If s; is upper bounded, then s; T k is upper bounded and if s; is lower
bounded, then sq T k is lower bounded.

23
24
25
26

inf s; < s1(n) and s1(n) < sup s;.
inf s1 < sup s7.

(23)

(24)

(25) 1If s1 is non-increasing, then s1 1k is non-increasing and inf s; = inf(s1 k).

(26) If s is non-decreasing, then s; Tk is non-decreasing and sup s; = sup(sy |

(27) (The superior realsequence s1)(n) = sup(s; T n) and (the inferior realse-
quence s1)(n) = inf(sy Tn).

(28) Let s; be a sequence of extended reals and j be an element of N. Then
the superior realsequence s T j = (the superior realsequence s1) 7 j and
limsup(sy Tj) = limsup s;.

(29) Let s; be a sequence of extended reals and j be an element of N. Then
the inferior realsequence s; 1 j = (the inferior realsequence s1) 7 j and
liminf(sy Tj) = liminf s;.

(30) Let s1 be a sequence of extended reals and k be an element of N. Suppose

s1 is non-increasing and —oo < s;(k) and s1(k) < +o00. Then s; Tk is upper

bounded and sup(s; T k) = s1(k).

(31) Let s1 be a sequence of extended reals and k be an element of N. Suppose
s1 is non-decreasing and —oo < s1(k) and s1(k) < +oo. Then s1 Tk is lower
bounded and inf(s; T k) = s1(k).

(32) Let s; be a sequence of extended reals. Suppose that for every element
n of N holds +o00 < s1(n). Then s; is convergent to +o0.

(33) Let s1 be a sequence of extended reals. Suppose that for every element
n of N holds s;(n) < —oco. Then s; is convergent to —oo.

(34) Let s1 be a sequence of extended reals. Suppose s; is non-increasing and
—oo = inf s1. Then s; is convergent to —oo and lim s = —oo.

(35) Let s; be a sequence of extended reals. Suppose s; is non-decreasing
and +o0o = sup s;. Then s; is convergent to 400 and lim s; = +o0.

(36) For every sequence s; of extended reals such that s; is non-increasing
holds s; is convergent and lim s; = inf s;.
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(37) For every sequence s; of extended reals such that s; is non-decreasing

holds s; is convergent and lim s; = sup s1.

(38) Let s9, s3 be sequences of extended reals. Suppose s is convergent and

sg is convergent and for every element n of N holds so(n) < s3(n). Then
lim s9 < lim s3.

(39) For every sequence s; of extended reals holds liminf s; < lim sup s7.

(40) For every sequence s; of extended reals holds sy is convergent iff

liminf s1 = lim sup s7.

(41) For every sequence s1 of extended reals such that s; is convergent holds
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The articles [3] and [1] provide the notation and terminology for this paper.

1. THE BASICS OF GENERAL THEORY OF COMMUTATIVE BCK-ALGEBRAS

Let 11 be a non empty BCI structure with 0. We say that I; is commutative
if and only if:
(Def. 1) For all elements z, y of I1 holds z \ (z\y) =y \ (y \ ).

Let us observe that BCI-EXAMPLE is commutative.

Let us note that there exists a BCK-algebra which is commutative.

In the sequel X denotes a BCK-algebra and I; denotes a non empty subset
of X.

We now state a number of propositions:

(1) X is a commutative BCK-algebra iff for all elements z, y of X holds

2\ (z\y) <y\ (y\x).
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(2) For every BCK-algebra X and for all elements z, y of X holds z\ (z\y) <
yand z\ (z\y) <z
(3) X is a commutative BCK-algebra iff for all elements =, y of X holds
z\y=z\(y\(y\x).
(4) X is a commutative BCK-algebra iff for all elements =, y of X holds
z\ (z\y) =y \ (Y \(z\(z\y)))
(5) X is a commutative BCK-algebra iff for all elements z, y of X such that
x<yholdsz =9\ (y\ ).
(6) Let X be anon empty BCI structure with 0. Then X is a commutative
BCK-algebra if and only if for all elements x, y, z of X holds z\ (0x\y) = =
and (z\ 2)\ (z\y) =y \ 2\ (y\ 2).
(7) If X is a commutative BCK-algebra, then for all elements z, y of X such
that © \ y = « holds y \ z = v.
(8) If X is a commutative BCK-algebra, then for all elements z, y, a of X
such that y <a holds a\z\ (a\y) =y \ =.
(9) If X is a commutative BCK-algebra, then for all elements x, y of X
holds z\y =z iff y\ (y \ ) = Ox.
(10) If X is a commutative BCK-algebra, then for all elements x, y of X
holds 2\ (y \ (y\z)) =z\yand 2 \y\ (z\y\z) =z \y.
(11) Suppose X is a commutative BCK-algebra. Let z, y, a be elements of
X Ifz <a, then (a\y) \ (a\y\ (a\2)) =a\y\ (z\y)
Let X be a BCl-algebra and let a be an element of X. We say that a is
greatest if and only if:
(Def. 2) For every element x of X holds z \ a = 0x.
We say that a is positive if and only if:

(Def. 3) 0x \a=0x.

2. THE BAsicS OF GENERAL THEORY OF COMMUTATIVE BCI-ALGEBRAS

Let I be a BCl-algebra. We say that I; is BCI-commutative if and only if:
(Def. 4)  For all elements z, y of I; such that =\ y = 0(;,) holds z =y \ (y \ z).
We say that I is BCI-weakly-commutative if and only if:

(Def. 5)  For all elements z, y of I; holds (z\ (x\y))\ (0)\ (z\y)) =y \ (y\z).

One can check that BCI-EXAMPLE is BCI-commutative and BCI-weakly-
commutative.

Let us note that there exists a BCI-algebra which is BCI-commutative and
BCI-weakly-commutative.

The following propositions are true:
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(12) For every BCI-algebra X such that there exists an element of X which
is greatest holds X is a BCK-algebra.

(13) Let X be a BCl-algebra. Suppose X is p-semisimple. Then X is BCI-
commutative and BCI-weakly-commutative.

(14) Every commutative BCK-algebra is a BCI-commutative BCl-algebra
and a BCl-weakly-commutative BCl-algebra.

(15) If X is a BCI-weakly-commutative BCl-algebra, then X is BCI-
commutative.

(16) Let X be a BCI-algebra. Then X is BCI-commutative if and only if for
all elements x, y of X holds z \ (z\y) =y \ (y\ (z\ (z\ y))).

(17) Let X be a BCl-algebra. Then X is BCI-commutative if and only if for
all elements x, y of X holds (z\ (z\y))\ (y\ (y\z)) =0x \ (z\ y).

(18) Let X be a BCl-algebra. Then X is BCI-commutative if and only if
for every element a of AtomSet X and for all elements z, iy of BranchV a

holds 2\ (z\ y) =y \ (y \ z).
(19) Let X be a non empty BCI structure with 0. Then X is a BCI-
commutative BCl-algebra if and only if for all elements x, y, z of X holds

\Y\(2\2)\(2\y) = Ox and 2\0x = z and 2\ (z\y) = y\(y\(z\(z\y)))-
(20) Let X be a BCI-algebra. Then X is BCI-commutative if and only if for
all elements x, y, z of X such that z < zand z\y < z\ z holds z < y.

(21) Let X be a BCl-algebra. Then X is BCI-commutative if and only if for
all elements x, y, z of X such that z <y and x < z holds x <y \ (y \ 2).

3. BoOuNnDED BCK-ALGEBRAS

Let I; be a BCK-algebra. We say that I; is bounded if and only if:
(Def. 6) There exists an element of I; which is greatest.

Let us note that BCI-EXAMPLE is bounded.

One can verify that there exists a BCK-algebra which is bounded and com-
mutative.

Let I be a bounded BCK-algebra. We say that I; is involutory if and only
if:

(Def. 7) For every element a of I} such that a is greatest and for every element
xz of I; holds a \ (a\ z) = x.
Next we state three propositions:

(22) Let X be a bounded BCK-algebra. Then X is involutory if and only if
for every element a of X such that a is greatest and for all elements z, y

of X holds z\y=a\y\ (a\z).
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(23) Let X be a bounded BCK-algebra. Then X is involutory if and only if
for every element a of X such that a is greatest and for all elements x, y

of X holds z\ (a\y) =y \ (a\ z).

(24) Let X be a bounded BCK-algebra. Then X is involutory if and only if
for every element a of X such that a is greatest and for all elements x, y
of X such that x <a\yholds y <a\ z.

Let I be a BCK-algebra and let a be an element of I;. We say that a is
Iseki if and only if:
(Def. 8) For every element z of I; holds #\ a =0,y and a \ = = a.
Let I; be a BCK-algebra. We say that Iy is Iseki-extension if and only if:
(Def. 9) There exists an element of I; which is Iseki.
Let us observe that BCI-EXAMPLE is Iseki-extension.

Let X be a BCK-algebra. A non empty subset of X is said to be a
commutative-ideal of X if:

(Def. 10) 0x € it and for all elements z, y, z of X such that x \ y \ z € it and
z€itholds z \ (v \ (v \ z)) € it.

The following three propositions are true:

(25) If I; is a commutative-ideal of X, then for all elements z, y of X such
that  \y € I holds z \ (y \ (v \ z)) € I.

(26) For every BCK-algebra X such that I; is a commutative-ideal of X holds
17 is an ideal of X.

(27) If I; is a commutative-ideal of X, then for all elements z, y of X such
that z \ (x \y) € I; holds y \ (y \ =) \ (z \ y) € I;.

4. IMPLICATIVE AND POSITIVE-IMPLICATIVE BCK-ALGEBRAS

Let I1 be a BCK-algebra. We say that I; is BCK-positive-implicative if and
only if:
(Def. 11) For all elements z, y, z of I; holds (z\y)\z=z\2\ (v 2).
We say that I; is BCK-implicative if and only if:
(Def. 12) For all elements z, y of I; holds z \ (y \ z) = =.
Let us observe that BCI-EXAMPLE is BCK-positive-implicative and BCK-
implicative.
Let us mention that there exists a BCK-algebra which is Iseki-extension,
BCK-positive-implicative, BCK-implicative, bounded, and commutative.
The following propositions are true:

(28) X is a BCK-positive-implicative BCK-algebra iff for all elements x, y of
X holdsz\y=x\y\vy.
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(29) X is a BCK-positive-implicative BCK-algebra if and only if for all ele-

ments 2, y of X holds (z\ (z\y)) \ (y \z) =2\ (z\ (y\ (¥ \ 2))).

(30) X is a BCK-positive-implicative BCK-algebra iff for all elements z, y of
X holds z\y =z \y\ (z\ (z\y))

(31) X is a BCK-positive-implicative BCK-algebra if and only if for all ele-
ments z, y, z of X holds x\ z\ (y \ 2) < (z\y) \ .

(32) X is a BCK-positive-implicative BCK-algebra iff for all elements x, y of
X holdsz\y<z\y\vy.

(33) X is a BCK-positive-implicative BCK-algebra if and only if for all ele-
ments , y of X holds z \ (z\ (y \ (y\2))) < (z\ (z\y) \ (y \ 2).

(34) X is a BCK-implicative BCK-algebra if and only if X is a commutative
BCK-algebra and a BCK-positive-implicative BCK-algebra.

(35) X is a BCK-implicative BCK-algebra iff for all elements x, y of X holds
@\ (@\y)\(@\y) =y\(y\z).

(36) Let X be a non empty BCI structure with 0. Then X is a BCK-
implicative BCK-algebra if and only if for all elements z, y, z of X holds
2\ (0x \y) =z and (z\2)\(@\y) =y\ 2\ (y\2)\ (z\y)

(37) Let X be a bounded BCK-algebra and a be an element of X. Suppose
a is greatest. Then X is BCK-implicative if and only if X is involutory
and BCK-positive-implicative.

(38) X is a BCK-implicative BCK-algebra iff for all elements x, y of X holds
z\ (z\ (y\z)) = Ox.

(39) X is a BCK-implicative BCK-algebra iff for all elements x, y of X holds
@\ (@\y)\(@\y) =y\ W\ @\ (z\y)).

(40) X is a BCK-implicative BCK-algebra iff for all elements z, y, z of X
holds (z\ 2) \ (z\y) =y \ 2\ (y\z\ 2).

(41) X is a BCK-implicative BCK-algebra iff for all elements z, y, z of X
holds =\ (z\ (y\ 2)) = (y\ 2) \ (y\ 2\ (z\ 2)).

(42) X is a BCK-implicative BCK-algebra iff for all elements x, y of X holds
z\ (@\y) =\ \2)\(z\y)

(43) Let X be a bounded commutative BCK-algebra and a be an element of
X. Suppose a is greatest. Then X is BCK-implicative if and only if for
every element z of X holds a\z\ (a\z\z) =0x.

(44) Let X be a bounded commutative BCK-algebra and a be an element of
X. Suppose a is greatest. Then X is BCK-implicative if and only if for
every element x of X holds z \ (a \ z) = x.

(45) Let X be a bounded commutative BCK-algebra and a be an element of
X. Suppose a is greatest. Then X is BCK-implicative if and only if for
every element z of X holds a\z\z =a\ z.
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(46) Let X be a bounded commutative BCK-algebra and a be an element of
X. Suppose a is greatest. Then X is BCK-implicative if and only if for
all elements x, y of X holds a\y\ (a\y\z) =2z \y.

(47) Let X be a bounded commutative BCK-algebra and a be an element of
X. Suppose a is greatest. Then X is BCK-implicative if and only if for
all elements x, y of X holds y \ (y \ z) =z \ (a\ v).

(48) Let X be a bounded commutative BCK-algebra and a be an element of
X. Suppose a is greatest. Then X is BCK-implicative if and only if for
all elements z, y, z of X holds (z\ (y\ 2))\ (z\y) <z\ (a) 2).
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The papers [11], [13], [1], [15], [2], [8], [9], [16], [5], [12], [10], [4], [6], [7], and [14]
provide the notation and terminology for this paper.
In this paper x denotes a real number and Z denotes an open subset of R.
One can prove the following propositions:
(1) Suppose Z C dom((the function tan) -(the function cot)). Then
(i)  (the function tan) -(the function cot) is differentiable on Z, and
(ii)  for every z such that z € Z holds ((the function tan) -(the function
1 1

COt))IfZ (.%') ~ [(the function cos)((the function cot)(z))2 = (the function sin)(z)2 '
(2) Suppose Z C dom((the function tan) -(the function tan)). Then
(i)  (the function tan) -(the function tan) is differentiable on Z, and

(ii)  for every z such that € Z holds ((the function tan) -(the function
1 1

tan))/fz (.%') ~ (the function cos)((the function tan)(z))2 ~ (the function cos)(z)2
(3) Suppose Z C dom((the function cot) -(the function cot)). Then
(i)  (the function cot) -(the function cot) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function cot) -(the function
1 1

COt))IfZ (.%') ~ (the function sin)((the function cot)(z))2 ~ (the function sin)(z)2 "
(4) Suppose Z C dom((the function cot) -(the function tan)). Then
(i)  (the function cot) -(the function tan) is differentiable on Z, and
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(ii)  for every z such that x € Z holds ((the function cot) -(the function
_ 1 1
tan))/fz (.%') - (_ (the function sin)((the function tan)(x))z) " (the function cos)(z)2 "

(5) Suppose Z C dom((the function tan)—(the function cot)). Then
(i)  (the function tan)—(the function cot) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function tan)—(the function

COt))IfZ (.%') ~ (the functiz)n cos)(x)?2 + (the function sin)(z)2"
(6) Suppose Z C dom((the function tan)+(the function cot)). Then
(i)  (the function tan)+(the function cot) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function tan)+(the function
1

COt))/fZ ('T) = (the functi%)n cos)(x)2 ~ (the function sin)(x)2"
(7)(i)  (The function sin) -(the function sin) is differentiable on Z, and
(ii)  for every z such that = € Z holds ((the function sin) -(the func-
tion sin))},(x) = (the function cos)((the function sin)(z)) - (the function
cos)(z).
(8)(1)  (The function sin) -(the function cos) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function sin) -(the function
cos))} () = —(the function cos)((the function cos)(z)) - (the function sin)
(9)(i)  (The function cos) -(the function sin) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function cos) -(the function
sin))| () = —(the function sin)((the function sin)(x)) - (the function cos)
(10)i)  (The function cos) -(the function cos) is differentiable on Z, and
(i)  for every x such that x € Z holds ((the function cos) -(the func-
tion cos))j,(z) = (the function sin)((the function cos)(z)) - (the function
sin)(x).
(11) Suppose Z C dom((the function cos) (the function cot)). Then
(i)  (the function cos) (the function cot) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function cos) (the function

cot))’rz (z) = —(the function cos)(z) — ((tt}?ee fiﬁlcitlff S(izi)(f;;)z

(12) Suppose Z C dom((the function sin) (the function tan)). Then
(i)  (the function sin) (the function tan) is differentiable on Z, and

(ii)  for every x such that z € Z holds ((the function sin) (the function

. he function si
tan))},(x) = (the function sin)(z) + (glee fuf;ﬁ;incz:))(%)z.

(13) Suppose Z C dom((the function sin) (the function cot)). Then
(i)  (the function sin) (the function cot) is differentiable on Z, and
(ii)  for every x such that * € Z holds ((the function sin) (the

function cot))},(z) = (the function cos)(z) - (the function cot)(z) —

1
(the function sin)(z) "
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(14) Suppose Z C dom((the function cos) (the function tan)). Then
(i)  (the function cos) (the function tan) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function cos) (the function

/ __ (the function sin)(z)? 1
tan)) ¥4 (.%') — 7 (the function cos)(x) + (the function cos)(z) "

(15) Suppose Z C dom((the function sin) (the function cos)). Then
(i)  (the function sin) (the function cos) is differentiable on Z, and

(ii)  for every x such that z € Z holds ((the function sin) (the function

cos))}(x) = (the function cos)(z)2 — (the function sin)(z)2.

(16) Suppose Z C dom((the function In) (the function sin)). Then
(i)  (the function In) (the function sin) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function In) (the function
Sin))lrz (.%') __ (the funct;on sin)(x) +(
(17) Suppose Z C dom((the function In) (the function cos)). Then
(i)  (the function In) (the function cos) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function In) (the function

cos))i(z) = (the fumtimon cos)(@) _ (the function In)(z)- (the function sin)(z).

(18) Suppose Z C dom((the function In) (the function exp)). Then
(i)  (the function In) (the function exp) is differentiable on Z, and
(ii)  for every = such that z € Z holds ((the function In) (the func-
tion exp)),(z) = (the fumti;n exp)@) (the function In)(z) - (the function
exp)(z).
(19) Suppose Z C dom((the function In) -(the function In)) and for every z
such that z € Z holds x > 0. Then
(i)  (the function In) -(the function In) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function In) -(the function

the function In)(z)- (the function cos)(x).

1)) (2) = (the Tonction W@
(20) Suppose Z C dom((the function exp) -(the function exp)). Then
(i)  (the function exp) -(the function exp) is differentiable on Z, and
(ii)  for every x such that = € Z holds ((the function exp) -(the func-
tion exp))’,(z) = (the function exp)((the function exp)(x)) - (the function
exp)(z).
(21) Suppose Z C dom((the function sin) -(the function tan)). Then
(i)  (the function sin) -(the function tan) is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function sin) -(the function

/ __ cos (the function tan)(z)
tan)) [Z(x) T (the function cos)(z)2

(22) Suppose Z C dom((the function sin) -(the function cot)). Then
(i)  (the function sin) -(the function cot) is differentiable on Z, and

(ii)  for every x such that x € Z holds ((the function sin) -(the function

/ _ cos (the function cot)(x)
COt))fZ ('T) —  (the function sin)(z)2 -

245
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(23) Suppose Z C dom((the function cos) -(the function tan)). Then
(i)  (the function cos) -(the function tan) is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function cos) -(the function

/ __ sin(the function tan)(z)
tan)) [Z(x) ~ 7 " (the function cos)(x)2 °

(24) Suppose Z C dom((the function cos) -(the function cot)). Then
(i)  (the function cos) -(the function cot) is differentiable on Z, and

(ii)  for every z such that x € Z holds ((the function cos) -(the function

/ __ sin (the function cot)(z)
COt)) [Z( ) " (the function sin)(z)2 -

(25) Suppose Z C dom((the function sin) ((the function tan)+(the function
cot))). Then
(i)  (the function sin) ((the function tan)+(the function cot)) is differen-
tiable on Z, and
(ii)  for every x such that € Z holds ((the function sin) ((the func-
tion tan)+(the function cot)))|,(¥) = (the function cos)(z) - ((the
function tan)(x) + (the function cot)(z)) + (the function sin)(zx) -

((the functi<1)n cos)(x)2 ~ (the functi%)n sin)(z)2 )
(26) Suppose Z C dom((the function cos) ((the function tan)-+(the function
cot))). Then
(i)  (the function cos) ((the function tan)+(the function cot)) is differen-
tiable on Z, and
(ii)  for every x such that € Z holds ((the function cos) ((the function
tan)+(the function cot)))|,(x) = —(the function sin)(z) - ((the function

tan)(x) + (the function cot)(x))+(the function cos)(x)-( 1

(the function cos)(z)2

(the functii)n sin)(z)2 )
(27) Suppose Z C dom((the function sin) ((the function tan)—(the function

cot))). Then

(i)  (the function sin) ((the function tan)—(the function cot)) is differen-
tiable on Z, and

(ii)  for every x such that € Z holds ((the function sin) ((the func-
tion tan)—(the function cot)))|,(¥) = (the function cos)(z) - ((the
function tan)(z) — (the function cot)(z)) + (the function sin)(z) -

((the function cos)(z)2 + (the function sin)(z)2 )
(28) Suppose Z C dom((the function cos) ((the function tan)—(the function
cot))). Then
(i)  (the function cos) ((the function tan)—(the function cot)) is differen-
tiable on Z, and
(ii)  for every x such that € Z holds ((the function cos) ((the function
tan)—(the function cot)))’,(z) = —(the function sin)(z) - ((the function

tan)(z) — (the function cot)(z))+(the function cos)(z)-( L

(the function cos)(z)?

1
(the function sin)(z)2 )

_l’_
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(29) Suppose Z C dom((the function exp) ((the function tan)+(the function
cot))). Then
(i)  (the function exp) ((the function tan)+(the function cot)) is differen-
tiable on Z, and
(ii)  for every z such that x € Z holds ((the function exp) ((the func-
tion tan)+(the function cot)))j,(z) = (the function exp)(z) - ((the
function tan)(z) + (the functlon co ( )) + (the function exp)(x) -

1 t)
((the function cos)(z)2 = (the functlon sin)(z)2
(30) Suppose Z C dom((the function exp) (
cot))). Then
(i)  (the function exp) ((the function tan)—(the function cot)) is differen-
tiable on Z, and
(ii)  for every z such that x € Z holds ((the function exp) ((the func-
tion tan)—(the function cot)))},(z) = (the function exp)(z) - ((the
function tan)(z) — (the function cot)(z)) + (the function exp)(z) -

(the function tan)—(the function

£)(
((the function cos)(z)2 + (the function sin) 2)
(31) Suppose Z C dom((the function sm) ((the function sin)+(the function
cos))). Then
(i)  (the function sin) ((the function sin)4(the function cos)) is differen-
tiable on Z, and
(ii)  for every x such that € Z holds ((the function sin) ((the function
sin)+(the function cos)))}, () = ((the function cos)(x)? +2- (the function
sin)(x) - (the function cos)(x)) — (the function sin)(x)2.
(32) Suppose Z C dom((the function sin) ((the function sin)—(the function
cos))). Then
(i)  (the function sin) ((the function sin)—(the function cos)) is differen-
tiable on Z, and
(ii)  for every x such that € Z holds ((the function sin) ((the function
sin)—(the function cos)))} () = ((the function sin) (x)2 +2- (the function
sin)(x) - (the function cos)(z)) — (the function cos)(x)2.
(33) Suppose Z C dom((the function cos) ((the function sin)—(the function
cos))). Then
(i)  (the function cos) ((the function sin)—(the function cos)) is differen-
tiable on Z, and
(ii)  for every x such that € Z holds ((the function cos) ((the function
sin)—(the function cos))),(z) = ((the function cos) ()% 42 (the function
sin)(x) - (the function cos)(x)) — (the function sin)(x)2.
(34) Suppose Z C dom((the function cos) ((the function sin)-+(the function
cos))). Then
(i)  (the function cos) ((the function sin)+(the function cos)) is differen-
tiable on Z, and



248 BO LI AND PAN WANG

(ii)  for every x such that € Z holds ((the function cos) ((the function
sin)+(the function cos)))|,(z) = (the function cos)(z)2 — 2 - (the function
sin)(x) - (the function cos)(x) — (the function sin)(z)?2.

(35) Suppose Z C dom((the function sin) -((the function tan)-+(the function
cot))). Then

(i)  (the function sin) -((the function tan)+(the function cot)) is differen-
tiable on Z, and

(ii)  for every x such that x € Z holds ((the function sin) -((the func-
tion tan)+(the function cot)))},(z) = (the function cos)((the function
tan)(z) 4 (the function cot)(z)) - ( L 1 ).

(the function cos)(z)2 ~ (the function sin)(z)2
(36) Suppose Z C dom((the function sin) -((the function tan)—(the function
cot))). Then
(i)  (the function sin) -((the function tan)—(the function cot)) is differen-
tiable on Z, and
(ii)  for every z such that x € Z holds ((the function sin) -((the func-

tion tan)—(the function cot)))},(¥) = (the function cos)((the function
tan) (x) - (the function COt)(.Z')) ’ ((the functiz)n cos)(z)? + (the functil)n sin)(z)?2 )-

(37) Suppose Z C dom((the function cos) -((the function tan)—(the function
cot))). Then
(i)  (the function cos) -((the function tan)—(the function cot)) is differen-
tiable on Z, and
(ii)  for every x such that x € Z holds ((the function cos) -((the function
tan)—(the function cot)))’,(z) = —(the function sin)((the function

tan)(x) — (the function cot)(x)) - ( L L

(the function cos)(z)2 + (the function sin)(z)2
(38) Suppose Z C dom((the function cos) -((the function tan)+(the function
cot))). Then
(i)  (the function cos) -((the function tan)+(the function cot)) is differen-
tiable on Z, and
(ii))  for every x such that x € Z holds ((the function cos) -((the function
tan)+(the function cot)))},(z) = —(the function sin)((the function tan)

() 4 (the function cot)(x)) - ( L — L ).

(the function cos)(z)2 (the function sin)(z)2
(39) Suppose Z C dom((the function exp) -((the function tan)+(the function
cot))). Then
(i)  (the function exp) -((the function tan)+(the function cot)) is differen-
tiable on Z, and
(ii)  for every x such that x € Z holds ((the function exp) -((the func-
tion tan)+(the function cot)))},(z) = (the function exp)((the function
tan)(z) 4 (the function cot)(z)) - ( L 1 ).

(the function cos)(z)2 = (the function sin)(z)2
(40) Suppose Z C dom((the function exp) -((the function tan)—(the function
cot))). Then

).
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(i)  (the function exp) -((the function tan)—(the function cot)) is differen-
tiable on Z, and

(ii)  for every x such that x € Z holds ((the function exp) -((the func-
tion tan)—(the function cot)))j,(z) = (the function exp)((the function

tan) (x) B (the function COt)(.Z')) ) ((the functi})n cos)(x)? + (the functil)n sin)(z)2 )

the function tan)—(the function cot
(41) Suppose Z C dom(( T furzcti(on o )). Then

. the function tan)—(the function cot) . 1. .
(i) (the func o gizcti(oneexinc ion cot) j¢ differentiable on Z, and

. the function tan)—(the function cot
(ii) for every x such that x € Z holds (( s furzcti(on o ))'rz (x)

(G Famiion sony (@) (o Tamation wimy(zy3 )~ (the fumction tan)(w))+(the function cot)(x)
(the function exp)(z) ’
the functi t the functi t
(42) Suppose Z C dom(( s 11(;)}?«3 ?fg;:i(oneexinc = )). Then
(1) (the function tan)+(the function cot)
the function exp

(ii)  for every x such that € Z holds ( (

is differentiable on Z, and

the function tan)+4(the function cot) )/ ( )
the function exp z\T

1 _ 1 _ : _ :
(e Fumction s (@)% (e rumetion sim(y2 _(the function tan)(@)—(the function cot)(2)

(the function exp)(z)
(43) Suppose Z C dom((the function sin) -sec). Then
(i)  (the function sin) -sec is differentiable on Z, and

(i)  for every x such that x € Z holds ((the function sin) -sec)|,(z) =

(the function cos)((sec)(z))-(the function sin)(z)
(the function cos)(z) :

(44) Suppose Z C dom((the function cos) -sec). Then
(i)  (the function cos) -sec is differentiable on Z, and

(ii)  for every x such that x € Z holds ((the function cos) -sec)|,(z) =

__(the function sin)((sec)(x))-(the function sin)(x)
(the function cos)(z)2 ’

(45) Suppose Z C dom((the function sin) - cosec). Then
(i)  (the function sin) - cosec is differentiable on Z, and
(ii)  for every z such that x € Z holds ((the function sin) - cosec)’,(z) =

(the function cos)((cosec)(z))-(the function cos)(x)
(the function sin)(z) )

(46) Suppose Z C dom((the function cos) - cosec). Then
(i)  (the function cos) - cosec is differentiable on Z, and
(ii)  for every x such that z € Z holds ((the function cos) - cosec)’,(z) =

(the function sin)((cosec)(z))-(the function cos)(x)
(the function sin)(z)2 )
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