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Summary. In this article, we give several differentiation formulas of spe-
cial and composite functions including trigonometric, polynomial and logarithmic
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The articles [13], [15], [1], [16], [2], [4], [10], [11], [17], [5], [14], [12], (3], [7], [6],
[9], and [8] provide the notation and terminology for this paper.
The partial function sec from R to R is defined as follows:

(Def. 1) sec 1

— the function cos"

The partial function cosec from R to R is defined by:
(Def. 2) cosec = 1

the function sin*
For simplicity, we follow the rules: x, a, b, ¢ are real numbers, n is a natural
number, Z is an open subset of R, and f, f1, fo are partial functions from R to
R.

One can prove the following propositions:
(1) If (the function cos)(z) # 0, then sec is differentiable in z and (sec)’(z) =

(the function sin)(x)
(the function cos)(z)2 "

(2) If (the function sin)(z) # 0, then cosec is differentiable in = and
(COSGC)/(QJ) __ __(the function cos)(x)

(the function sin)(z)2 "
1 _ 1
B G)z=zm

(4) Suppose Z C domsec. Then sec is differentiable on Z and for every x
such that x € Z holds (sec)|,(z) = (the function sin)(z)

(the function cos)(z)2"
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74 PENG WANG AND BO LI

(5) Suppose Z C dom cosec. Then cosec is differentiable on Z and for every

the functi
z such that = € Z holds (cosec)|,(r) = — ((thee e et SCI?S)(%L

(6) Suppose Z C dom(sec-f) and for every x such that z € Z holds f(x) =
a-z+0b. Then
(i) sec-f is differentiable on Z, and

.. -(the function sin)(a-z+4b
(i) for every x such that € Z holds (sec-f)}(x) = ‘(ltile e COSS)(L(Z:ZL_)Q .

(7) Suppose Z C dom(cosec-f) and for every x such that = € Z holds
f(x) =a-z+b. Then
(i) cosec-f is differentiable on Z, and

(ii) for every z such that = € Z holds (cosec-f)|,(z) =

__a-(the function Cos)(a~a:+b)
(the function sin)(a-z+b)?2

(8) Suppose Z C dom(sec - f) and for every z such that € Z holds f(x) =
z. Then

(i) sec % is differentiable on Z, and

(ii) for every x such that =z € Z holds (sec-%)/rz(x) =

(the function sin)( %)
x2-(the function cos)( 1y2-

(9) Suppose Z C dom(cosec - f) and for every x such that x € Z holds
f(z) = z. Then

(i)  cosec % is differentiable on Z, and

(ii) for every x such that = € Z holds (cosec-%)'rz(m) =

(the function cos)(%)
z2-(the function sin)(%)2 :
(10) Suppose Z C dom(sec(f1 + ¢ f2)) and fo =2 and for every z such that
x € Z holds fi(z) =a+b-z. Then
(i) sec-(f1 + c f2) is differentiable on Z, and
(i)  for every x such that z € Z holds (sec-(fi + cf2))iz(z) =

(b+2-c-z)-(the function sin)(a+b-z+c-z2)
(the function cos)(a+b-z+c-z2)2 :

(11) Suppose Z C dom(cosec-(f1 + ¢ f2)) and fo = 2 and for every x such
that x € Z holds fi(z) =a+b-x. Then
(i)  cosec-(f1 + ¢ f2) is differentiable on Z, and

(i) ~ for every x such that # € Z holds (cosec:(f1 + ¢ f2))iz(x) =

__ (b+2-c:x)-(the function cos)(a+b-z+c: m2)
(the function sin)(a+b-z+c-x2)2

(12) Suppose Z C dom(sec -(the function exp)). Then
(i)  sec-(the function exp) is differentiable on Z, and

(i)  for every x such that z € Z holds (sec-(the function exp))’,(z) =

(the function exp)(z)-(the function sin)((the function exp)(x))
(the function cos)((the function exp)(z))2

(13) Suppose Z C dom(cosec -(the function exp)). Then
(i)  cosec-(the function exp) is differentiable on Z, and
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(i)  for every z such that z € Z holds (cosec -(the function exp))},(z) =

(the function exp)(z)-(the function cos)((the function exp)(x))
(the function sin)((the function exp)(z))2 )

(14) Suppose Z C dom(sec -(the function In)). Then
(i)  sec-(the function In) is differentiable on Z, and

(i) for every z such that ¥ € Z holds (sec-(the function In))|,(z) =

(the function sin)((the function In)(x))
z-(the function cos)((the function In)(z))2 "

(15) Suppose Z C dom(cosec -(the function In)). Then
(i)  cosec-(the function In) is differentiable on Z, and

(ii)  for every x such that z € Z holds (cosec-(the function In))|,(z) =

(the function cos)((the function In)(z))
x-(the function sin)((the function In)(z))2"

(16) Suppose Z C dom((the function exp) -sec). Then
(i)  (the function exp) -sec is differentiable on Z, and

(i)  for every z such that x € Z holds ((the function exp) -sec)|,(z) =

(the function exp)((sec)(z))-(the function sin)(z)
(the function cos)(z)2 ’

(17) Suppose Z C dom((the function exp) - cosec). Then
(i)  (the function exp) - cosec is differentiable on Z, and

(i)  for every x such that x € Z holds ((the function exp) - cosec)',(z) =

_ (the function exp)((cosec)(x))-(the function cos)(x)
(the function sin)(z)2 :

(18) Suppose Z C dom((the function In) -sec). Then
(i)  (the function In) -sec is differentiable on Z, and

(i)  for every z such that z € Z holds ((the function In) -sec)},(z) =

(the function sin)(z)
(the function cos)(z) "

(19) Suppose Z C dom((the function In) - cosec). Then
(i)  (the function In) - cosec is differentiable on Z, and

(i)  for every x such that € Z holds ((the function In) -cosec)|,(z) =

(the function cos)(z)
(the function sin)(z)

(20) Suppose Z C dom((%) - sec) and 1 < n. Then
(i) (%) - sec is differentiable on Z, and

(i) for every z such that x € Z holds ((7)-sec)|,(z) =

(21) Suppose Z C dom((}) - cosec) and 1 < n. Then
(i) (%) - cosec is differentiable on Z, and
(i)  for every z such that z € Z holds ((3) - cosec)i,(z) =

___n-(the function cos)(x)
(the function sin)(z)p™'"

(22) Suppose Z C dom(sec —idz). Then
(i) sec—idy is differentiable on Z, and
(ii) for every x such that = € Z holds (sec—idz)i,(z) =

(the function sin)(x)—(the function cos)(z)?
(the function cos)(z)?

n-(the function sin)(x)
(the function cos)(z)p ™'
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Suppose Z C dom(—cosec — idz). Then
—cosec — idz is differentiable on Z, and
for every z such that z € Z holds (—cosec — idz)|,(z)

(the function cos)(z)—(the function sin)(z)?
(the function sin)(z)?2 :

Suppose Z C dom((the function exp) sec). Then

(the function exp) sec is differentiable on Z, and

for every x such that z € Z holds ((the function exp) sec)|,(z)

(the function exp)(z) + (the function exp)(z)-(the function sin)(x)
(the function cos)(z) (the function cos)(z)? ’

Suppose Z C dom((the function exp) cosec). Then
(the function exp) cosec is differentiable on Z, and

for every z such that € Z holds ((the function exp) cosec)’,(z)

(the function exp)(z)  (the function exp)(x)-(the function cos)(x)
(the function sin)(x) (the function sin)(z)2 :

Suppose Z C dom(2 (sec-f) —idz) and for every x such that z €
holds f(z) = a-x and a # 0. Then
L (sec-f) —idy is differentiable on Z, and

a
for every x such that € Z holds (% (sec-f) — idz)}z(2)
(the function sin)(a-z)—(the function cos)(a-x)?
(the function cos)(a-z)2 :
Suppose Z C dom((—1) (cosec - f)—id) and for every x such that 2 €
holds f(z) = a-x and a # 0. Then

(—1) (cosec - f) —idyz is differentiable on Z, and

a

for every x such that € Z holds ((—21) (cosec-f) — idz)z(2)

a

(the function cos)(a-z)—(the function sin)(a-x)?
(the function sin)(a-z)? :

Suppose Z C dom(f sec) and for every x such that x € Z holds f(x)
a-z+b. Then
f sec is differentiable on Z, and

for every x such that x € Z holds (f sec)’;(z) &

~ T(the function cos)(z)
(a-x+b)-(the function sin)(x)
(the function cos)(z)?2  *

VA

Z

+

Suppose Z C dom(f cosec) and for every z such that x € Z holds

f(x) =a-z+b. Then
f cosec is differentiable on Z, and

for every x such that z € Z holds (f cosec)|,(z) = -

(the function sin)(z)

(a-xz+b)-(the function cos)(x)
(the function sin)(z)2

Suppose Z C dom((the function In) sec). Then

(the function In) sec is differentiable on Z, and
for every x such that » € Z holds ((the function In) sec)’,(z)

1
(the function cos)(®) + (the function In)(z)-(the function sin)(z)
z (the function cos)(z)2 :

Suppose Z C dom((the function In) cosec). Then
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(i)  (the function In) cosec is differentiable on Z, and
(i)  for every x such that z € Z holds ((the function In) cosec)|,(z) =

m (the function In)(x)-(the function cos)(z)
x o (the function sin)(z)?2 :
(32) Suppose Z C dom(% sec) and for every z such that z € Z holds f(x) = x.
Then
(i) % sec is differentiable on Z, and
1
(ii)  for every = such that x € Z holds (% sec)’rz(ac) = — {the function cos)(z) f““;;" con)@) |

(the function sin)(z)

(the Tunction cos)(@)Z -
(33) Suppose Z C dom(% cosec) and for every z such that x € Z holds
f(x) = z. Then
(1) % cosec is differentiable on Z, and

(the function sin)(x)
T

(ii)  for every x such that x € Z holds (% cosec),(z) =

(the function cos)(z)

(the function sin)(z)2 "
(34) Suppose Z C dom(sec -(the function sin)). Then
(i)  sec-(the function sin) is differentiable on Z, and

(ii)  for every x such that z € Z holds (sec-(the function sin))},(z) =

(the function cos)(z)-(the function sin)((the function sin)(x))
(the function cos)((the function sin)(z))2 :

(35) Suppose Z C dom(sec -(the function cos)). Then
(i)  sec-(the function cos) is differentiable on Z, and

(ii)  for every z such that € Z holds (sec-(the function cos))},(z) =

(the function sin)(z)-(the function sin)((the function cos)(z))
(the function cos)((the function cos)(z))2

(36) Suppose Z C dom(cosec -(the function sin)). Then
(i)  cosec-(the function sin) is differentiable on Z, and

(i)  for every x such that € Z holds (cosec-(the function sin))},(z) =

(the function cos)(z)-(the function cos)((the function sin)(x))
(the function sin)((the function sin)(x))2 :

(37) Suppose Z C dom(cosec -(the function cos)). Then
(i)  cosec-(the function cos) is differentiable on Z, and

(ii)  for every x such that x € Z holds (cosec-(the function cos))|,(z) =

(the function sin)(z)-(the function cos)((the function cos)(x))
(the function sin)((the function cos)(z))2

(38) Suppose Z C dom(sec -(the function tan)). Then
(i)  sec-(the function tan) is differentiable on Z, and
(i) ~ for every z such that x € Z holds (sec-(the function tan))},(z) =

(the function sin)((the function tan)(x))

(the function cos)(x)
(the function cos)((the function tan)(z))2"

(39) Suppose Z C dom(sec -(the function cot)). Then
(i)  sec-(the function cot) is differentiable on Z, and

7
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(i)  for every z such that z € Z holds (sec-(the function cot))|,(z) =

(the function sin)((the function cot)(x))

(the function sin)(x)2

(the function cos)((the function cot)(z))2"
(40) Suppose Z C dom(cosec -(the function tan)). Then
(i)  cosec-(the function tan) is differentiable on Z, and
(i)  for every x such that z € Z holds (cosec-(the function tan))},(z) =

(the function cos)((the function tan)(z))

(the function cos)(x)

(the function sin)((the function tan)(z))2"
(41) Suppose Z C dom(cosec -(the function cot)). Then
(i)  cosec-(the function cot) is differentiable on Z, and

(i)  for every x such that x € Z holds (cosec-(the function cot))},(z) =

(the function cos)((the function cot)(z))
(the function sin)(z)2

(the function sin)((the function cot)(z))2 "
(42) Suppose Z C dom((the function tan) sec). Then
(i)  (the function tan) sec is differentiable on Z, and
(ii)  for every x such that x € Z holds ((the function tan) sec)|,(z) =

1
(the function cos)(z)2 + (the function tan)(z)-(the function sin)(z)

(the function cos)(z) (the function cos)(z)2
(43) Suppose Z C dom((the function cot) sec). Then
(i)  (the function cot) sec is differentiable on Z, and
(i)  for every x such that x € Z holds ((the function cot) sec)|,(z) =

1
___(the function sin)(z)?2 + (the function cot)(z)-(the function sin)(z)
(the function cos)(z) (the function cos)(z)?

(44) Suppose Z C dom((the function tan) cosec). Then
(i)  (the function tan) cosec is differentiable on Z, and

(ii)  for every x such that z € Z holds ((the function tan) cosec),(z) =

1
(the function cos)(x)2 (the function tan)(z)-(the function cos)(x)

(the function sin)(z) (the function sin)(z)?2
(45)  Suppose Z C dom((the function cot) cosec). Then
(i)  (the function cot) cosec is differentiable on Z, and

(i)  for every z such that x € Z holds ((the function cot) cosec)|,(z) =

1

__(the function sin)(«)2 __ (the function cot)(x)-(the function cos)(x)
(the function sin)(x) (the function sin)(z)?2
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1. THE PRODUCT SPACE OF REAL LINEAR SPACES

The following propositions are true:

(1) Let s, t be sequences of real numbers and g be a real number. Suppose
that for every element n of N holds ¢(n) = |s(n) — g|. Then s is convergent
and lim s = ¢ if and only if ¢ is convergent and limt = 0.

(2) Let z, y be finite sequences of elements of R. Suppose lenz = leny
and for every element i of N such that i € Seglenz holds 0 < z(i) and
(i) < y(i). Then [z] < [y].

(3) Let F be a finite sequence of elements of R. If for every element ¢ of N
such that ¢ € dom F holds F(i) = 0, then > F = 0.

@ 2007 University of Bialystok
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Let f be a function and let X be a set. A function is called a multi-operation
of X and f if:

(Def. 1) domit = dom f and for every set ¢ such that i € dom f holds it(7) is a
function from [ X, f(i)] into f(4).
Let F' be a sequence of non empty sets and let X be a set. Observe that
every multi-operation of X and F' is finite sequence-like.
We now state the proposition

(4) Let X be a set, F' be a sequence of non empty sets, and p be a finite
sequence. Then p is a multi-operation of X and F' if and only if lenp =
len F' and for every set i such that ¢ € dom F' holds p(¢) is a function from
FX, F(i)] into F(7).

Let F be a sequence of non empty sets, let X be a set, let p be a multi-
operation of X and F, and let i be an element of dom F. Then p(7) is a function
from [ X, F(i)] into F(7).

Next we state the proposition

(5) Let X be a non empty set, F' be a sequence of non empty sets, and f,
g be functions from [ X, [[ '] into [[ F. Suppose that for every element
x of X and for every element d of [[ F' and for every element i of dom F
holds f(z, d)(i) = g(x, d)(i). Then f = g.
Let F be a sequence of non empty sets, let X be a non empty set, and let
p be a multi-operation of X and F. The functor [[°p yielding a function from
EX, []F]into [ F is defined as follows:

(Def. 2) For every element x of X and for every element d of [[ F' and for every
element 7 of dom F holds ([]° p)(x, d)(7) = p(i)(x, d(7)).
Let R be a binary relation. We say that R is real-linear-space-yielding if and
only if:
(Def. 3) For every set S such that S € rng R holds S is a real linear space.
Let us note that there exists a finite sequence which is non empty and real-
linear-space-yielding.
A real linear space-sequence is a non empty real-linear-space-yielding finite
sequence.
Let G be a real linear space-sequence and let j be an element of dom G.
Then G(j) is a real linear space.
Let G be a real linear space-sequence. The functor G yielding a sequence of
non empty sets is defined by:

(Def. 4) len G = len G and for every element j of dom G holds G(j) = the carrier
of G(j).
Let G be a real linear space-sequence and let j be an element of domG.
Then G(j) is a real linear space.
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Let G be a real linear space-sequence. The functor (+¢,); yielding a family
of binary operations of GG is defined as follows:
(Def. 5) len((+¢,);) = len G and for every element j of dom G holds (+¢,)i(j) =
the addition of G(j).
The functor (—g,); yields a family of unary operations of G and is defined as
follows:
(Def. 6) len((—g,);) = len G and for every element j of dom G holds (—¢,)i(j) =
comp G(j).
The functor (0g,); yielding an element of [] G is defined by:
(Def. 7)  For every element j of dom G holds (0g,):(j) = the zero of G(3).
The functor multop G yields a multi-operation of R and G and is defined by:
(Def. 8) lenmultopG = lenG and for every element j of domG holds
(multop G)(j) = the external multiplication of G(j).
Let G be a real linear space-sequence. The functor [ G yielding a strict non
empty RLS structure is defined by:
(Det. 9) T1G = ([1G, (06, )i, IT° ((+6,)), TT° multop G).
Let G be a real linear space-sequence. One can check that [[ G is Abelian,
add-associative, right zeroed, right complementable, and real linear space-like.

2. THE PRODUCT SPACE OF REAL NORMED SPACES

Let R be a binary relation. We say that R is real-norm-space-yielding if and

only if:
(Def. 10) For every set x such that = € rng R holds x is a real normed space.

One can check that there exists a finite sequence which is non empty and
real-norm-space-yielding.

A real norm space-sequence is a non empty real-norm-space-yielding finite
sequence.

Let G be a real norm space-sequence and let j be an element of dom G. Then
G(j) is a real normed space.

Let us note that every finite sequence which is real-norm-space-yielding is
also real-linear-space-yielding.

Let G be a real norm space-sequence and let z be an element of []JG. The
functor normsequence(G, x) yields an element of R'**“ and is defined as follows:

(Def. 11) lennormsequence(G, z) = len G and for every element j of dom G holds
(normsequence(G, x))(j) = (the norm of G(j))(z(j)).

Let G be a real norm space-sequence. The functor productnorm G yields a

function from [] (G qua real linear space-sequence) into R and is defined by:

(Def. 12) For every element x of [] G holds
(productnorm G)(x) = | normsequence(G, z)|.
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Let G be a real norm space-sequence. The functor [[ G yielding a strict non
empty normed structure is defined as follows:

(Def. 13) The RLS structure of [[G = [[(G qua real linear space-sequence) and
the norm of [[ G = productnorm G.

In the sequel G is a real norm space-sequence.
We now state four propositions:

6) TIG={TIG,0c,)i, I1°({(+c,):), [I° multop G, productnorm G).

(7) For every vector x of [[G and for every element y of []G such that
x =y holds ||z|| = | normsequence(G, y)|.

(8) For all elements x, y, z of [[G and for every element i of N such that
i € domz and z = ([[°((+¢,):))(z, y) holds (normsequence(G, 2))(i) <
(normsequence(G, x) + normsequence(G, y))(7).

(9) For every element x of [[G and for every element i of N such that
i € domz holds 0 < (normsequence(G, x))(7).

Let G be a real norm space-sequence. Observe that [[ G is real normed
space-like, real linear space-like, Abelian, add-associative, right zeroed, and right
complementable.

One can prove the following propositions:

(10) Let G be a real norm space-sequence, i be an element of dom G, z be a
point of [] G, y be an element of [[ G, and z1 be a point of G(i). If y = z
and z1 = y(7), then ||z1|| < [|z]|.

(11) Let G be a real norm space-sequence, i be an element of dom G, z, y be
points of [[ G, 1, y1 be points of G(i), and z1, 23 be elements of []G. If
x1 = 21(4) and 213 = x and y1 = 22(4) and 29 = y, then ||y; —x1|| < ||y —z]|.

(12) Let G be a real norm space-sequence, s; be a sequence of [[G, g be
a point of [[G, and yo be an element of [[ G. Suppose zg = yo and s;
is convergent and lim s; = xg. Let ¢ be an element of dom G. Then there
exists a sequence sz of G(7) such that sy is convergent and yo(7) = lim so
and for every element m of N there exists an element s3 of [[ G such that
s3 = s1(m) and so(m) = s3(i).

(13) Let G be a real norm space-sequence, s; be a sequence of [[ G, xg be a
point of []G, and yo be an element of []G. Suppose that

(i)  x0 = yo, and

(ii)  for every element i of dom G there exists a sequence so of G(i) such
that s is convergent and yo(i) = lim s9 and for every element m of N there
exists an element s3 of [] G such that s3 = s1(m) and so(m) = s3(4).
Then s7 is convergent and lim s1 = xg.

(14) For every real norm space-sequence G such that for every element i of

dom G holds G(i) is complete holds [[ G is complete.
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1. BINARY OPERATIONS, ORBITS, AND ITERATIONS

(1) Let f, g, h be functions and A be a set. Suppose A C dom f and
A C domg and rngh C A and for every set x such that x € A holds
f(z)=g(x). Then f-h=g-h.

Let z, y be non empty sets. Observe that (z,y) is non-empty.

Let p, ¢ be non-empty finite sequences. One can check that p = ¢ is non-
empty.

Let f be a homogeneous function and let x be a set. We say that x is a
unity w.r.t. f if and only if:

(Def. 1) For all sets y, z such that (y,z) € dom f or (z,y) € dom f holds (z,
y) € dom f and f({x,y)) =y and (y,x) € dom f and f((y,z)) = y.
Let f be a homogeneous function. We say that f is associative if and only
if:
(Def. 2) For all sets x, y, z such that (x,y) € dom f and (y, z) € dom f and (f((z,
y)),z) € dom f and (z, f({(y, 2))) € dom f holds f((f({z,y)),2)) = f({z,
f(y, 2)))).

We say that f is unital if and only if:
(Def. 3) There exists a set which is a unity w.r.t. f.

Let X be a set, let Y be a non empty set, let Z be a set of finite sequences
of X, and let y be an element of Y. Then Z —— y is a partial function from X*
toY.

Let X be a non empty set, let z be an element of X, and let n be a natural
number. Observe that X™ —— x is non empty, quasi total, and homogeneous.

One can prove the following proposition

(2) For every non empty set X and for every element = of X and for every
natural number n holds arity (X" — x) = n.

Let X be a non empty set and let  be an element of X. One can check the
following observations:

* X%+ z is nullary,

* X'+ z is unary,

* X2 +— x is binary, and

* X3+ x is ternary.

Let X be a non empty set. One can check the following observations:

* there exists a non empty quasi total homogeneous partial function from
X* to X which is binary, associative, and unital,

% there exists a non empty quasi total homogeneous partial function from
X* to X which is nullary, and
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* there exists a non empty quasi total homogeneous partial function from
X* to X which is ternary.
Next we state the proposition
(3) Let X be a non empty set, p be a finite sequence of elements of
FinTrees(X), and z, t be sets. If t € rngp, then ¢t # z-tree(p).

Let f, g be functions and let X be a set. The functor f4 X g yields a function

and is defined as follows:
(Def. 4)  f+-¥g = g+ fIX.

We now state two propositions:

(4) For all functions f, g and for all sets x, X such that € X and X C
dom f holds (f+-Xg)(x) = f(x).

(5) For all functions f, g and for all sets z, X such that z ¢ X and x € dom g
holds (f+%g)(z) = g(z).

Let X, Y be non empty sets, let f, g be elements of Y, and let A be a set.
Then f+-“g is an element of YX.

Let X, Y, Z be non empty sets, let f be an element of Y X, and let g be an
element of ZY. Then ¢ - f is an element of ZX.

Let f be a function and let « be a set. The functor f-orbit(z) is defined by:

(Def. 5)  f-orbit(z) = {f™(x);n ranges over elements of N: z € dom(f")}.

We now state four propositions:

(6) For every function f and for every set x such that z € dom f holds
x € f-orbit(z).

(7) For every function f and for all sets z, y such that rng f C dom f and
y € f-orbit(x) holds f(y) € f-orbit(zx).

(8) For every function f and for every set x such that z € dom f holds
f(z) € f-orbit(x).

(9) For every function f and for every set = such that x € dom f and f(x) €
dom f holds f-orbit(f(x)) C f-orbit(z).

Let f be a function. Let us assume that rng f C dom f. Let A be a set and
let x be a set. The functor f3_,  yielding a function is defined by the conditions
(Def. 6).

(Def. 6)(i) dom(f}_,,) = dom f, and
(ii)  for every set a such that a € dom f holds if f-orbit(a) C A, then
fi_.(a) =z and for every natural number n such that f"(a) ¢ A and for
every natural number 4 such that i < n holds f(a) € A holds f3_ (a) =
f7(a).
Let f be a function. Let us assume that rng f C dom f. Let A be a set and

let g be a function. The functor f}_, g yields a function and is defined by the
conditions (Def. 7).
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(Def. 7)(i) ~ dom(f}_,,) = dom f, and
(ii)  for every set a such that a € dom f holds if f-orbit(a) C A, then
fi_g(a) = g(a) and for every natural number n such that f"(a) ¢ A
and for every natural number ¢ such that ¢ < n holds f*(a) € A holds
fag(a) = f"(a).
The following propositions are true:

(10) Let f, g be functions and a, A be sets. Suppose rng f C dom f and
a € dom f. Suppose f-orbit(a) € A. Then there exists a natural number n
such that f3_ (a) = f"(a) and f"(a) ¢ A and for every natural number
i such that ¢ < n holds f*(a) € A.

(11) Let f, g be functions and a, A be sets. If rng f C dom f and a € dom f
and g- f =g, then if a € A, then [} (a) = f}_,(f(a)).

(12) For all functions f, g and for all sets a, A such that rng f C dom f and
a € dom f holds if a & A, then f}_, (a) = a.

Let X be a non empty set, let f be an element of XX, let A be a set, and
let g be an element of X*. Then f} . g 18 an element of X X,

2. FREE UNIVERSAL ALGEBRAS

We now state three propositions:

(13) Let X be a non empty set and S be a non empty finite sequence of
elements of N. Then there exists a universal algebra A such that the
carrier of A = X and signature A = S.

(14) Let S be a non empty finite sequence of elements of N. Then there exists
a universal algebra A such that
(i)  the carrier of A =N,
(ii) signature A = S, and
(iii)  for all natural numbers 4, j such that i € dom S and j = S(¢) holds
(the characteristic of A)(i) = N +— 4.
(15) Let S be a non empty finite sequence of elements of N and i, j be natural
numbers. Suppose i € dom S and j = S(7). Let X be a non empty set and
f be a function from X7 into X. Then there exists a universal algebra A
such that the carrier of A = X and signature A = S and (the characteristic
of A)(i) = f.

Let f be a non empty finite sequence of elements of N and let D be a non
empty missing N set. Observe that every element of FreeUnivAlgNSG(f, D) is
relation-like and function-like.

Let f be a non empty finite sequence of elements of N and let D be a non
empty missing N set. One can verify that every element of FreeUnivAlgNSG( f, D)
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is decorated tree-like and every finite sequence of elements of FreeUnivAlgNSG( f,
D) is decorated tree yielding.
We now state two propositions:

(16) Let G be a non empty tree construction structure and ¢ be a set. Suppose
t € TS(G). Then
(i)  there exists a symbol d of G such that d € the terminals of G and
t = the root tree of d, or
(ii)  there exists a symbol o of G and there exists a finite sequence p of
elements of TS(G) such that o = the roots of p and t = o-tree(p).

(17) Let X be a missing N non empty set, S be a non empty finite sequence
of elements of N, and 7 be a natural number. Suppose ¢ € dom S. Let
p be a finite sequence of elements of FreeUnivAlgNSG(S, X). If lenp =
S(i), then (Den(i(€ dom (the characteristic of FreeUnivAlgNSG(S, X))),
FreeUnivAIgNSG(S, X)))(p) = i-tree(p).

Let A be a non-empty universal algebra structure, let B be a subset of A,
and let n be a natural number. The functor B" yielding a subset of A is defined
by the condition (Def. 8).

(Def. 8) There exists a function F from N into 2the carrier of A gych that
() B"=F(n),
(i) F(0) =B, and
(iii)  for every natural number n holds F'(n+1) = F(n)U{(Den(o, 4))(p); 0
ranges over elements of dom (the characteristic of A), p ranges over ele-
ments of (the carrier of A)*: p € domDen(o,A) A rngp C F(n)}.
Next we state several propositions:

(18) For every universal algebra A and for every subset B of A holds B? = B.

(19) Let A be a universal algebra, B be a subset of A, and n be a natural
number. Then B"*! = B™ U {(Den(o, A))(p); 0 ranges over elements of
dom (the characteristic of A), p ranges over elements of (the carrier of A)*:
p € dom Den(o, A) A rngp C B"}.

(20) Let A be a universal algebra, B be a subset of A, n be a natural number,
and z be a set. Then € B™! if and only if one of the following conditions
is satisfied:

(i) zeB" or

(ii)  there exists an element o of dom (the characteristic of A) and there
exists an element p of (the carrier of A)* such that z = (Den(o, A))(p)
and p € dom Den(o, A) and rngp C B™.

(21) Let A be a universal algebra, B be a subset of A, and n, m be natural
numbers. If n < m, then B™ C B™.

(22) Let A be a universal algebra and Bj, By be subsets of A. If By C By,
then for every natural number n holds B1" C Bs".
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(23) Let A be a universal algebra, B be a subset of A, n be a natural number,
and z be a set. Then z € B™*! if and only if one of the following conditions
is satisfied:

(i) zeB,or
(ii)  there exists an element o of dom (the characteristic of A) and there
exists an element p of (the carrier of A)* such that z = (Den(o, A))(p)
and p € dom Den(o, A) and rngp C B™.
The scheme MazVal deals with a non empty set A, a set 13, and a binary
predicate P, and states that:
There exists a natural number n such that for every element x of
A such that z € B holds P[z,n]
provided the following conditions are satisfied:
e [3is finite,
e For every element x of A such that z € B there exists a natural
number n such that Pz, n], and
e For every element = of A and for all natural numbers n, m such
that P[z,n] and n < m holds P[z, m].
We now state two propositions:

(24) Let A be a universal algebra and B be a subset of A. Then there exists
a subset C of A such that C'= [J{B" : n ranges over elements of N} and
C is operations closed.

(25) Let A be a universal algebra and B, C' be subsets of A. Suppose C' is
operations closed and B C C. Then [J{B" : n ranges over elements of
N} CC.

Let A be a universal algebra. The functor Generators A yielding a subset of
A is defined by:
(Def. 9)  Generators A = (the carrier of A) \ [J{rngo : o ranges over elements of
Operations(A)}.
Next we state several propositions:

(26) Let A be a universal algebra and a be an element of A. Then a €
Generators A if and only if it is not true that there exists an element o of
Operations(A) such that a € rngo.

(27) For every universal algebra A and for every subset B of A such that B
is operations closed holds Constants(A) C B.

(28) For every universal algebra A such that Constants(A) = () holds 04 is
operations closed.

(29) For every universal algebra A such that Constants(A) = () and for every
generator set G of A holds G # 0.

(30) Let A be a universal algebra and G be a subset of A. Then G is a
generator set of A if and only if for every element I of A there exists a
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natural number n such that I € G"™.

(31) Let A be a universal algebra, B be a subset of A, and G be a generator
set of A. If G C B, then B is a generator set of A.

(32) Let A be a universal algebra, G be a generator set of A, and a be an ele-
ment of A. If it is not true that there exists an element o of Operations(A)
such that a € rngo, then a € G.

(33) For every universal algebra A and for every generator set G of A holds
Generators A C G.

(34) For every free universal algebra A and for every free generator set G of
A holds G = Generators A.

Let A be a free universal algebra. Note that Generators A is free.

Let A be a free universal algebra. Then Generators A is a generator set of

Let A, B be sets. Note that [ A, B is missing N.
One can prove the following propositions:

(35) Let A be a free universal algebra, G be a generator set of A, B be a
universal algebra, and hi, hs be functions from A into B. Suppose h is a
homomorphism of A into B and hsy is a homomorphism of A into B and

h1 rG == h2 rG Then h1 = h2.

(36) Let A be a free universal algebra, o1, 02 be operation symbols of A, and
p1, p2 be finite sequences. If p; € dom Den(o1, A) and py € dom Den (oo,
A), then if (Den(o1, A))(p1) = (Den(o2, A))(p2), then 01 = 09 and p; = ps.

(37) Let A be a free universal algebra, 01, 02 be elements of Operations(A),
and p1, po be finite sequences. If p; € domo; and ps € dom oo, then if
01(p1) = 02(p2), then 01 = 02 and p; = po.

(38) Let A be a free universal algebra, o be an operation symbol of A, and p
be a finite sequence. If p € dom Den(o, A), then for every set a such that
a € rng p holds a # (Den(o, A))(p).

(39) Let A be a free universal algebra, G be a generator set of A, and o be
an operation symbol of A. Suppose that for every operation symbol o
of A and for every finite sequence p such that p € domDen(o’, A) and
(Den(o’, A))(p) € G holds o # o. Let p be a finite sequence. Suppose
p € dom Den(o, A). Let n be a natural number. If (Den(o, A))(p) € G™1,
then rngp C G".

(40) Let A be a free universal algebra, o be an operation symbol of A, and p be
a finite sequence. Suppose p € dom Den(o, A). Let n be a natural number.
If (Den(o, A))(p) € (Generators A)" !, then rngp C (Generators A)".

93
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3. IF-WHILE ALGEBRA

Let S be a non empty universal algebra structure. We say that S has empty-
instruction if and only if the conditions (Def. 10) are satisfied.

(Def. 10)(i) 1 € dom (the characteristic of S), and
(ii)  (the characteristic of S)(1) is a nullary non empty homogeneous quasi
total partial function from (the carrier of S)* to the carrier of S.

We say that S has catenation if and only if the conditions (Def. 11) are satisfied.

(Def. 11)(i) 2 € dom (the characteristic of S), and
(ii)  (the characteristic of S)(2) is a binary non empty homogeneous quasi
total partial function from (the carrier of S)* to the carrier of S.

We say that S has if-instruction if and only if the conditions (Def. 12) are
satisfied.

(Def. 12)(i) 3 € dom (the characteristic of S), and
(ii)  (the characteristic of S)(3) is a ternary non empty homogeneous quasi
total partial function from (the carrier of S)* to the carrier of S.

We say that S has while-instruction if and only if the conditions (Def. 13) are
satisfied.

(Def. 13)(1) 4 € dom (the characteristic of S), and
(ii)  (the characteristic of S)(4) is a binary non empty homogeneous quasi
total partial function from (the carrier of S)* to the carrier of S.

We say that S is associative if and only if the condition (Def. 14) is satisfied.

(Def. 14) (The characteristic of S)(2) is a binary associative non empty homoge-
neous quasi total partial function from (the carrier of )™ to the carrier of

S.

Let S be a non-empty universal algebra structure. We say that S is unital
if and only if the condition (Def. 15) is satisfied.

(Def. 15) There exists a binary non empty homogeneous quasi total partial func-
tion f from (the carrier of S)* to the carrier of S such that f = (the
characteristic of S)(2) and (Den(1(€ dom (the characteristic of S)),.S))(0)
is a unity w.r.t. f.

One can prove the following proposition

(41) Let X be a non empty set, x be an element of X, and ¢ be a binary
associative unital non empty quasi total homogeneous partial function
from X* to X. Suppose x is a unity w.r.t. c¢. Let ¢ be a ternary non
empty quasi total homogeneous partial function from X* to X and w be
a binary non empty quasi total homogeneous partial function from X* to
X. Then there exists a non-empty strict universal algebra structure S
such that

(i)  the carrier of S = X,
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(ii)  the characteristic of S = (X° — z,¢) ™ (i,w), and
(iii) S is unital, associative, quasi total, and partial and has empty-
instruction, catenation, if-instruction, and while-instruction.

Let us note that there exists a quasi total partial non-empty strict universal
algebra structure which is unital and associative and has empty-instruction,
catenation, if-instruction, and while-instruction.

A pre-if-while algebra is a universal algebra with empty-instruction, catena-
tion, if-instruction, and while-instruction.

For simplicity, we use the following convention: A is a pre-if-while algebra,
C, I, J are elements of A, S is a non empty set, T is a subset of S, and s is an
element of S.

Let A be a non empty universal algebra structure. An algorithm of A is an
element of A.

The following proposition is true

(42) Let A be a non-empty universal algebra structure with empty-
instruction. Then dom Den(1(€ dom (the characteristic of A)), A) = {(}.

Let A be a non-empty universal algebra structure with empty-instruction.
The functor Emptylns 4 yielding an algorithm of A is defined as follows:

(Def. 16) Emptylns, = (Den(1(€ dom (the characteristic of A)), A))(0).

The following two propositions are true:

(43) Let A be a universal algebra with empty-instruction and o be an element
of Operations(A). If o = Den(1(€ dom (the characteristic of A)), A), then
arity o = 0 and Emptylns 4 € rngo.

(44) Let A be a non-empty universal algebra structure with catenation. Then
dom Den(2(€ dom (the characteristic of A)), A) = (the carrier of A4)2.

Let A be a non-empty universal algebra structure with catenation and let I,
I5 be algorithms of A. The functor I7; 5 yielding an algorithm of A is defined
as follows:

(Def. 17)  I1;I5 = (Den(2(€ dom (the characteristic of A)), A))((I1, I2)).

The following propositions are true:

(45) Let A be a unital non-empty universal algebra structure with
empty-instruction and catenation and I be an element of A. Then
Emptylns ;I = I and I; Emptylns 4, = 1.

(46) Let A be an associative non-empty universal algebra structure with cate-
nation and Iy, I, Is be elements of A. Then (I1; I2); I3 = I1; (Ia; I3).

(47) Let A be a non-empty universal algebra structure with if-instruction.
Then dom Den(3(€ dom (the characteristic of A)), A) = (the carrier of
A)3.

Let A be a non-empty universal algebra structure with if-instruction and let
C, I, I be algorithms of A. The functor if C'then I; else I yields an algorithm
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of A and is defined as follows:
(Def. 18) if C'then I else Is = (Den(3(€ dom (the characteristic of A)), A))((C, I,
L)).
Let A be a non-empty universal algebra structure with empty-instruction

and if-instruction and let C, I be algorithms of A. The functor if C'then I yields
an algorithm of A and is defined as follows:

(Def. 19) if C then I = if C' then I else (Emptylns 4).
We now state the proposition
(48) Let A be a non-empty universal algebra structure with while-instruction.
Then dom Den(4(€ dom (the characteristic of A)), A) = (the carrier of
A)2,
Let A be a non-empty universal algebra structure with while-instruction and
let C', I be algorithms of A. The functor while C do I yields an algorithm of A
and is defined as follows:

(Def. 20) whileC'do I = (Den(4(€ dom (the characteristic of A)), A))((C,I)).

Let A be a pre-if-while algebra and let Iy, C, I, J be elements of A. The
functor for Iy until C' step J do I yields an element of A and is defined by:

(Def. 21)  for Iy until C step J do I = Ip; while C' do (I; J).

Let A be a pre-if-while algebra. The functor ElementaryInstructions 4 yields
a subset of A and is defined by the condition (Def. 22).

(Def. 22)  ElementaryInstructions, = (the carrier of A) \ {Emptylns,} \
rng Den(3(€ dom (the characteristic of A)), A) \ rngDen(4(€ dom (the
characteristic of A)), A)\ {I1; I; I ranges over algorithms of A, I ranges
over algorithms of A: Iy # I1;1s N Iy # I1; 1o}

Next we state several propositions:

(49) For every pre-if-while algebra A holds
Emptylns 4 ¢ ElementarylInstructions 4 .
(50) For every pre-if-while algebra A and for all elements I, Is of A such
that Iy # I1; 15 and Is # I1; I3 holds I1; I5 ¢ Elementarylnstructions 4 .
(51) For every pre-if-while algebra A and for all elements C, I, I3 of A holds
if C then I else I ¢ ElementaryInstructions 4 .
(52) For every pre-if-while algebra A and for all elements C, I of A holds
while C do I ¢ ElementarylInstructions 4 .
(53) Let A be a pre-if-while algebra and I be an element of A. Suppose
I ¢ Elementarylnstructions 4, . Then
(i) I =Emptylnsy, or
(ii)  there exist elements I, Iy of A such that I = I; I and I} # I;; I and
IQ 7& Il; IQ, or
(ili)  there exist elements C, Iy, Iy of A such that I = if C then I; else I, or
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(iv)  there exist elements C, J of A such that I = while C do J.
Let A be a pre-if-while algebra. We say that A is infinite if and only if:
(Def. 23) ElementarylInstructions 4 is infinite.
We say that A is degenerated if and only if the conditions (Def. 24) are satisfied.

(Def. 24)(i)  There exist elements Iy, I, of A such that I; # Emptylns, and
Ii;Iy = Iy or Is # Emptylns, and [1;1; = I; or I} # Emptylns, or
Is # Emptylns4 but I;; I = Emptylns,, or
(ii)  there exist elements C, I;, Is of A such that if C' then I7 else I =
Emptylns,, or
(i)  there exist elements C, I of A such that while C' do I = EmptylIns 4, or
(iv)  there exist elements Iy, I, C, Ji, Jo of A such that I} # Emptylnsy
and I # Emptylns 4 and I1; Iy = if C then Jj else Jo, or
(v)  there exist elements Iy, I, C, J of A such that [} # Emptylns, and
Is # Emptylns 4 and I1; Is = while C do J, or
(vi)  there exist elements C1, I1, Iz, Co, J of A such that if Cythen/;elsels =
while Cy do J.
We say that A is well founded if and only if:
(Def. 25) ElementarylInstructions 4 is a generator set of A.

The non empty finite sequence ECIW-signature of elements of N is defined
by:
(Def. 26) ECIW-signature = (0,2) ™ (3,2).
We now state the proposition
(54) len ECIW-signature = 4 and dom ECIW-signature = Seg4 and
(ECIW-signature)(1) = 0 and (ECIW-signature)(2) = 2 and
(ECIW-signature)(3) = 3 and (ECIW-signature)(4) = 2.
Let A be a partial non-empty non empty universal algebra structure. We
say that A is E.C.I.W.-strict if and only if:
(Def. 27) signature A = ECIW-signature .
Next we state the proposition
(55) Let A be a partial non-empty non empty universal algebra structure.
Suppose A is E.C.I.LW.-strict. Let o be an operation symbol of A. Then
o=1loro=2oro=3oro=4.

Let X be a missing N non empty set. One can verify that
FreeUnivAlgNSG(ECIW-signature, X) has empty-instruction, catenation, if-
instruction, and while-instruction.

We now state a number of propositions:

(56) Let X be a missing N non empty set and I be an element of
FreeUnivAlgNSG(ECIW-signature, X). Then
(i)  there exists an element x of X such that I = the root tree of x, or
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(ii)  there exists a natural number n and there exists a finite sequence p
of elements of FreeUnivAlgNSG(ECIW-signature, X ) such that n € Seg4
and I = n-tree(p) and lenp = (ECIW-signature)(n).

(57) For every missing N non empty set X holds
EmptyInSFreeUnivAlgNSG(ECIW—signature,X) - 1_tree(®)'
(58) Let X be amissing N non empty set and p be a finite sequence of elements

of FreeUnivAlgNSG(ECIW-signature, X). If 1-tree(p) is an element of
FreeUnivAlgNSG(ECIW-signature, X ), then p = {).

(59) For every missing N non empty set X and for all elements I, Is of
FreeUnivAlgNSG(ECIW-signature, X') holds I1; [s = 2-tree(Iy, I2).

(60) Let X be amissing N non empty set and p be a finite sequence of elements
of FreeUnivAlgNSG(ECIW-signature, X ). Suppose 2-tree(p) is an element
of FreeUnivAlgNSG(ECIW-signature, X). Then there exist elements I,
I5 of FreeUnivAlgNSG(ECIW-signature, X) such that p = (I1, I2).

(61) For every missing N non empty set X and for all elements I, Is of
FreeUnivAlgNSG(ECIW-signature, X) holds I1;Is # I and Iy; Iy # Io.

(62) Let X be a missing N non empty set and Iy, Is, Ji, Jo be elements of
FreeUnivAlgNSG(ECIW-signature, X). If I1;Iy = Jy;Jo, then I; = Jp
and IQ == J2.

(63) For every missing N non empty set X and for all elements C, I,
Iy of FreeUnivAlgNSG(ECIW-signature, X') holds if C' then I; else [ =
3-tree((C, I, I2)).

(64) Let X be amissing N non empty set and p be a finite sequence of elements
of FreeUnivAlgNSG(ECIW-signature, X ). Suppose 3-tree(p) is an element
of FreeUnivAlgNSG(ECIW-signature, X). Then there exist elements C,
I, Is of FreeUnivAlgNSG(ECIW-signature, X) such that p = (C, I, I5).

(65) Let X be a missing N non empty set and Cy, Co, I, Iz, Ji, Jo be
elements of FreeUnivAlgNSG(ECIW-signature, X ). If if Cythen/;elsel, =
if Cy then Jj else Jy, then C7 = Cy and I = J; and Iy = Js.

(66) For every missing N non empty set X and for all elements C, I of
FreeUnivAlgNSG (ECIW-signature, X) holds while C do I = 4-tree(C, I).

(67) Let X be a missing N non empty set and p be a finite sequence of
elements of FreeUnivAlgNSG(ECIW-signature, X). Suppose 4-tree(p) is
an element of FreeUnivAlgNSG(ECIW-signature, X).
Then there exist elements C, I of FreeUnivAlgNSG(ECIW-signature, X)
such that p = (C, I).

(68) Let X be a missing N non empty set and I be an element of
FreeUnivAlgNSG(ECIW-signature, X).

If I € ElementaryInstructionspcetnivAlgNSG(ECIW- then there

signature, X )»
exists an element x of X such that I = a-tree(0).
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(69) Let X be a missing N non empty set, p be a finite sequence of elements
of FreeUnivAlgNSG(ECIW-signature, X ), and z be an element of X. If z-
-tree(p) is an element of FreeUnivAlgNSG(ECIW-signature, X ), then p=0.

(70) For every missing N non empty set X holds

ElementaryInStrUCtionSFreeUnivAlgNSG(ECIW—signature,X) =
FreeGenSetNSG (ECIW-signature, X ) and

X = FreeGenSetNSG(ECIW-signature, X).

Let us observe that there exists a set which is infinite and missing N.

Let X be an infinite missing N set. One can check that
FreeUnivAlgNSG(ECIW-signature, X) is infinite.

Let X be a missing N non empty set. Note that FreeUnivAlgNSG
(ECIW-signature, X) is E.C.I.W.-strict.

The following propositions are true:

(71) For every pre-if-while algebra A holds

Generators A C ElementaryInstructions 4 .

(72) Let A be a pre-if-while algebra. Suppose A is free. Let C, Iy, Is be
elements of A. Then Emptylns, # I1; I and Emptylns, # if C then
I; else Is and Emptylns 4 # while C' do I;.

(73) Let A be a pre-if-while algebra. Suppose A is free. Let I, I, C, Jy, Jo
be elements of A. Then I;1s # Iy and I1;1s # Iy and if I1; I, = Jy; Jo,
then Iy = J; and Iy = Jy and [I; 15 # if C then Jy else Jo and I4;Is #
while C' do Jj.

(74) Let A be a pre-if-while algebra. Suppose A is free. Let C, Iy, Is, D, Ji,
Jo be elements of A. Then if C'then/l;elsels # C and if Cthenljelsely # I
and if C then Iy else Is # Is and if C' then I; else Is # while D do J; and
if if C then I; else Ir = if D then J; else Js, then C' = D and I; = J; and
I, = Js.

(75) Let A be a pre-if-while algebra. Suppose A is free. Let C, I, D, J
be elements of A. Then whileC do I # C and whileC do I # I and if
while C'do I = while D do J, then C' = D and I = J.

Let us note that every pre-if-while algebra which is free is also well founded
and non degenerated.

Let us mention that there exists a pre-if-while algebra which is infinite, non
degenerated, well founded, E.C.I.W.-strict, free, and strict.

An if-while algebra is a non degenerated well founded E.C.I.W.-strict pre-
if-while algebra.

Let A be an infinite pre-if-while algebra.

Observe that Elementarylnstructions 4 is infinite.

One can prove the following four propositions:
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(76) Let A be a pre-if-while algebra, B be a subset of A, and n be a natural
number. Then
(i) Emptylns, € B"!, and
(ii)  for all elements C, I;, Iy of A such that C € B™ and I; € B™ and
I, € B" holds I;; I, € B! and if C'then I else I € B™™! and while C do
I, € B*HL
(77) Let A be an E.C.I.W.-strict pre-if-while algebra, x be a set, and n be a
natural number. Suppose x € Elementarylnstructions A”“. Then
(i)  z € Elementarylnstructions 4", or
(i) = = Emptylns,, or
(ili)  there exist elements Iy, Iy of A such that x = I1;I; and I} €
ElementaryInstructions 4 and I € Elementarylnstructions 4", or
(iv)  there exist elements C, Iy, Is of A such that = = if C then I; else I3 and
C € Elementarylnstructions " and I; € Elementarylnstructions,” and
I, € ElementarylInstructions 4", or
(v)  there exist elements C, I of A such that z = whileC do I and C €
ElementaryInstructions 4, and I € Elementarylnstructions 4".
(78) For every universal algebra A and for every subset B of A holds
Constants(A) C B!,
(79) Let A be a pre-if-while algebra. Then A is well founded if and only
if for every element I of A there exists a natural number n such that
I € ElementarylInstructions 4".
The scheme StructInd deals with a well founded E.C.I.W .-strict pre-if-while
algebra A, an element B of A, and a unary predicate P, and states that:
P[B]
provided the following conditions are satisfied:
e For every element I of A such that I € ElementarylInstructions 4
holds P[I],
e P[Emptylns 4],
e For all elements [;, I of A such that P[I;] and P[I2] holds
PlL; I,
e For all elements C, I, I of A such that P[C] and P[I;] and P|[I2]
holds P[if C then I else I], and
e For all elements C, I of A such that P[C] and P[I] holds
P[while C do I].

4. EXECUTION FUNCTION

Let A be a pre-if-while algebra, let S be a non empty set, and let f be a
function from [ S, the carrier of A] into S. We say that f is complying-with-
empty-instruction if and only if:
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(Def. 28) For every element s of S holds f(s, Emptylns,) = s.
We say that f is complying-with-catenation if and only if:
(Def. 29) For every element s of S and for all elements I, Is of A holds f(s,
11512) = f(f(sa Il)v 12)'
Let A be a pre-if-while algebra, let S be a non empty set, let T' be a subset
of S, and let f be a function from [ .S, the carrier of A{ into S. We say that f
complies with if w.r.t. T if and only if the condition (Def. 30) is satisfied.
(Def. 30) Let s be an element of S and C, I, Is be elements of A. Then
(i) if f(s, C) € T, then f(s, if C then I; else Is) = f(f(s, C), I1), and
(i) if f(s, C) ¢ T, then f(s, if C then I; else Iy) = f(f(s, C), I2).
We say that f complies with while w.r.t. 7" if and only if the condition (Def. 31)
is satisfied.
(Def. 31) Let s be an element of S and C, I be elements of A. Then
(i) if f(s, C) €T, then f(s, whileCdoI) = f(f(f(s, C), I), whileCdoI),
and
(i) if f(s, C) ¢ T, then f(s, whileC'doI) = f(s, C).
One can prove the following two propositions:
(80) Let f be a function from [.S, the carrier of A] into S. Suppose f is
complying-with-empty-instruction and f complies with if w.r.t. T. Let s
be an element of S. If f(s, C) € T, then f(s, if C'thenI) = f(s, C).
(81)(1)  m1(S x the carrier of A ) is complying-with-empty-instruction,
(i)
(iii))  m1(S X the carrier of A ) complies with if w.r.t. 7', and
(iv)  m1(S x the carrier of A ) complies with while w.r.t. T

71(S X the carrier of A ) is complying-with-catenation,

Let A be a pre-if-while algebra, let S be a non empty set, and let T be
a subset of S. A function from [.S, the carrier of A] into S is said to be an
execution function of A over S and T if it satisfies the conditions (Def. 32).

(Def. 32)(i) It is complying-with-empty-instruction,

(ii) it is complying-with-catenation,

(iii) it complies with if w.r.t. T, and
(iv) it complies with while w.r.t. T

Let A be a pre-if-while algebra, let S be a non empty set, and let T" be a
subset of S. One can verify that every execution function of A over S and T is
complying-with-empty-instruction and complying-with-catenation.

Let A be a pre-if-while algebra, let I be an element of A, let S be a non
empty set, let s be an element of S, let T be a subset of S, and let f be an
execution function of A over S and T. We say that iteration of f started in I
terminates w.r.t. s if and only if the condition (Def. 33) is satisfied.

(Def. 33) There exists a non empty finite sequence r of elements of S such that
r(1) = s and r(lenr) ¢ T and for every natural number ¢ such that 1 <4
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and ¢ < lenr holds r(:) € T and r(i + 1) = f(r(i), I).

Let A be a pre-if-while algebra, let I be an element of A, let S be a non
empty set, let s be an element of S, let T be a subset of S, and let f be an
execution function of A over S and 7. The functor termination-degree(I, s, f)
yields an extended real number and is defined by:

(Def. 34)(1) There exists a non empty finite sequence r of elements of S such that
termination-degree(I, s, f) = lenr — 1 and r(1) = s and r(lenr) ¢ T and
for every natural number ¢ such that 1 < i and ¢ < lenr holds r(i) € T
and (i + 1) = f(r(i), I) if iteration of f started in I terminates w.r.t. s,
(ii)  termination-degree(I,s, f) = 400, otherwise.
In the sequel f denotes an execution function of A over S and T.
We now state four propositions:

(82) Iteration of f started in I terminates w.r.t. s
iff termination-degree(I, s, f) < +oo.

(83) If s ¢ T, then iteration of f started in I terminates w.r.t. s and
termination-degree([, s, f) = 0.

(84) Suppose s € T. Then

(i)  iteration of f started in I terminates w.r.t. s iff iteration of f started

in I terminates w.r.t. f(s, I), and

(ii)  termination-degree(I, s, f) = 1+ termination-degree(I, f(s, I), f).

(85) termination-degree([, s, f) > 0.

Now we present two schemes. The scheme Termination deals with a pre-if-
while algebra A, an element B of A, a non empty set C, an element D of C, a
subset £ of C, an execution function F of A over C and &, a unary functor F
yielding a natural number, and a unary predicate P, and states that:

Iteration of F started in B terminates w.r.t. D
provided the parameters meet the following requirements:
e Dc & iff P[D], and
e For every element s of C such that P[s] holds P[F (s, B)] iff F(s,
B) € € and F(F(s, B)) < F(s).

The scheme Termination2 deals with a pre-if-while algebra A, an element
B of A, a non empty set C, an element D of C, a subset £ of C, an execution
function F of A over C and &, a unary functor F yielding a natural number,
and two unary predicates P, Q, and states that:

Iteration of F started in B terminates w.r.t. D
provided the following requirements are met:
i P[D]a
e D e iff Q[D], and
e Let s be an element of C. Suppose P[s] and s € £ and Q[s]. Then
P[F(s, B)] and Q[F(s, B)] iff F(s, B) € £ and F(F(s, B)) <
F(s).
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Next we state two propositions:

(86) Let r be a non empty finite sequence of elements of S. Suppose r(1) =
f(s, C) and r(lenr) € T and for every natural number i such that 1 <
and i < lenr holds r(i) € T and r(i + 1) = f(r(i), I;C). Then f(s,
while C' do I) = r(lenr).

(87) Let I be an element of A and s be an element of S. Then iter-
ation of f started in I does not terminate w.r.t. s if and only if
(curry’ f)(I)-orbit(s) C T.

Now we present two schemes. The scheme InvariantSch deals with a pre-if-
while algebra A, elements B, C of A, a non empty set D, an element £ of D,
a subset F of D, an execution function G of A over D and F, and two unary
predicates P, Q, and states that:

P[G(E, while Bdo C)] and not Q[G(E, while B do C)]
provided the following conditions are met:

« Pl

e Iteration of G started in C; B terminates w.r.t. G(€, B),

e For every element s of D such that P[s] and s € F and Q[s] holds
PG (s, C)], and

e For every element s of D such that P[s] holds P[G(s, B)] and G(s,
B) € F iff Q[G(s, B)].

The scheme colnvariantSch deals with a pre-if-while algebra A, elements B,
C of A, a non empty set D, an element £ of D, a subset F of D, an execution
function G of A over D and F, and a unary predicate P, and states that:

PIE]
provided the following conditions are met:

e P[G(E, while Bdo C)],

e Iteration of G started in C; B terminates w.r.t. G(€, B),

e For every element s of D such that P[G(G(s, B), C)] and G(s,
B) € F holds P[G(s, B)], and

e For every element s of D such that P[G(s, B)] holds P|s].

Next we state three propositions:

(88) Let A be a free pre-if-while algebra, I;, Iy be elements of A, and
n be a natural number. Suppose [1;Il5 € Elementarylnstructions ,”.
Then there exists a natural number ¢ such that n = ¢ + 1 and I; €
ElementaryInstructions 4,* and I € ElementaryInstructions 4.

(89) Let A be a free pre-if-while algebra, C, I, Is be elements of A, and n be
a natural number. Suppose if C'then I elsel; € Elementarylnstructions 4".
Then there exists a natural number ¢ such that n = i+ 1 and C €
ElementarylInstructions ,* and I; € ElementaryInstructions 4" and I €
ElementaryInstructions 4.
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(90) Let A be a free pre-if-while algebra, C, I be elements of A, and n be
a natural number. Suppose whileC do I € Elementarylnstructions 4".
Then there exists a natural number i such that n = ¢ +1 and C €
ElementaryInstructions ,* and I € ElementaryInstructions 4.

5. EXISTENCE AND UNIQUENESS OF EXECUTION FUNCTION AND
TERMINATION

The scheme IndDef deals with a free E.C.I.W.-strict pre-if-while algebra A,
a non empty set B, an element C of B, a unary functor F yielding a set, two
binary functors G and H yielding elements of I3, and a ternary functor Z yielding
an element of B, and states that:
There exists a function f from the carrier of A into B such that
(i) for every element I of A such that I € ElementaryInstructions 4
holds f(I) = F(I),
(i)  f(Emptylns,) =C,
(iii) for all elements I, Iz of A holds f(I1;12) = G(f(11), f(I2)),
(iv)  for all elements C, Iy, I of A holds f(if C'then I else Is) =
I((C), F(1), f(12)), and
(v)  for all elements C, I of A holds f(whileC do I) =
H(F(C), (1))
provided the following requirement is met:
e For every element I of A such that I € ElementaryInstructions 4
holds F(I) € B.
We now state three propositions:

(91) Let A be a free E.C.I.W.-strict pre-if-while algebra, g be a function from
£ S, ElementaryInstructions 4 ] into S, and sp be an element of S. Then
there exists an execution function f of A over S and T such that

(i) fI} S, ElementaryInstructions 4 § = ¢, and

(ii)  for every element s of S and for all elements C, I of A such that
iteration of f started in I;C' does not terminate w.r.t. f(s, C') holds f(s,
while C' do I) = so.

(92) Let A be a free E.C.I.W.-strict pre-if-while algebra, g be a function from
£ S, ElementaryInstructions 4 ] into S, and F be a function from S° into
S9. Suppose that for every element h of S° holds F(h) - h = F(h). Then
there exists an execution function f of A over S and T such that

(i) fI} S, ElementaryInstructions 4 § = ¢, and

(ii)  for all elements C, I of A and for every element s of S such that
iteration of f started in I;C' does not terminate w.r.t. f(s, C') holds f(s,
while C' do I) = F((curry’ f)(I; C))(f(s, C)).
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(93) Let A be a free E.C.I.W.-strict pre-if-while algebra and f;, fa be execu-

tion functions of A over S and T. Suppose that

(i) f1lF S, ElementaryInstructions 4 | = fa[} S, Elementarylnstructions 4 ],
and

(ii)  for every element s of S and for all elements C, I of A such that
iteration of f; started in I;C' does not terminate w.r.t. fi(s, C') holds
fi(s, whileC' do I) = fo(s, whileC do I).
Then f1 = fg.

Let A be a pre-if-while algebra, let S be a non empty set, let T' be a subset
of S, and let f be an execution function of A over S and T. The functor
TerminatingPrograms(A, S, T, f) yielding a subset of [.S, the carrier of A{ is
defined by the conditions (Def. 35).

(Def. 35)(1) [ S, ElementaryInstructions 4 ] C TerminatingPrograms(A, S, T, f),

(ii) [S, {Emptylns,} ] C TerminatingPrograms(A4, S, T, f),

(iii) for every element s of S and for all elements C, I,
J of A holds if (s,I) € TerminatingPrograms(A,S,T,f) and
(f(s, I), J) € TerminatingPrograms(A, S, T, f), then (s, I;J) €
TerminatingPrograms(A, S, T, f) and if (s, C') € TerminatingPrograms(A,
S,T,f) and (f(s,C), I) € TerminatingPrograms(A,S,T,f) and f(s,
C) € T, then (s, if C then I else J) € TerminatingPrograms(A, S, T, f)
and if (s, C) € TerminatingPrograms(A,S,T,f) and (f(s, C),
J) € TerminatingPrograms(A,S,T, f) and f(s,C) ¢ T, then (s,
if C' then I else J) € TerminatingPrograms(A4,S,T, f) and if (s, C) €
TerminatingPrograms(A, S, T, f) and there exists a non empty finite se-
quence r of elements of S such that r(1) = f(s, C') and r(lenr) ¢ T and
for every natural number ¢ such that 1 < i and ¢ < lenr holds r(i) € T
and (r(i), I; C) € TerminatingPrograms(A, S, T, f) and (i + 1) = f(r(3),
I;C), then (s, while C' do I} € TerminatingPrograms(A4, S, T, f), and

(iv)  for every subset P of [S,the carrier of A] such that [S,
ElementaryInstructions 4 | € P and [.S, {Emptylns,}] C P and for ev-
ery element s of S and for all elements C, I, J of A holds if (s, I) € P
and (f(s, I), J) € P, then (s, I;J) € P and if (s, C) € P and (f(s, C),
Iy € Pand f(s, C) €T, then (s, if CthenIelse J) € P and if (s, C) € P
and (f(s, C), J) € P and f(s, C) ¢ T, then (s, if C then I else J) € P
and if (s, C) € P and there exists a non empty finite sequence r of el-
ements of S such that r(1) = f(s, C) and r(lenr) ¢ T and for every
natural number i such that 1 < i and ¢ < lenr holds r(i) € T and (r (i),
I;C) € Pand r(i + 1) = f(r(4), I;C), then (s, whileC do I) € P holds
TerminatingPrograms(A, S, T, f) C P.

Let A be a pre-if-while algebra and let I be an element of A. We say that I
is absolutely-terminating if and only if the condition (Def. 36) is satisfied.
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(Def. 36) Let S be a non empty set, s be an element of S, T" be a subset of
S, and f be an execution function of A over S and 7. Then (s, I) €
TerminatingPrograms(A, S, T, f).

Let A be a pre-if-while algebra, let S be a non empty set, let T be a subset
of S, let I be an element of A, and let f be an execution function of A over S
and T. We say that [ is terminating w.r.t. f if and only if:

(Def. 37) For every element s of S holds (s, I) € TerminatingPrograms(A, S, T, f).

Let A be a pre-if-while algebra, let S be a non empty set, let T be a subset
of S, let I be an element of A, let f be an execution function of A over S and
T, and let Z be a set. We say that [ is terminating w.r.t. f and Z if and only
if:

(Def. 38) For every element s of S such that s € Z holds (s, I) €
TerminatingPrograms(A, S, T, f).

We say that Z is invariant w.r.t. I and f if and only if:

(Def. 39) For every element s of S such that s € Z holds f(s, I) € Z.

One can prove the following propositions:

(94) If I € Elementarylnstructions 4, then

(s, I} € TerminatingPrograms(A, S, T, f).
(95) If I € Elementarylnstructions 4, then I is absolutely-terminating.
(96) (s, Emptylns, ) € TerminatingPrograms(A, S, T, f).

Let us consider A. Observe that Emptylns 4 is absolutely-terminating.

Let us consider A. Observe that there exists an element of A which is
absolutely-terminating.

Next we state the proposition

(97) If A is free and (s, I;J) € TerminatingPrograms(A,S,T, f),
then (s, I) € TerminatingPrograms(A,S,T,f) and (f(s, I), J) €
TerminatingPrograms(A, S, T, f).

Let us consider A and let I, J be absolutely-terminating elements of A. One
can verify that I;J is absolutely-terminating.

We now state the proposition

(98) Suppose A is free and
(s, if C then I else J) € TerminatingPrograms(A, S, T, f). Then (s, C) €
TerminatingPrograms(A, S, T, f) and if f(s, C) € T, then (f(s, C), I) €
TerminatingPrograms(A, S, T, f) and if f(s, C) & T, then (f(s, C), J) €
TerminatingPrograms(A, S, T, f).

Let us consider A and let C, I, J be absolutely-terminating elements of A.
Note that if C then I else J is absolutely-terminating.

Let us consider A and let C, I be absolutely-terminating elements of A.
Note that if C' then I is absolutely-terminating.

The following propositions are true:
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(99) Suppose A is free and (s, while CdoI) € TerminatingPrograms(A, S, T, f).
Then
(i) (s, C) € TerminatingPrograms(A, S, T, f), and
(ii)  there exists a non empty finite sequence r of elements of S such
that (1) = f(s, C) and r(lenr) ¢ T and for every natural number
i such that 1 < ¢ and ¢ < lenr holds r(:) € T and (r(i), I;C) €
TerminatingPrograms(A, S, T, f) and r(i + 1) = f(r(3), I; C).

(100) If A is free and (s, while C'doI) € TerminatingPrograms(A, S, T, f) and
f(s, C) €T, then (f(s, C), I) € TerminatingPrograms(A, S, T, f).

(101) Let C, I be absolutely-terminating elements of A. Suppose iteration
of f started in I;C terminates w.r.t. f(s, C'). Then (s, whileC do I) €
TerminatingPrograms(A, S, T, f).

(102) Let A be a free E.C.LW.-strict pre-if-while algebra and fi,
fo be execution functions of A over S and T. If filfS,
ElementaryInstructions 4 | = f2[} S, ElementarylInstructions 4 ], then
TerminatingPrograms(A, S, T, f1) = TerminatingPrograms(A, S, T, f2).

(103) Let A be a free E.C.LW.-strict pre-if-while algebra and fi, fo
be execution functions of A over S and T. Suppose f1[ S,
ElementaryInstructions 4 | = f2[} S, ElementaryInstructions 4 . Let s
be an element of S and I be an element of A. If (s, I) €
TerminatingPrograms(A, S, T, f1), then fi(s, I) = fa(s, I).

(104) Every absolutely-terminating element of A is terminating w.r.t. f.

(105) For every element I of A holds [ is terminating w.r.t. f iff I is termi-
nating w.r.t. f and S.

(106) Let I be an element of A. Suppose I is terminating w.r.t. f. Let P be
a set. Then [ is terminating w.r.t. f and P.

(107) For every absolutely-terminating element I of A and for every set P
holds I is terminating w.r.t. f and P.

(108) For every element I of A holds S is invariant w.r.t. I and f.

(109) Let P be a set and I, J be elements of A. Suppose P is invariant w.r.t.
I and f and invariant w.r.t. J and f. Then P is invariant w.r.t. I;J and
f-

(110) Let I, J be elements of A. Suppose [ is terminating w.r.t. f and J is
terminating w.r.t. f. Then [;J is terminating w.r.t. f.

(111) Let P be a set and I, J be elements of A. Suppose [ is terminating
w.r.t. f and P and J is terminating w.r.t. f and P and P is invariant
w.r.t. I and f. Then I;J is terminating w.r.t. f and P.

(112) Let C, I, J be elements of A. Suppose C'is terminating w.r.t. f and I is
terminating w.r.t. f and J is terminating w.r.t. f. Then if C then I else J
is terminating w.r.t. f.
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)

(iv
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Let P be a set and C, I, J be elements of A. Suppose that
C is terminating w.r.t. f and P,
1 is terminating w.r.t. f and P,
J is terminating w.r.t. f and P, and
P is invariant w.r.t. C' and f.
Then if C then I else J is terminating w.r.t. f and P.

Let C, I be elements of A. Suppose that
C is terminating w.r.t. f,
I is terminating w.r.t. f, and
iteration of f started in I;C' terminates w.r.t. f(s, C).
Then (s, while C' do I) € TerminatingPrograms(A, S, T, f).
Let P be a set and C, I be elements of A. Suppose that
C is terminating w.r.t. f and P,
1 is terminating w.r.t. f and P,
P is invariant w.r.t. C and f and invariant w.r.t. I and f,
iteration of f started in I; C' terminates w.r.t. f(s, C), and
seP.
Then (s, while C' do I) € TerminatingPrograms(A, S, T, f).
Let P be a set and C, I be elements of A. Suppose that
C is terminating w.r.t. f,
I is terminating w.r.t. f and P,
P is invariant w.r.t. C and f,

for every s such that s € P and f(f(s, I), C) € T holds f(s, I) € P,

iteration of f started in I;C' terminates w.r.t. f(s, C'), and
s€P.
Then (s, while C' do I) € TerminatingPrograms(A, S, T, f).
Let C, I be elements of A. Suppose that
C is terminating w.r.t. f,
1 is terminating w.r.t. f, and

for every s holds iteration of f started in I;C' terminates w.r.t. s.

Then while C do [ is terminating w.r.t. f.

Let P be a set and C, I be elements of A. Suppose that
C is terminating w.r.t. f,
I is terminating w.r.t. f and P,
P is invariant w.r.t. C and f,

for every s such that s € P and f(f(s, I), C) € T holds f(s, I) € P,

and

for every s such that f(s, C') € P holds iteration of f started in I;C

terminates w.r.t. f(s, C).
Then while C'do [ is terminating w.r.t. f and P.
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Summary. In this article we mainly define the information entropy [3],
[11] and prove some its basic properties. First, we discuss some properties on
four kinds of transformation functions between vector and matrix. The trans-
formation functions are LineVec2Mx, ColVec2Mx, Vec2DiagMx and Mx2FinS.
Mx2FinS is a horizontal concatenation operator for a given matrix, treating rows
of the given matrix as finite sequences, yielding a new finite sequence by hori-
zontally joining each row of the given matrix in order to index. Then we define
each concept of information entropy for a probability sequence and two kinds
of probability matrices, joint and conditional, that are defined in article [25].
Further, we discuss some properties of information entropy including Shannon’s
lemma, maximum property, additivity and super-additivity properties.

MML identifier: ENTROPY1, version: 7.8.05 4.84.971

The papers [21], [23], [1], [20], [24], [6], [14], [8], [4], [22], [17], [7], 9], [2], [5], [15],
[16], [12], [10], [13], [18], [25], and [19] provide the terminology and notation for
this paper.

1. PRELIMINARIES

For simplicity, we use the following convention: D denotes a non empty set,
i, j, k, | denote elements of N, n denotes a natural number, a, b, ¢, r, r1, 79
denote real numbers, p, ¢ denote finite sequences of elements of R, and M7, M>
denote matrices over R.

Next we state several propositions:

(1) Tk#0andi<land!<jand k|, theni+k < j+E.
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111 ISSN 14262630
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(2) Ifr >0, then (log_(e))(r) <r—1and r = 1iff (log_(e))(r) =r —1 and
r # 1 iff (log-(e))(r) <r —1.

(3) Ifr >0, then log,7 <r—1andr =1ifflog,r =7 —1 and r # 1 iff
log,r <r—1.

(4) Ifa>1andb> 1, then log,b > 0.

(5) Ifa>0anda#1andb>0,then —log, b= log,(3).

(6) Ifa >0and a # 1 and b > 0 and ¢ > 0, then b-c-log,(b-c) =
b-c-log,b+b-c-log,c.

(7) Let q, q1, g2 be finite sequences of elements of R. Suppose len ¢; = leng
and leng; = lengs and for every k such that k& € domg; holds ¢g(k) =

q1(k) + q2(k). Then 3 2q =3 q1+ > ¢2.

(8) Let q, q1, g2 be finite sequences of elements of R. Suppose len g; = lengq
and leng; = lengs and for every k such that k € domg; holds ¢q(k) =

q1(k) — q2(k). Then 32 q =3 q1 — > qo.
(9) Suppose lenp > 1. Then there exists ¢ such that len g = lenp and ¢(1) =
p(1) and for every k such that 0 # k and k < lenp holds ¢(k + 1) =
q(k) + p(k+1) and >_p = q(lenp).
Let us consider p. Let us observe that p is non-negative if and only if:
(Def. 1) For every i such that i € domp holds p(i) > 0.

Let us note that there exists a finite sequence of elements of R which is
non-negative.
The following proposition is true

(10) If p is non-negative and r > 0, then r - p is non-negative.

Let us consider p, k. We say that p has only one value in £ if and only if:
(Def. 2) k € domp and for every i such that i € domp and 7 # k holds p(i) = 0.

Next we state four propositions:

(11) 1If p has only one value in k and i # k, then p(i) = 0.

(12) If lenp = leng and p has only one value in k, then p e ¢ has only one

value in k and (p e ¢)(k) = p(k) - q(k).
(13) 1If p has only one value in k, then > p = p(k).

(14) If p is non-negative, then for every k such that k € domp and p(k) = > p
holds p has only one value in k.

Let us observe that every finite sequence of elements of R which is finite
probability distribution is also non empty and non-negative.
One can prove the following propositions:
(15) Let p be finite probability distribution finite sequence of elements of R

and given k such that £ € domp and p(k) = 1. Then p has only one value
in k.
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(16) Let i be a non empty natural number. Then i — 1 is finite probability
distribution finite sequence of elements of R.

One can check that every matrix over R which is summable-to-1 is also non
empty yielding and every matrix over R which is joint probability is also non
empty yielding.

The following propositions are true:

(17) For every matrix M over R such that M = () holds SumAll M = 0.

(18) For every matrix M over D and for every i such that ¢ € dom M holds
dom M (i) = Seg width M.

(19) M, is nonnegative iff for every i such that ¢ € dom M; holds Line(My, 1)
is non-negative.

2. PROPERTIES OF TRANSFORMATIONS BETWEEN VECTOR AND MATRIX

Next we state four propositions:
(20) For every j such that j € domp holds (LineVec2Mx p); = (p(5))-
(21) Let p be a non empty finite sequence of elements of R, ¢ be a fi-
nite sequence of elements of R, and M be a matrix over R. Then
M = ColVec2Mx p - LineVec2Mx ¢ if and only if the following conditions
are satisfied:
(i) lenM =lenp,
(ii)  width M =lengq, and
(ili)  for all 4, j such that (4, j) € the indices of M holds M; ; = p(i) - q(j).
(22) Let p be a non empty finite sequence of elements of R, ¢ be a fi-
nite sequence of elements of R, and M be a matrix over R. Then
M = ColVec2Mx p - LineVec2Mx ¢ if and only if the following conditions
are satisfied:
(i) lenM =lenp,
(ii)  width M =lengq, and
(iii)  for every i such that ¢ € dom M holds Line(M, i) = p(i) - q.
(23) Let p, g be finite probability distribution finite sequences of elements of
R. Then ColVec2Mx p - LineVec2Mx q is joint probability.

Let us consider n and let M7 be a matrix over R of dimension n. We say
that M is diagonal if and only if:
(Def. 3) For all 4, j such that (i, j) € the indices of My and (M;);; # 0 holds
i=j.
Let us consider n. Observe that there exists a matrix over R of dimension
n which is diagonal.
The following proposition is true
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(24) Let M; be a matrix over R of dimension n. Then M; is diagonal if and
only if for every i such that ¢ € dom M; holds Line(Mi,7) has only one
value in q.

Let us consider p. The functor Vec2DiagMx p yielding a diagonal matrix
over R of dimension len p is defined as follows:
(Def. 4) For every j such that j € domp holds (Vec2DiagMx p); ; = p(j).
One can prove the following propositions:

(25) My = Vec2DiagMx p iff len M7 = lenp and width M; = lenp and for
every i such that ¢ € dom M; holds Line(Mj,4) has only one value in 4
and Line(My,7)(i) = p(7).

(26) Suppose lenp = len M;. Then My = Vec2DiagMx p - M if and only if
the following conditions are satisfied:

(i) len My =lenp,
(ii)  width My = width M, and
(i)  for all 4, j such that (i, j) € the indices of M5 holds (Ms);; = p(i) -
(M1)i ;-

(27) If lenp = len M;, then My = Vec2DiagMxp - M iff len My = lenp
and width My = width M; and for every ¢ such that ¢ € dom Ms holds
Line(Ma,4) = p(i) - Line(Mq,1).

(28) Let p be finite probability distribution finite sequence of elements of R
and M be a non empty yielding conditional probability matrix over R. If
lenp = len M, then Vec2DiagMx p - M is joint probability.

(29) Let M be a matrix over D and p be a finite sequence of elements of D*.
Suppose lenp = len M and p(1) = M(1) and for every k such that k > 1
and k < len M holds p(k+1) = p(k) "M (k+1). Let given k. If k € dom p,
then len p(k) = k - width M.

(30) Let M be a matrix over D and p be a finite sequence of elements of
D*. Suppose lenp = len M and p(1) = M(1) and for every k such that
k>1and k <len M holds p(k + 1) = p(k) ~ M(k + 1). Let given i, j. If
i € domp and j € domp and i < j, then dom p(i) C dom p(7).

(31) Let M be a matrix over D and p be a finite sequence of elements of D*.
Suppose lenp = len M and p(1) = M(1) and for every k such that k > 1
and k < len M holds p(k+1) = p(k) >~ M (k+1). Then lenp(1) = width M
and for every j such that (1, j) € the indices of M holds j € domp(1)
and p(l)(j) = Ml,j-

(32) Let M be a matrix over D and p be a finite sequence of elements of D*.
Suppose lenp = len M and p(1) = M(1) and for every k such that k > 1
and k < len M holds p(k+1) = p(k) >~ M(k+1). Let given j. If j > 1 and
j <lenp, then for every [ such that [ € dom p(j) holds p(5)(1) = p(j+1)(l).

(33) Let M be a matrix over D and p be a finite sequence of elements of D*.
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Suppose lenp = len M and p(1) = M(1) and for every k such that k > 1
and k < len M holds p(k+ 1) = p(k) =~ M (k + 1). Let given i, j. Suppose
i € domp and j € domp and ¢ < j. Let given [. If | € domp(i), then
p() (1) = p(3)(1).

(34) Let M be a matrix over D and p be a finite sequence of elements of
D*. Suppose lenp = len M and p(1) = M(1) and for every k such that
E > 1 and k < len M holds p(k + 1) = p(k) = M(k + 1). Let given j.
Suppose j > 1 and j < lenp. Let given [. If [ € Segwidth M, then
jewidthM +1 € domp(j+1) and p(j +1)(j-width M +1) = M (5 +1)(1).

(35) Let M be a matrix over D and p be a finite sequence of elements of
D*. Suppose lenp = len M and p(1) = M(1) and for every k such that
k> 1and k < len M holds p(k + 1) = p(k) ~ M(k + 1). Let given 1, j.
Suppose (i, j) € the indices of M. Then (i — 1) - width M + j € dom p(z)
and M, ; = p(i)((i — 1) - width M + j).

(36) Let M be a matrix over D and p be a finite sequence of elements of D*.
Suppose lenp = len M and p(1) = M(1) and for every k such that & > 1
and k < len M holds p(k + 1) = p(k) =~ M(k + 1). Let given i, j. Suppose
(i, j) € the indices of M. Then (i — 1) - width M + j € dom p(len M) and
M;; =p(len M)((i — 1) - width M + 7).

(37) Let M be a matrix over R and p be a finite sequence of elements of R*.
Suppose lenp = len M and p(1) = M(1) and for every k such that k > 1
and k < len M holds p(k + 1) = p(k) ~ M(k + 1). Let given k. If k > 1
and k <len M, then Y p(k+1)=> p(k)+ > M(k+1).

(38) Let M be a matrix over R and p be a finite sequence of elements of R*.
Suppose lenp = len M and p(1) = M(1) and for every k such that & > 1
and k < len M holds p(k + 1) = p(k) ~ M(k + 1). Then SumAlM =
> p(len M).

Let D be a non empty set and let M be a matrix over D. The functor

Mx2FinS M yields a finite sequence of elements of D and is defined by:
(Def. 5)(1) M=x2FinSM = 0 if len M = 0,

(ii)  there exists a finite sequence p of elements of D* such that
Mx2FinSM = p(len M) and lenp = len M and p(1) = M(1) and for
every k such that k¥ > 1 and k < len M holds p(k+ 1) = p(k) ~ M(k + 1),
otherwise.

We now state several propositions:

(39) For every matrix M over D holds len Mx2FinS M = len M - width M.

(40) Let M be a matrix over D and given i, j. If (i, j) € the indices of M,
then (i—1)-width M +j € dom Mx2FinS M and M; ; = (Mx2FinS M)((i—
1) - width M + j).

(41) Let M be a matrix over D and given k, [. Suppose k € dom Mx2FinS M
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and [ = k—1. Then ((I+width M)+1, (Imod width M)+1) € the indices
of M and (Mx2FinS M)(k) = M width M)+1,(I mod width M)+1-

(42) SumAll M; = ) Mx2FinS M;.

(43) M, is nonnegative iff Mx2FinS M; is non-negative.

(44) M, is joint probability iff Mx2FinS M; is finite probability distribution.
(45) Let p, ¢ be finite probability distribution finite sequences of elements

of R. Then Mx2FinS(ColVec2Mx p - LineVec2Mx q) is finite probability
distribution.

(46) Let p be finite probability distribution finite sequence of elements of R
and M be a non empty yielding conditional probability matrix over R.
If lenp = len M, then Mx2FinS(Vec2DiagMx p - M) is finite probability
distribution.

3. INFORMATION ENTROPY

Let us consider a, p. Let us assume that a > 0 and a # 1 and p is non-
—>
negative. The functor log, p yields a finite sequence of elements of R and is

defined by:
(Def. 6) len lo—_g>ap = lenp and for every k such that £ € dom I?)?gap holds if
p(k) > 0, then (log, p)(k) = log, p(k) and if p(k) = 0, then (log, p)(k) = 0.
Let us consider p. The functor Mp yields a finite sequence of elements

of R and is defined by:
(Def. 7) id logp = p e logy p.
The following propositions are true:
(47) Let p be a non-negative finite sequence of elements of R and given q.
Then q = Wg p if and only if the following conditions are satisfied:
(i) leng =lenp, and
(ii) for every k such that k € dom ¢ holds ¢q(k) = p(k) - logs p(k).
(48) Let p be a non-negative finite sequence of elements of R and given k such
that k € domp. Then
(i) if p(k) =0, then (mgp)(k) =0, and
(i) if p(k) > 0, then (id Togp)(k) = p(k) - log, p(k).
(49) Let p be a non-negative finite sequence of elements of R and given q.
Then q = —id—log> p if and only if the following conditions are satisfied:
(i) leng =lenp, and
(ii)  for every k such that k € dom ¢ holds ¢q(k) = p(k) - logg(wlk)).
(50) Let p be a non-negative finite sequence of elements of R. Suppose r; > 0
and o > 0. Let given i. If i € domp and p(i) = 71 -rg, then (Wg p)(i) =
r1 -T2 -logery + 11 - 1o - logy Ta.



DEFINITION AND SOME PROPERTIES OF ... 117

(51) For every non-negative finite sequence p of elements of R such that » > 0
holds id—bér-p:r-logzr-p—i—r-(po@zp).

(52) Let p be a non empty finite probability distribution finite sequence of
elements of R and given k. If k € domp, then (1d—bs>gp)(k) <0.

Let us consider M;. Let us assume that M; is nonnegative. The functor
idTg M, yields a matrix over R and is defined as follows:
(Def. 8) lenidTng = len M; and widtthMl = width M; and for ev-
ery k such that k € domid log M; holds (KiTg M;i)(k) = Line(My,k) e
fog, Line(My, k).
The following two propositions are true:

(53) For every nonnegative matrix M over R and for every k such that k €
dom M holds Line(id log M, k) = id log Line(M, k).

(54) Let M be a nonnegative matrix over R and M3 be a matrix over R.
Then M3 = id—loé M if and only if the following conditions are satisfied:

(i) lenMs3 =len M,

(ii)  width M3 = width M, and

(ili)  for all 4, j such that (i, j) € the indices of M3 holds (M3);; = M, ; -

logy (Mi,j)-
Let p be a finite sequence of elements of R. The functor Entropy p yields a
real number and is defined by:
(Def. 9) Entropyp = —>_ idTgp.

We now state several propositions:

(55) For every non empty finite probability distribution finite sequence p of
elements of R holds Entropy p > 0.

(56) Let p be a non empty finite probability distribution finite sequence of
elements of R. If there exists k such that £ € domp and p(k) = 1, then
Entropy p = 0.

(57) Let p, ¢ be non empty finite probability distribution finite sequences of

elements of R and pq, ¢3 be finite sequences of elements of R. Suppose
that
(i)
(i)
(ili)) lengs =leng, and
) for every k such that & € domp holds p(k) > 0 and ¢(k) > 0 and
p1(k) = —p(k) - logy p(k) and g3(k) = —p(k) - log, q(k).
Then
v) Xp <X as,
(vi)  for every k such that k € domp holds p(k) = q(k) iff Y p1 = >_ g3, and
(vii)  there exists k such that & € domp and p(k) # q(k) iff Y p1 <> qgs.

lenp = len g,
lenp; = lenp,

(iv
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(58) Let p be a non empty finite probability distribution finite sequence of
elements of R. Suppose that for every k such that k£ € domp holds p(k) >
0. Then
(i)  Entropy p < log, lenp,
(ii)  for every k such that k& € domp holds p(k) = lerllp iff Entropyp =
log, len p, and
(ili)  there exists k such that k¥ € domp and p(k) #

len

1p iff Entropyp <

log, len p.
(59) For every nonnegative matrix M over R holds Mx2FinSid log M =
id log Mx2FinS M.

(60) Let p, ¢ be finite probability distribution finite sequences of elements of
R and M be a matrix over R. If M = ColVec2Mx p - LineVec2Mx ¢, then
—
SumAllid log M = > id logp + > id log q.

Let us consider M;. The entropy of joint probability of M; yields a real

number and is defined as follows:
(Def. 10) The entropy of joint probability of M; = Entropy Mx2FinS M.
Next we state the proposition

(61) Let p, g be finite probability distribution finite sequences of elements of
R. Then the entropy of joint probability of ColVec2Mx p-LineVec2Mx q =
Entropy p + Entropy q.

Let us consider M;y. The entropy of conditional probability of M yields a
finite sequence of elements of R and is defined by the conditions (Def. 11).

(Def. 11)(i)  len (the entropy of conditional probability of M;) = len M7, and
(ii)  for every k such that k € dom (the entropy of conditional probabil-
ity of M) holds (the entropy of conditional probability of Mi)(k) =
Entropy Line(M, k).
One can prove the following propositions:

(62) Let M be a non empty yielding conditional probability matrix over R
and p be a finite sequence of elements of R. Then p = the entropy of
conditional probability of M if and only if lenp = len M and for every k
such that k& € dom p holds p(k) = —Z(idTg M)(k).

(63) Let M be a non empty yielding conditional probability matrix over R.
Then the entropy of conditional probability of M = —LineSum id—los;:g M.

(64) Let p be finite probability distribution finite sequence of elements
of R and M be a non empty yielding conditional probability matrix
over R. Suppose lenp = len M. Let M3 be a matrix over R. If
M3 = Vec2DiagMx p - M, then SumAllid—loéMg = Zid—loép +>(pe
LineSumid—loéM ).

(65) Let p be finite probability distribution finite sequence of elements of
R and M be a non empty yielding conditional probability matrix over
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Summary. Basing on the definitions from [15], semi-Thue systems, Thue
systems, and direct derivations are introduced. Next, the standard reduction
relation is defined that, in turn, is used to introduce derivations using the theory
from [1]. Finally, languages generated by rewriting systems are defined as all
strings reachable from an initial word. This is followed by the introduction of
the equivalence of semi-Thue systems with respect to the initial word.
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1. PRELIMINARIES

We adopt the following convention: x denotes a set, k, [ denote natural
numbers, and p, ¢ denote finite sequences.
Next we state two propositions:

(1) If k¢ dompand k+ 1 € domp, then k = 0.

(2) Ifk>lenpand k <len(p~ q), then there exists [ such that k = lenp+1
and [ > 1 and [ <leng.

In the sequel R denotes a binary relation and p, ¢ denote reduction sequences
w.r.t. R.
Next we state two propositions:

(3) If k> 1, then p[k is a reduction sequence w.r.t. R.
(4) If k € dom p, then there exists ¢ such that len ¢ = k and ¢(1) = p(1) and
q(lenq) = p(k).
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2. FINITE 0-SEQUENCE YIELDING FUNCTIONS AND FINITE SEQUENCES

Let f be a function. We say that f is finite-0-sequence-yielding if and only
if:
(Def. 1) If x € dom f, then f(z) is a finite 0-sequence.
Let us mention that ) is finite-O-sequence-yielding.
Let f be a finite 0-sequence. Observe that (f) is finite-0-sequence-yielding.
Let us observe that there exists a function which is finite-0-sequence-yielding.

Let p be a finite-0-sequence-yielding function and let us consider x. Then
p(z) is a finite O-sequence.

One can verify that there exists a finite sequence which is finite-0-sequence-
yielding.

Let E be a set. Note that every finite sequence of elements of E“ is finite-
0-sequence-yielding.

Let p, g be finite-0-sequence-yielding finite sequences. Observe that p ™ ¢ is
finite-0-sequence-yielding.

3. CONCATENATION OF A FINITE 0-SEQUENCE WITH ALL ELEMENTS OF A
FINITE 0-SEQUENCE YIELDING FUNCTION

Let s be a finite 0-sequence and let p be a finite-0-sequence-yielding function.
The functor s + p yields a finite-0-sequence-yielding function and is defined by:
(Def. 2) dom(s + p) = domp and for every = such that x € domp holds (s +
p)(x) = s~ p().
The functor p + s yielding a finite-0-sequence-yielding function is defined by:
(Def. 3) dom(p + s) = domp and for every z such that z € domp holds (p +
s)(z) =p(x) " s.
Let s be a finite 0-sequence and let p be a finite-0-sequence-yielding finite
sequence. Note that s+ p is finite sequence-like and p + s is finite sequence-like.
We adopt the following convention: E denotes a set, s, ¢ denote finite 0-
sequences, and p, g denote finite-O-sequence-yielding finite sequences.
The following propositions are true:
(5) len(s+ p) =lenp and len(p + s) = lenp.
(6) Optp=pandp+()p=p.
(7) s+(t+p =s"t+pandp+t+s=p+t_s.
(8) s+ (+t)=(s+p)+t.
9) s+p q=(s+p) " (s+q)andp”qg+s=(p+s) " (¢+5)
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4. SEMI-THUE SYSTEMS AND THUE SYSTEMS

Let E be a set, let p be a finite sequence of elements of E“, and let k£ be a
natural number. Then p(k) is an element of E“.

Let E be a set, let k be a natural number, and let s be an element of E¥.
Then k — s is a finite sequence of elements of E“.

Let E be a set, let s be an element of £“, and let p be a finite sequence of
elements of E“. Then s + p is a finite sequence of elements of E“. Then p + s
is a finite sequence of elements of E%“.

Let F be a set. A semi-Thue-system of F is a binary relation on E*.

In the sequel F is a set and S, T', U are semi-Thue-systems of F.

Let S be a binary relation. Observe that S US> is symmetric.

Let us consider E. One can check that there exists a semi-Thue-system of
FE which is symmetric.

Let E be a set. A Thue-system of E is a symmetric semi-Thue-system of E.

5. DIRECT DERIVATIONS

We follow the rules: s, t, s1, t1, u, v, w are elements of E“ and p is a finite
sequence of elements of £,
Let us consider F, S, s, t. The predicate s —g t is defined by:
(Def. 4) (s, t) € S.
Let us consider E, S, s, t. The predicate s =g t is defined as follows:
(Def. 5) There exist v, w, s1, t; such that s =v " s; "wand t =v " ¢; - w and
S1 —g t1.
The following propositions are true:
If s —»gt, then s =g t.
If s =g s, then there exist v, w, s such that s = v~ s; "w and s1 —g s1.
If s=gt, thenu " s=gu"tand s " u=gt" u.
If s=gt, thenu"s"v=gu"t v
If s —»gt, thenu " s=>gu"tand s u=gt" u.
If s —gt, thenu " s v=gu"t " w.
If S is a Thue-system of £ and s —g t, then t —g s.
If S is a Thue-system of £ and s =g t, then t =g s.
If SCT and s —g t, then s —7p t.
If SCT and s =g t, then s =7 t.
s #(Z)EW,EW t.
If s=gurt, then s =gtors=rpt.
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6. REDUCTION RELATION

Let us consider E. Then idg is a binary relation on E.

Let us consider E, S. The functor =g yielding a binary relation on E¥ is

defined as follows:

(Def. 6)

(s, t) e =g iff s =g t.

The following propositions are true:

(22)
(23)

(24)

N NN
N O Ot

[\V)
Nej

N N N N N /N /N
w [\)
o oo

—_ T D e T T

w
—

S C=g.

Suppose p is a reduction sequence w.r.t. =g. Then p + u is a reduction
sequence w.r.t. =g and u + p is a reduction sequence w.r.t. =g.

If p is a reduction sequence w.r.t. =g, then (¢t + p) + u is a reduction
sequence w.r.t. =g.

If S is a Thue-system of E, then =g = (=g)~.
If SCT, then =g C =7.

=idgw — idgw.

= SUidge = =5 U idgw.

:>®EW Be — (DEW,EW-

If s §:S t, then s =g t.

=g = =S

7. DERIVATIONS

Let us consider E, S, s, t. The predicate s =7 t is defined by:

(Def. 7)

=g reduces s to t.

One can prove the following propositions:

32

5 =G S.

If s =g t, then s =% t.

If s —gt, then s =% t.

If s =5 tand t =% u, then s =% u.

Ifs=%t thens " u=5t "vandu"s=gu"t
Ifs=%t, thenu" s v=5u"t v

If s=%tand u=5v, then s "u=5t " vandu"s=5v "t
If S is a Thue-system of F and s =75 ¢, then t =% s.
If SCT and s =5 t, then s =7 t.

s =gt iffs:>i‘quidEw t.

Ifs:>6Ew7Ew t, then s =t.

If s =% _ t, then s =% t.



STRING REWRITING SYSTEMS 125

(44) If s=%tandu :>{<S’t>} v, then u =% v.

* * *
(45) If s=%tandu :>SU{<s,t)} v, then u =73 v.

8. LANGUAGES GENERATED BY SEMI-THUE SYSTEMS

Let us consider E, S, w. The functor Lang(w, S) yields a subset of E“ and
is defined by:
(Def. 8) Lang(w,S) = {s:w =5 s}.
Next we state two propositions:
(46) s € Lang(w,S) iff w =% s.
(47) w € Lang(w, S).
Let E be a non empty set, let S be a semi-Thue-system of F, and let w be
an element of E“. Note that Lang(w, S) is non empty.
We now state four propositions:

(48) If S C T, then Lang(w, S) C Lang(w,T).
(49) Lang(w,S) = Lang(w, S Uidgw).

(50) Lang(w,0pe po) = {w}.

(51) Lang(w,idge) = {w}.

9. EQUIVALENCE OF SEMI-THUE SYSTEMS

Let us consider E, S, T, w. We say that S and T are equivalent wrt w if
and only if:

(Def. 9) Lang(w, S) = Lang(w,T).
The following propositions are true:
(52) S and S are equivalent wrt w.
(53) If S and T are equivalent wrt w, then 7" and S are equivalent wrt w.

(54) Suppose S and T are equivalent wrt w and 7" and U are equivalent wrt
w. Then S and U are equivalent wrt w.

(55) S and SUidge are equivalent wrt w.

(56) Suppose S and T are equivalent wrt w and S C U and U C T. Then S
and U are equivalent wrt w and U and T are equivalent wrt w.

(57) S and =g are equivalent wrt w.

(58) If S and T are equivalent wrt w and = gur reduces w to s, then =g
reduces w to s.

(59) If S and T are equivalent wrt w and w =% s, then w =% s.
(60) If S and T are equivalent wrt w, then S and SUT are equivalent wrt w.
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(61) If s =gt, then S and SU{(s, t)} are equivalent wrt w.
(62) If s =% t, then S and SU {(s, t)} are equivalent wrt w.
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Summary. In this paper the classic theory of matrices of real elements
(see e.g. [12], [13]) is developed. We prove selected equations that have been
proved previously for matrices of field elements. Similarly, we introduce in this
special context the determinant of a matrix, the identity and zero matrices, and
the inverse matrix. The new concept discussed in the case of matrices of real
numbers is the property of matrices as operators acting on finite sequences of
real numbers from both sides. The relations of invertibility of matrices and the
“onto” property of matrices as operators are discussed.

MML identifier: MATRIXR2, version: 7.8.05 4.87.985

The articles [24], [30], (9], (2], [22], 1, [7), {4, (5], [8), (3], [6, [28], [26], [21],
[14], [29], [32], [23], [25], [27], [15], [34], [33], [19], [16], [11], [18], [20], [10], [17],
[1], and [35] provide the terminology and notation for this paper.

1. PRELIMINARIES

We use the following convention: D denotes a non empty set, k, n, m, i, 7J,
[ denote elements of N, and K denotes a field.
We now state several propositions:

(1) For all finite sequences z, y of elements of R such that lenx = leny and
x+y=1(0,...,0) holds x = —y and y = —=.
——
lenx
(2) Let A be a matrix over D and p be a finite sequence of elements of D.
If p=A(i) and 1 < iand i <lenA and 1 < j and j < width A and
lenp = width A, then A; ; = p(j).

@ 2007 University of Bialystok
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(3) Let a be a real number and A be a matrix over R. Suppose len(a - A) =
len A and width(a - A) = width A and (7, j) € the indices of A. Then
(CL . A)i,j =a- Ai,j-

(4) For all matrices A, B over R of dimension n holds len(A4 - B) = len A
and width(A - B) = width B and len(A - B) = n and width(A4 - B) = n.

(5) For every real number a and for every matrix A over R holds len(a-A) =

len A and width(a - A) = width A.

2. CALCULATION OF MATRICES

We now state the proposition
(6) Let A, B be matrices over R. Suppose len A = len B and width A =
width B. Then len(A — B) = len A and width(A — B) = width A and for
all 7, j such that (i, j) € the indices of A holds (A — B); ; = A; ; — B j.
Let us consider n and let A, B be matrices over R of dimension n. Then
A - B is a matrix over R of dimension n.
The following propositions are true:
(7) For all matrices A, B over R such that len A = len B and width A =
width B and len A > 0 holds A + (B — B) = A.
(8) For all matrices A, B over R such that len A = len B and width A =
width B and len A > 0 holds (A+ B) — B = A.

(9) For every matrix A over R holds (—1)- A= —A.
(10) For every matrix A over R and for all elements i, j of N such that (i,
J) € the indices of A holds (—A);; = —A4; ;.

(11) For all real numbers a, b and for every matrix A over R holds (a-b)-A =

a-(b-A).
(12) For all real numbers a, b and for every matrix A over R holds (a+b)-A =
a-A+b-A
(13) For all real numbers a, b and for every matrix A over R holds (a—b)-A =
a-A—-b-A
(14) For every matrix A over K such that n > 0 and len A > 0 holds
0 0 nx(len A) 0 0 nx(width A)
: P A= : o
0 ... 0 i 0 ... 0 i

(15) For all matrices A, C over K such that len A = widthC and lenC > 0
and len A > 0 holds (-C)-A=—-C- A.

(16) For all matrices A, B, C over K such that len B = len C' and width B =
width C' and len A = width B and len B > 0 and len A > 0 holds (B —C) -
A=B-A-C-A
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(17) For all matrices A, B, C over R such that len A = len B and width A =
width B and len C' = width A and len A > 0 and len C' > 0 holds (A — B) -
C=A.-C-B-C.

(18) For every element m of N and for all matrices A, C' over K such

0 .. 0 (width A)xm
that widthA > 0 and len 4 > 0 holds A - | : . : =
_ 0 ... 0/
0 ... 0\t
0 ... 0 K

(19) For all matrices A, C over K such that widthA =lenC and len A > 0
and lenC' >0 holds A--C =—-A-C.

(20) For all matrices A, B, C over K such that len B = len C' and width B =
width C' and len B = width A and len B > 0 and len A > 0 holds A - (B —
C)=A-B-A-C.

(21) For all matrices A, B, C over R such that len A = len B and width A =
width B and widthC =len A and len C' > 0 and len A > 0 holds C - (A —
B)=C-A-C-B.

(22) Let A, B, C be matrices over R. Suppose that

(i) lenA=lenB,

(ii)  width A = width B,

(i) lenC =len A,

(iv)  widthC = width A, and

(v)  for all elements i, j of N such that (i, j) € the indices of A holds
CZ?] — Al7j - Bi,j.

Then C = A - B.

(23) For all finite sequences x1, xo of elements of R such that lenz; =
lenzy and lenzy > 0 holds LineVec2Mx(x; — x2) = LineVec2Mx x1 —
LineVec2Mx 5.

(24) For all finite sequences x1, xo of elements of R such that lenz; =
lenze and lenz; > 0 holds ColVec2Mx(z1; — z2) = ColVec2Mxz1 —
ColVec2Mx 5.

(25) Let A, B be matrices over R. Suppose len A = len B and width A =
width B. Let i be a natural number. If 1 <7 and i <len A, then Line(A —
B,i) = Line(A, i) — Line(B, 7).

(26) Let A, B be matrices over R. Suppose len A = len B and width A =
width B. Let i be a natural number. If 1 < 4 and i < width A, then
(A-B)n; = Ag, — Bo,.

(27) Let A be a matrix over R of dimension n x k, B be a matrix over R of
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dimension k£ x m, and C be a matrix over R of dimension m x [. If n > 0
and k>0 and m > 0, then (A-B)-C=A-(B-C).
(28) For all matrices A, B, C over R of dimension n holds (A-B)-C =
A-(B-QC).
(29) For every matrix A over D of dimension n holds (AT)T = A.
(30) For all matrices A, B over R of dimension n holds (4 - B)T = BT . AT.
(31) For every matrix A over R such that n > 0 and len A = n and width A =
0 ... 0\"™"
m holds —A+ A =

R

3. DETERMINANTS

Let us consider n and let A be a matrix over R of dimension n. Then
(R — Rp)A is a matrix over Ry of dimension n.
Let us consider n and let A be a matrix over R of dimension n. The functor
Det A yielding a real number is defined as follows:
(Def. 1) Det A = Det(R — Rp)A.
We now state a number of propositions:

(32) For every matrix A over R of dimension 2 holds Det A = Ay - Ao —
A1 - Ag .

(33) For all finite sequences s1, s2, s3 such that len s; = n and len s, = n and
len s3 = n holds (s1, s2, s3) is tabular.

(34) Let p1, p2, p3 be finite sequences of elements of D. Suppose lenp; = n
and lenpy, = n and lenps = n. Then (p1,pe2,ps) is a matrix over D of
dimension 3 X n.

(35) For all elements a1, ag, as, by, by, b3, c¢1, c2, ¢ of D holds ({(a1,as, as),
(b1,ba,b3), (c1,c2,c3)) is a matrix over D of dimension 3.

(36) Let A be a matrix over D of dimension n, p be a finite sequence of
elements of D, and i be a natural number. If p = A(i) and i € Segn, then
lenp = n.

(37) For every matrix A over D of dimension 3 holds A = ((A1,1, 41,2, A1.3),
(Ag1,A29,A23), (As3.1,A32, A3 3)).

(38) Let A be a matrix over R of dimension 3. Then Det A = (((A1,1 - A2 -
Azz— A1z -Agn- Az —A11- Aoz Azp) +A1o- Aoz Azy) — A12- Az
Ass) + A1z - Agg - Aso.

(39) For every permutation f of Seg0 holds f = ey.

(40) The permutations of 0-element set = {en}.

(41) For every matrix A over K of dimension 0 holds Det A = 1.
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(42) For every matrix A over R of dimension 0 holds Det A = 1.

(43) For every natural number n and for every matrix A over K of dimension

n holds Det A = Det(A™).
(44) For every matrix A over R of dimension n holds Det A = Det(A™T).

(45) For all matrices A, B over K of dimension n holds Det(A - B) = Det A -
Det B.

(46) For all matrices A, B over R of dimension n holds Det(A - B) = Det A -
Det B.

4. MATRIX AS OPERATOR

We now state a number of propositions:

(47) Let z, y be finite sequences of elements of R and A be a matrix over
R. If lenz = len A and leny = lenz and lenz > 0 and len A > 0, then
(x—y)-A=x-A—y- A

(48) Let z, y be finite sequences of elements of R and A be a matrix over R.
If lenz = width A and leny = lenz and lenx > 0 and len A > 0, then
A-(x—y)=A-z—A-y.

(49) Let x be a finite sequence of elements of R and A be a matrix over R.
If len A =lenz and lenz > 0 and width A > 0, then (—z)- A = —z - A.

(50) Let x be a finite sequence of elements of R and A be a matrix over R.
If lenax = width A and len A > 0 and lenx > 0, then A- —x = —A - z.

(51) Let z be a finite sequence of elements of R and A be a matrix over R.
If lenx =len A and lenx > 0 and width A > 0, then - —A = —z - A.

(52) Let x be a finite sequence of elements of R and A be a matrix over R.
If lenz = width A and len A > 0 and lenz > 0, then (—A) -2 =—-A-z.

(53) Let a be a real number, z be a finite sequence of elements of R, and A
be a matrix over R. If width A =lenx and lenx > 0 and len A > 0, then
A-(a-z)=a-(A x).

(54) Let x be a finite sequence of elements of R and A, B be matrices over R.
If lenz = len A and len A = len B and width A = width B and len A > 0,
thenz-(A—B)=x-A—z-B.

(55) Let z be a finite sequence of elements of R and A, B be matrices over R.
Iflen x = width A and len A = len B and width A = width B and lenx > 0
and len A > 0, then (A—B)-x =A-z— B -x.

(56) For every finite sequence z of elements of R and for every matrix A over
R such that len A = lenz holds LineVec2Mx x - A = LineVec2Mx(z - A).

(57) Let x be a finite sequence of elements of R and A, B be matrices over
R. If lenz =len A and width A =len B, then - (A-B) = (z- A) - B.
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(58) Let x be a finite sequence of elements of R and A be a matrix over R.
If width A = lenx and lenx > 0 and len A > 0, then A - ColVec2Mx z =
ColVec2Mx(A - ).

(59) Let x be a finite sequence of elements of R and A, B be matrices over
R. If len x = width B and width A = len B and lenz > 0 and len B > 0,
then (A-B)-z=A-(B-x).

(60) Let B be a matrix over R of dimension n x m and A be a matrix over R

of dimension m x k. Suppose n > 0. Let given i, j. If (i, j) € the indices
of B- A, then (B - A); ; = (Line(B, ) - A)(j).

(61) Let A, B be matrices over R of dimension n and given 4, j. If (i, j) € the
indices of B - A, then (B - A); j = (Line(B,1) - A)(j).

(62) Let A, B be matrices over R of dimension n. Suppose n > 0. Let given
i, j. If (i, j) € the indices of A - B, then (A B);; = (A- Bg,;)(4).

5. IDENTITY AND ZERO OF MATRIX OF R

Let n be an element of N. The functor 1g matrix(n) yields a matrix over R
of dimension n and is defined as follows:

1 0
(Def. 2) 1g matrix(n) = (Rp — R)( ).
0 1
One can prove the following propositions:

(63)(1)  For every ¢ such that (i, i) € the indices of 1g matrix(n) holds
(1g matrix(n));; = 1, and
(ii) for all ¢, j such that (i, j) € the indices of 1g matrix(n) and ¢ # j holds
(1g matrix(n)); ; = 0.
(64) (1g matrix(n))T = 1g matrix(n).

nxn

Rp

0 ... 0\
(65) For all elements n, m of N such that n > 0 holds Do, +
o . 0 ... 0 R
0 0 0 0
0 0/, 0 ... 0/,
0 ... 0\""
(66) For every real number a such that n >0 holdsa- | : . =
0 ... 0
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O 0 nxXm
0 ... 0/4
(67) For every field K and for every matrix A over K holds A -
1 0 width Axwidth A
= A.
0 1/
1 0 len Axlen A
(68) For every matrix A over K holds A=A
0 L) .

(69) For every matrix A over R holds if n = width A, then A-1g matrix(n) = A
and if m = len A, then 1g matrix(m) - A = A.
(70) For every matrix A over R of dimension n holds 1g matrix(n) - A = A.
(71) For every matrix A over R of dimension n holds A - 1g matrix(n) = A.
(72) Det 1g matrix(n) = 1.
Let n be an element of N. The functor Og matrix(n) yields a matrix over R
of dimension n and is defined by:
0 ... 0\""
(Def. 3) Ogpmatrix(n) =] @ .
0 ... 0/4
One can prove the following proposition
(73) If n > 0, then Det Og matrix(n) = 0.

Let us consider n and let us consider i. The base fin seq( n, i ) yielding a
finite sequence of elements of R is defined by:
(Def. 4) The base fin seq( n, i) = Replace(n — (0 qua element of R),,1).
We now state several propositions:
(74) len (the base fin seq( n, 7)) = n.
(75) If 1 <iand i < n, then (the base fin seq( n, 7))(i) = 1.
(76) Ifl1<iandi<mnand1<jandj<nandi#j, then (the base fin seq(
n, 1))(j) = 0.
(77)(1) The base fin seq( 1, 1) = (1),
ii)  the base fin seq( 2, 1) = (1,0),
) the base fin seq( 2, 2) = (0,1),
(iv)  the base fin seq( 3, 1) = (1,0,0),
) the base fin seq( 3, 2) = (0,1,0), and
) the base fin seq( 3, 3) = (0,0, 1).
(78) If 1 <iand i < mn, then (1g matrix(n))(i) = the base fin seq( n, 7).
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6. INVERSE OF MATRIX

Let n be an element of N and let A be a matrix over R of dimension n. We
say that A is invertible if and only if:

(Def. 5) There exists a matrix B over R of dimension n such that B- A =
1g matrix(n) and A - B = 1g matrix(n).
Let n be an element of N and let A be a matrix over R of dimension n. Let

us assume that A is invertible. The functor Inv A yields a matrix over R of
dimension n and is defined as follows:

(Def. 6) InvA-A = lgmatrix(n) and A -Inv A = 1g matrix(n).
Let us consider n. Note that 1g matrix(n) is invertible.
We now state a number of propositions:

(79) Inv 1g matrix(n) = 1g matrix(n).
(80) For all matrices A, By, By over R of dimension n such that By - A =
1g matrix(n) and A- By = 1g matrix(n) holds By = By and A is invertible.

(81) For every matrix A over R of dimension n such that A is invertible holds
Det Inv A = Det A~

(82) For every matrix A over R of dimension n such that A is invertible holds

Det A # 0.

(83) Let A, B be matrices over R of dimension n. Suppose A is invertible
and B is invertible. Then A - B is invertible and Inv A- B = Inv B - Inv A.

(84) For every matrix A over R of dimension n such that A is invertible holds
Invinv A = A.

(85) 1gmatrix(0) = Og matrix(0) and 1g matrix(0) = (.
(86) For every finite sequence x of elements of R such that lenz = n and
n > 0 holds 1g matrix(n) - = = =.

(87) Let n be an element of N, z, y be finite sequences of elements of R, and A
be a matrix over R of dimension n. Suppose A is invertible and lenz = n
and leny =n and n > 0. Then A-x =y if and only if x = Inv A - y.

(88) For every finite sequence x of elements of R such that lenz = n holds
x - g matrix(n) = x.

(89) Let z, y be finite sequences of elements of R and A be a matrix over R of
dimension n. Suppose A is invertible and lenz = n and leny = n. Then
x-A=yif and only if z = y - Inv A.

(90) Let A be a matrix over R of dimension n. Suppose n > 0 and A is
invertible. Let y be a finite sequence of elements of R. Suppose leny = n.
Then there exists a finite sequence x of elements of R such that lenx =n
and A-z=y.



DETERMINANT AND INVERSE OF MATRICES ... 135

(91) Let A be a matrix over R of dimension n. Suppose A is invertible. Let y
be a finite sequence of elements of R. Suppose leny = n. Then there exists
a finite sequence x of elements of R such that lenz =n and z- A = y.

(92) Let A be a matrix over R of dimension n and x, y be finite sequences of
elements of R. Suppose lenxz = n and leny = n and - A = y. Let j be
an element of N. If 1 < j and j < n, then y(j) = [(x, Ag;)|.

(93) Let A be a matrix over R of dimension n. Suppose that for every finite
sequence y of elements of R such that leny = n there exists a finite
sequence x of elements of R such that lenxz = n and x - A = y. Then there
exists a matrix B over R of dimension n such that B - A = 1g matrix(n).

(94) Let z be a finite sequence of elements of R and A be a matrix over R of
dimension n. If n > 0 and lenz = n, then AT -z =z - A.

(95) Let = be a finite sequence of elements of R and A be a matrix over R of
dimension n. If n > 0 and lenz = n, then 2 - AT = A - z.

(96) Let A be a matrix over R of dimension n. Suppose that
(i) n>0,and
(ii)  for every finite sequence y of elements of R such that leny = n there
exists a finite sequence z of elements of R such that lenz = n and A-x = y.
Then there exists a matrix B over R of dimension n such that A- B =
1 matrix(n).
(97) Let A be a matrix over R of dimension n. Suppose that
(i) n>0,and
(ii)  for every finite sequence y of elements of R such that leny = n there
exist finite sequences x1, xo of elements of R such that lenzq; = n and
lenxo =nand A-xy =y and x9- A =y.
Then A is invertible.
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Summary. The rank+nullity theorem states that, if T is a linear trans-
formation from a finite-dimensional vector space V to a finite-dimensional vector
space W, then dim(V) = rank(7") + nullity(7), where rank(7") = dim(im(7T"))
and nullity(T") = dim(ker(7")). The proof treated here is standard; see, for ex-
ample, [14]: take a basis A of ker(T") and extend it to a basis B of V, and then
show that dim(im(7")) is equal to |B — A|, and that T" is one-to-one on B — A.
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The articles [21], [11], [32], [22], [19], [33], [34], [7], [2], [17], [10], [18], [8], [9],
[20], [1], [12], [3], [5], [6], [27], [29], [24], [31], [25], [13], [4], [30], [28], [26], [23],
[15], [16], and [35] provide the notation and terminology for this paper.

1. PRELIMINARIES

One can prove the following three propositions:
(1) For all functions f, g such that g is one-to-one and f[rng g is one-to-one
and rng g C dom f holds f - g is one-to-one.
(2) For every function f and for all sets X, Y such that X CY and f|Y is
one-to-one holds f[X is one-to-one.
(3) Let V be a 1-sorted structure and X, Y be subsets of V. Then X meets
Y if and only if there exists an element v of V' such that v € X and v € Y.
In the sequel F' is a field and V', W are vector spaces over F.
Let F be a field and let V' be a finite dimensional vector space over F. One
can verify that there exists a basis of V' which is finite.
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Let F be a field and let V, W be vector spaces over F'. Note that there
exists a function from V into W which is linear.
Next we state three propositions:

(4) If Qv is finite, then V is finite dimensional.

(5) For every finite dimensional vector space V over F' such that ﬁ =1
holds dim(V') = 0.

(6) If Qy =2, then dim(V) = 1.

2. Basic FAcTs OoF LINEAR TRANSFORMATIONS

Let F be a field and let V, W be vector spaces over F. A linear transfor-
mation from V to W is a linear function from V into W.

In the sequel T is a linear transformation from V to W.

One can prove the following propositions:

(7) For all non empty 1-sorted structures V, W and for every function T
from V into W holds domT = Qy and rngT C Q.

(8) For all elements z, y of V holds T'(z) — T'(y) = T'(z — y).
9) T(Ov)=Ow.
Let I be a field, let V., W be vector spaces over F', and let T be a linear

transformation from V' to W. The functor ker T" yielding a strict subspace of V'
is defined as follows:

(Def. 1) Qyerr = {u; u ranges over elements of V: T'(u) = Oy }.
We now state the proposition
(10) For every element x of V holds = € ker T" iff T'(z) = Oy .

Let V., W be non empty 1-sorted structures, let T be a function from V into
W, and let X be a subset of V. Then T°X is a subset of W.

Let F be a field, let V, W be vector spaces over F', and let T be a linear
transformation from V' to W. The functor im 7" yielding a strict subspace of W
is defined as follows:

(Def. 2) Qi =T°(Qy).
The following propositions are true:
(11) Oy € kerT.
(12) For every subset X of V holds 7°X is a subset of im 7"
(13) For every element y of W holds y € im T iff there exists an element x of
V such that y = T'(x).
(14) For every element x of ker T holds T'(z) = Oy .
(15) If T is one-to-one, then ker T' = Oy .
(16) For every finite dimensional vector space V over F holds dim(0y ) = 0.
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(17) For all elements x, y of V such that T'(z) = T'(y) holds z — y € ker T.

(18) For every subset A of V and for all elements x, y of V such that x —y €
Lin(A) holds x € Lin(A U {y}).

3. SOME LEMMAS ON LINEARLY INDEPENDENT SUBSETS, LINEAR
COMBINATIONS, AND LINEAR TRANSFORMATIONS

One can prove the following propositions:

(19) For every subset X of V such that V is a subspace of W holds X is a
subset of W.

(20) For every subset A of V' such that A is linearly independent holds A is
a basis of Lin(A).

(21) For every subset A of V and for every element = of V such that = €
Lin(A) and « ¢ A holds AU {z} is linearly dependent.

(22) For every subset A of V' and for every basis B of V such that A is a
basis of ker 7" and A C B holds T'[(B \ A) is one-to-one.

(23) Let A be a subset of V, [ be a linear combination of A, = be an element
of V, and a be an element of F'. Then [ +- (z,a) is a linear combination
of AU {z}.

Let V be a 1-sorted structure and let X be a subset of V. The functor V'\ X
yields a subset of V' and is defined by:

(Def. 3) V\X =Qp\ X.

Let F be a field, let V' be a vector space over F', let [ be a linear combination
of V, and let X be a subset of V. Then [°X is a subset of F'.

In the sequel [ is a linear combination of V.

Let F be a field and let V' be a vector space over F. Note that there exists
a subset of V' which is linearly dependent.

Let F be a field, let V' be a vector space over F', let [ be a linear combination
of V, and let A be a subset of V. The functor /[A] yields a linear combination
of A and is defined by:

(Def. 4) 1[A] =1JA+-(V\ A — Op).
The following propositions are true:

(24) I = l[the support of ].

(25) For every subset A of V and for every element v of V' such that v € A
holds I[A](v) = I(v).

(26) For every subset A of V' and for every element v of V' such that v ¢ A
holds [A](v) = OF.

(27) For all subsets A, B of V' and for every linear combination ! of B such
that A C B holds [ = I[A] +{[B\ A].
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Let F be a field, let V' be a vector space over F', let [ be a linear combination
of V, and let X be a subset of V. Observe that [°X is finite.

Let V., W be non empty 1-sorted structures, let T be a function from V into
W, and let X be a subset of W. Then T~1(X) is a subset of V.

We now state the proposition

(28) For every subset X of V such that X misses the support of { holds
I°X C{Op}.

Let F be a field, let V, W be vector spaces over F, let [ be a linear combi-
nation of V, and let T be a linear transformation from V to W. The functor
T @1 yielding a linear combination of W is defined by:

(Def. 5)  For every element w of W holds (T ®1)(w) = S_(1°T~*({w})).

One can prove the following propositions:

(29) T ©1is a linear combination of T°(the support of [).

(30) The support of T ® 1 C T°(the support of [).

(31) Let [, m be linear combinations of V. Suppose the support of I misses
the support of m. Then the support of [ + m = (the support of ) U (the
support of m).

(32) Let [, m be linear combinations of V. Suppose the support of I misses
the support of m. Then the support of [ — m = (the support of ) U (the
support of m).

(33) For all subsets A, B of V such that A C B and B is a basis of V holds
V' is the direct sum of Lin(A) and Lin(B \ A).

(34) Let A be a subset of V, [ be a linear combination of A, and v be an
element of V. Suppose T A is one-to-one and v € A. Then there exists a
subset X of V such that X misses A and T-'({T(v)}) = {v} U X.

(35) For every subset X of V such that X misses the support of [ and X # ()
holds I°X = {0p}.

(36) For every element w of W such that w € the support of T © [ holds
T~'({w}) meets the support of 1.

(37) Let v be an element of V. Suppose T'[(the support of 1) is one-to-one
and v € the support of I. Then (T © I)(T'(v)) = I(v).

(38) Let G be a finite sequence of elements of V. Suppose rng G = the support
of I and T'[(the support of [) is one-to-one. Then T'- (1 G) = (T 1) (T -G).

(39) 1If T'[(the support of ) is one-to-one, then 7°(the support of I) = the
support of T @ [.

(40) Let A be a subset of V', B be a basis of V, and [ be a linear combination
of B\ A. If Ais a basis of ker T and A C B, then T(>.1) = (T © ).

(41) Let X be a subset of V. Suppose X is linearly dependent. Then there
exists a linear combination [ of X such that the support of I # () and
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Sl =0y.

Let F be a field, let V., W be vector spaces over F', let X be a subset of V,
let T be a linear transformation from V to W, and let [ be a linear combination
of T°X. Let us assume that T[X is one-to-one. The functor T#1! yields a linear
combination of X and is defined as follows:

(Def. 6) T#HI=1-T+-(V\X — Op).
We now state two propositions:

(42) Let X be a subset of V, [ be a linear combination of 7°X, and v be an
element of V. If v € X and T'[X is one-to-one, then (T#I)(v) = I(T'(v)).

(43) For every subset X of V' and for every linear combination ! of 7°X such
that T'|X is one-to-one holds T @ T#l = [.

4. THE RANK+NULLITY THEOREM

Let F be a field, let V', W be finite dimensional vector spaces over F', and
let T' be a linear transformation from V to W. The functor rank T yielding a
natural number is defined by:

(Def. 7) rankT = dim(im 7).
The functor nullity T" yields a natural number and is defined by:
(Def. 8) nullity 7' = dim(ker T').
Next we state two propositions:

(44) Let V, W be finite dimensional vector spaces over F' and T" be a linear
transformation from V' to W. Then dim(V') = rank 7" + nullity 7.

(45) Let V, W be finite dimensional vector spaces over F' and T' be a linear
transformation from V' to W. If T is one-to-one, then dim(V') = rank 7.
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The notation and terminology used in this paper are introduced in the following
articles: [23], [11], [29], [20], [12], [30], [31], [6], [9], [7], [3], [4], [21], [28], [26],
[15], [22], [10], [5], [13], [24], [14], [33], [25], [18], [34], [1], [8], [2], [16], [17], [27],
[19], and [32].

1. PRELIMINARIES

For simplicity, we follow the rules: x, y are sets, N is an element of N, c,
i, 7, k, m, n are natural numbers, D is a non empty set, s is an element of
2Set Seg(n + 2), p is an element of the permutations of n-element set, p1, ¢1
are elements of the permutations of (n + 1)-element set, py is an element of the
permutations of (n + 2)-element set, K is a field, a, b are elements of K, f is a
finite sequence of elements of K, A is a matrix over K, Ay is a matrix over D
of dimension n x m, p3 is a finite sequence of elements of D, and M is a matrix
over K of dimension n.
The following propositions are true:
(1) For every finite sequence f and for every natural number i such that
i € dom f holds len(f};) =len f - 1.
(2) Let i, j, n be natural numbers and M be a matrix over K of dimension n.
If i € dom M, then len (the deleting of i-row and j-column in M) =n—'1.

(3) If j € Segwidth A, then width (the deleting of j-column in A) =
width A —' 1.
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(4) For every natural number i such that len A > 1 holds widthA =
width (the deleting of i-row in A).
(5) For every natural number ¢ such that j € Segwidth M holds width (the
deleting of i-row and j-column in M) =n —'1.
Let G be a non empty groupoid, let B be a function from [ the carrier of
G, N into the carrier of G, let g be an element of G, and let i be a natural
number. Then B(g, i) is an element of G.
One can prove the following propositions:

(6) the permutations of n-element set = nl.

(7) For all i, j such that ¢ € Seg(n + 1) and j € Seg(n + 1) holds
{p1:p1() = j} =nl.

(8) Let K be a Fanoian field, given py, and X, Y be el
ements of Fin2SetSeg(n + 2). Suppose Y = {s : s €
X A (Part-sgn(p2, K))(s) = —1g}. Then (the multiplication of
K)->" x Part-sgn(ps, K') = power ¢ (—1kg, cardY).

(9) Let K be a Fanoian field and given ps, i, j. Suppose i € Seg(n + 2)
and p2(i) = j. Then there exists an element X of Fin 2Set Seg(n + 2) such
that X = {{N,i} : {N,i} € 2Set Seg(n + 2)} and (the multiplication of
K)-3%"  Part-sgn(ps, K) = power g (—1g, i + j).

(10) Let given 4, j. Suppose i € Seg(n + 1) and j € Seg(n + 1) and n > 2.
Then there exists a function P; from 2Set Segn into 2Set Seg(n + 1) such
that

(i) rgPy = 2SetSeg(n+ 1)\ {{N,i}: {N,i} € 2Set Seg(n + 1)},

(ii) Py is one-to-one, and

(iii)  for all k, m such that k¥ < m and {k,m} € 2Set Segn holds if m < ¢
and k < i, then Pi({k,m}) = {k,m} and if m > ¢ and k£ < i, then
Piy({k,m}) = {k,m + 1} and if m > i and k > i, then Py({k,m}) =
{k+1,m+1}.

(11) If n < 2, then for every element p of the permutations of n-element set
holds p is even and p = idseq(n).

(12) Let X, Y, D be non empty sets, f be a function from X into FinY, g be
a function from FinY into D, and F' be a binary operation on D. Suppose
that

(i) for all elements A, B of FinY such that A misses B holds F(g(A),
4(B)) = (AU B),

(ii) F is commutative and associative and has a unity, and

(i) g(0) = 1r
Let I be an element of Fin X. Suppose that for all z, y such that x € I
and y € I and f(z) meets f(y) holds x =y. Then F-) ,g-f = F- Zfolg
and F-3_or g = g(U(f°I)) and J(f°1) is an element of FinY.
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2. AUXILIARY NOTIONS

Let ¢, j, n be natural numbers, let us consider K, and let M be a matrix
over K of dimension n. Let us assume that ¢ € Segn and j € Segn. The functor
Delete(M, i, j) yielding a matrix over K of dimension n—'1 is defined as follows:

(Def. 1) Delete(M,i,j) = the deleting of i-row and j-column in M.
The following propositions are true:
(13) Let given 4, j. Suppose i € Segn and j € Segn. Let given k, m such
that k € Seg(n —' 1) and m € Seg(n —' 1). Then
) if k <iand m < j, then (Delete(M,1,5))km = Mim,
) if k <iand m > j, then (Delete(M,1,5))km = Mk m+1,
(ili) if £ > 7 and m < j, then (Delete(M,4,j))km = Mg+1,m, and
(iv) if k> i and m > j, then (Delete(M,%,7))km = Mg+1,m+1-
(14) For all 4, j such that i € Segn and j € Segn holds (Delete(M,i,5))T =
Delete(MT, j,1).
(15) For every finite sequence f of elements of K and for all 4, j such that
i € Segn and j € Segn holds Delete(M, 1, j) = Delete(RLine(M, 1, f),1, 7).
Let us consider ¢, n, m, D, let M be a matrix over D of dimension n X m, and

let p3 be a finite sequence of elements of D. The functor ReplaceCol(M, ¢, p3)
yielding a matrix over D of dimension n X m is defined by:

(Def. 2)(i)  lenReplaceCol(M, ¢, p3) = len M and width ReplaceCol(M, ¢, p3) =
width M and for all 4, j such that (i, j) € the indices of M holds
if j # ¢, then (ReplaceCol(M,c,p3));; = M;; and if j = ¢, then
(ReplaceCol(M, ¢, p3))i.c = p3(i) if lenpz = len M,

(i)  ReplaceCol(M, ¢, p3) = M, otherwise.

Let us consider ¢, n, m, D, let M be a matrix over D of dimension n X m,
and let p3 be a finite sequence of elements of D. We introduce RCol(M, ¢, p3)
as a synonym of ReplaceCol(M, ¢, p3).

(i
(ii

We now state four propositions:

(16) For every i such that ¢ € Seg width A; holds if i = ¢ and len pg = len Ay,
then (RCol(Aq,¢,p3))0,; = ps and if i # ¢, then (RCol(Ay,¢,p3))0,; =
(A1)gy-

(17) If ¢ ¢ Segwidth Ay, then RCol(Ay, ¢, p3) = A;.

(18) RCol(Ay, ¢, (A1)o.e) = Ar.

(19) Let A be a matrix over D of dimension n x m and A’ be a matrix over

D of dimension m x n. If A’ = AT and if m = 0, then n = 0, then
ReplaceCol(4, ¢, p3) = (ReplaceLine(4’, ¢, p3))*.
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3. PERMUTATIONS

Let us consider i, n and let py be an element of the permutations of (n + 1)-
element set. Let us assume that i € Seg(n+1). The functor Rem(py, ) yielding
an element of the permutations of n-element set is defined by the condition
(Def. 3).

(Def. 3) Let given k such that k € Segn. Then

(i) if k < i, then if py(k) < pa(i), then (Rem(ps,i))(k) = pa(k) and if

pa(k) > pa(i), then (Rem(ps, 1))(E) = pa(k) — 1, and

(il) if k >4, then if py(k + 1) < p4(i), then (Rem(p4, i))(k) = pa(k+1) and

if pg(k+ 1) > py(i), then (Rem(pyg,?))(k) = psa(k +1) — 1.

One can prove the following three propositions:

(20) Let given ¢, j. Suppose ¢ € Seg(n + 1) and j € Seg(n + 1). Let P be a
set. Suppose P = {p;1 : p1(i) = j}. Then there exists a function P; from
P into the permutations of n-element set such that P; is bijective and for
every ¢q; such that ¢;(7) = j holds Pi(¢q1) = Rem(q1,1).

(21) For all 4, j such that i € Seg(n + 1) and p1(i) = j holds (—1)%*P1)q =
power i (—1g, i 4 j) - (—1)serBem(r) g

(22) Let given i, j. Suppose i € Seg(n+ 1) and py(i) = j. Let M be a matrix
over K of dimension n + 1 and D; be a matrix over K of dimension n.
Suppose Dy = Delete(M, i, ). Then (the product on paths of M)(p;1) =
power i (—1g, i+ j) - M; j - (the product on paths of D;)(Rem(p1,1)).

4. MINORS AND COFACTORS

Let 7, j, n be natural numbers, let us consider K, and let M be a matrix
over K of dimension n. The functor Minor(M, 1, j) yielding an element of K is
defined by:

(Def. 4) Minor(M, i, j) = Det Delete(M, 1, j).

Let 7, j, n be natural numbers, let us consider K, and let M be a matrix
over K of dimension n. The functor Cofactor(M, i, j) yielding an element of K
is defined as follows:

(Def. 5) Cofactor(M,i,j) = power - (—1k, i + j) - Minor(M, i, 7).

The following propositions are true:

(23) Let given 4, j. Suppose i € Segn and j € Segn. Let P be an element of
Fin (the permutations of n-element set). Suppose P = {p: p(i) = j}. Let
M be a matrix over K of dimension n. Then (the addition of K)- " (the
product on paths of M) = M; ; - Cofactor(M, 1, j).

(24) For all i, j such that i € Segn and j € Segn holds Minor(M,i,j) =
Minor(M7T, j,7).
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Let us consider n, K and let M be a matrix over K of dimension n. The
matrix of cofactor M yielding a matrix over K of dimension n is defined by the
condition (Def. 6).

(Def. 6) Let 4, j be natural numbers. Suppose (i, j) € the indices of the matrix
of cofactor M. Then (the matrix of cofactor M); ; = Cofactor(M, 1, j).

5. LAPLACE EXPANSION

Let us consider n, i, K and let M be a matrix over K of dimension n.
The functor LaplaceExpL(M, ) yields a finite sequence of elements of K and is
defined as follows:

(Def. 7) lenLaplaceExpL(M,i) = n and for every j such that j €
dom LaplaceExpL(M, i) holds
(LaplaceExpL(M,))(j) = M, ; - Cofactor(M, 1, j).
Let us consider n, let j be a natural number, let us consider K, and let M
be a matrix over K of dimension n. The functor LaplaceExpC(M, j) yields a
finite sequence of elements of K and is defined by:
(Def. 8) lenLaplaceExpC(M,j5) = n and for every ¢ such that i
dom LaplaceExpC(M, j) holds (LaplaceExpC(M,j5))(i) = M;;
Cofactor(M, i, 7).

One can prove the following propositions:

€

(25) For every natural number ¢ and for every matrix M over K of dimension
n such that ¢ € Segn holds Det M = > LaplaceExpL(M, ).

(26) For every i such that ¢ € Segn holds LaplaceExpC(M,i) =
LaplaceExpL(M™T, ).

(27) For every natural number j and for every matrix M over K of dimension
n such that j € Segn holds Det M = ) LaplaceExpC(M, j).

(28) For all p, i such that len f = n and 7 € Segn holds Line(the matrix of
cofactor M, i) e f = LaplaceExpL(RLine(M, i, f),1).

(29) If i € Segn, then Line(M,j) - ((the matrix of cofactor M)T)g; =
Det RLine(M, i, Line(M, 7)).

(30) 1If Det M # Ok, then M - (Det M~! - (the matrix of cofactor M)T) =

1 0\""

0 1 K
(31) For all f, i such that len f = n and ¢ € Segn holds (the matrix of
cofactor M), e f = LaplaceExpL(RLine(M T, i, f),1).
(32) Ifi € Segn and j € Segn, then Line((the matrix of cofactor M)™,4) -
Mp; = Det RLine(M ™, i, Line(M ™, j)).
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(33) If Det M # O, then Det M~! - (the matrix of cofactor M)T . M =
1 O nxn

0 1)

(34) M is invertible iff Det M # Og.

(35) If Det M # Ok, then M~ = Det M~ - (the matrix of cofactor M)T.

(36) Let M be a matrix over K of dimension n. Suppose M is invertible.
Let given 4, j. If (i, j) € the indices of M, then M~;; = Det M.
power g (—1g, i+ j) - Minor(M, j, ).

(37) Let A be a matrix over K of dimension n. Suppose Det A # 0. Let z,
b be matrices over K. Suppose lenz =n and A-x =b. Then z = A~ - b
and for all i, j such that (i, j) € the indices of z holds z; ; = Det A~1 -
Det ReplaceCol(A, 4, b ;).

(38) Let A be a matrix over K of dimension n. Suppose Det A # 0. Let
x, b be matrices over K. Suppose widthz = n and - A = b. Then
x = b- A" and for all i, j such that (i, j) € the indices of z holds
z; j = Det A~! - Det ReplaceLine(4, j, Line(b, 1)).

6. PrRoDUCT BY A VECTOR

Let D be a non empty set and let f be a finite sequence of elements of D.
Then (f) is a matrix over D of dimension 1 x len f.

Let us consider K, let M be a matrix over K, and let f be a finite sequence
of elements of K. The functor M - f yielding a matrix over K is defined by:

(Def. 9) M- f=M-(f)T.
The functor f - M yields a matrix over K and is defined by:
(Def. 10) f-M = (f)- M.

Next we state two propositions:

(39) Let A be a matrix over K of dimension n. Suppose Det A # 0. Let x, b
be finite sequences of elements of K. Suppose lenz =n and A-x = (b)T.
Then (z)T = A~ - b and for every i such that i € Segn holds z(i) =
Det A~ - Det ReplaceCol(A, i, b).

(40) Let A be a matrix over K of dimension n. Suppose Det A # 0. Let z,
b be finite sequences of elements of K. Suppose lenz =n and z- A = (b).
Then (x) = b- A~ and for every i such that i € Segn holds z(i) =
Det A~! - Det ReplaceLine(A, i, b).
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The articles [8], [13], [17], [11], [1], [18], [5], [6], [2], [7], [15], [16], [9], [10], [20],
[4], [3], [21], [12], [14], and [19] provide the notation and terminology for this
paper.

For simplicity, we adopt the following convention: j, k, [, n, m, i are natural
numbers, K is a field, a is an element of K, M, M7 are matrices over K of
dimension n X m, and A is a matrix over K of dimension n.

Let us consider n, m, let us consider K, let M be a matrix over
K of dimension n x m, and let [, £ be natural numbers. The functor
InterchangeLine(M, [, k) yielding a matrix over K of dimension n x m is defined
by the conditions (Def. 1).

(Def. 1)(i)  lenInterchangeLine(M,l, k) = len M, and
(i)  for all 4, j such that i € domM and j € Segwidth M holds if
i = [, then (InterchangeLine(M,l,k));; = My; and if i = k, then
(InterchangeLine(M, [, k));; = M;; and if ¢ # [ and i # k, then
(InterchangeLine(M, [, k)); ; = M, ;.
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The following three propositions are true:

(1) For all matrices My, My over K of dimension n x m holds width M; =
width M.
(2) Let given M, Mj, i such that [ € dom M and k € dom M and i € dom M
and M; = InterchangeLine(M, [, k). Then
(i) if ¢ =1, then Line(Mj,i) = Line(M, k),
(ii) if ¢ = k, then Line(M,4) = Line(M, 1), and
(iii) if i # 1 and i # k, then Line(My,7) = Line(M, ).
(3) For all a, i, j, M such that i € dom M and j € Segwidth M holds
(a-Line(M,4))(j) = a- M; ;.
Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [ be a natural number, and let a be an element of K. The

functor ScalarXLine(M, [, a) yields a matrix over K of dimension n x m and is
defined by the conditions (Def. 2).

(Def. 2)(i)  lenScalarXLine(M,l,a) = len M, and
(i)  for all 4, j such that i € domM and j € Segwidth M holds if
i = [, then (ScalarXLine(M,l,a));; = a - M;; and if i # [, then
(ScalarXLine(M, 1, a)); j = M; ;.
We now state the proposition

4 ¥l € domM and ¢ € domM and a # Og and M; =
ScalarXLine(M, [, a), then if ¢ = [, then Line(M1,i) = a-Line(M, 1) and if

i # 1, then Line(M,i) = Line(M,1).
Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [, k be natural numbers, and let a be an element of K. Let
us assume that | € dom M and k € dom M. The functor RlineXScalar(M, [, k, a)

yielding a matrix over K of dimension n x m is defined by the conditions
(Def. 3).

(Def. 3)(i) lenRlineXScalar(M,l,k,a) = len M, and
(i)  for all 4, j such that ¢ € dom M and j € Segwidth M holds if i =
[, then (RlineXScalar(M,l,k,a));; = a- My ; + M;; and if i # [, then
(RlineXScalar(M, 1, k,a)); ; = M; ;.
We now state the proposition

(5) If I € domM and k € domM and ¢ € domM and M; =
RlineXScalar(M, [, k,a), then if i = [, then Line(M;,i) = a - Line(M, k) +
Line(M,1) and if ¢ # [, then Line(M,4) = Line(M,1).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, and let [, k be natural numbers. We introduce ILine(M, [, k)
as a synonym of InterchangeLine(M, [, k).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, let [ be a natural number, and let a be an element of K. We
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introduce SXLine(M, [, a) as a synonym of ScalarXLine(M, [, a).
Let us consider n, m, let us consider K, let M be a matrix over K of

dimension n X m, let [, k£ be natural numbers, and let a be an element of K.
We introduce RLineXS(M, 1, k,a) as a synonym of RlineXScalar(M, [, k,a).

We now state several propositions:

1 0\"" 1 0\""
(6) If I € dom( ) and k € dom( ), then
0 1) 0 1)
1 0 nxn
ILine( U, k) A= 1ILine(A,l k).
0 L)
1 0 nxXn
(7) For all [, a, A such that [ € dom( ) and a # Og holds
0 L)
1 0 nxn
SXLine( ,I,a) - A= SXLine(A4,l,a).
0 L) .
1 0\"" 1 0\""
(8) If I € dom( ) and k € dom( ), then
0 1) 0 1)
1 0 nxn
RLineXS( I, k,a) - A =RLineXS(A,l,k,a).
0 L)

(9) ILine(M,k, k) = M.
(10) ILine(M,l, k) = ILine(M, k,1).
(11) Ifl € dom M and k € dom M, then ILine(ILine(M, 1, k),l, k) = M.

1 0 nxn 1 0 nxn
(12) If I € dom( ) and k € dom( ), then

1 0

ILine( ,1, k) is invertible and
0 L) .
1 O nxn 1 O nxn

(ILine( ,1,k))” = ILine( k)
0 1 0 1
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1 O nxn 1 O nxn
(13) If I € dom( ) and k € dom( )
0 1) 0 1)
1 0 nxn
and k # [, then RLineXS( ,I,k,a) is invertible and
0 L)
1 0 nxn 1 0 nxn
(RLineXS( I k,a))” = RLineXS( )
0 L /) 0 1)
Ik, —a).
1 0 nxn
(14) If I € dom( ) and a # Ok, then
0 L)
1 0 nxn
SXLine( ,1,a) is invertible and
0 L)
1 0 nxn 1 0 nxn
(SXLine( ,1,a))” = SXLine( Jya™h).
0 1) 0 L/

Let us consider n, m, let us consider K, let M be a matrix over K of dimen-
sion n X m, and let [, k be natural numbers. Let us assume that [ € Seg width M
and k € Seg width M and n > 0 and m > 0. The functor InterchangeCol(M, [, k)
yields a matrix over K of dimension n x m and is defined by the conditions

(Def. 4).

(Def. 4)(1)  len InterchangeCol(M, !, k) = len M, and
(i)  for all 4, j such that ¢ € domM and j € Segwidth M holds if
j = [, then (InterchangeCol(M,l,k));; = M, and if j = Fk, then
(InterchangeCol(M, 1, k));; = M,;; and if j # [ and j # k, then
(InterchangeCol(M, 1, k)); ; = M; ;.

Let us consider n, m, let us consider K, let M be a matrix over K of di-
mension n X m, let [ be a natural number, and let a be an element of K.
Let us assume that [ € SegwidthM and n > 0 and m > 0. The functor
ScalarXCol(M, 1, a) yielding a matrix over K of dimension n x m is defined
by the conditions (Def. 5).

(Def. 5)(1)  lenScalarXCol(M,!l,a) = len M, and
(i)  for all 4, j such that i € domM and j € Segwidth M holds if
j = [, then (ScalarXCol(M,l,a));; = a - M;; and if j # [, then
(ScalarXCol(M, 1, a)); j = M; ;.
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Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [, k£ be natural numbers, and let a be an element of K.
Let us assume that [ € Segwidth M and k& € Seg width M and n > 0 and m > 0.
The functor ReolXScalar(M, [, k, a) yielding a matrix over K of dimension n X
m is defined by the conditions (Def. 6).

(Def. 6)(i) len RcolXScalar(M,l, k,a) = len M, and

(ii)  for all 4, j such that i € dom M and j € Segwidth M holds if j =
[, then (RcolXScalar(M,l,k,a));; = a- My + M;; and if j # [, then
(ReolXScalar(M, 1, k,a));; = M; ;.

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, and let [, k be natural numbers. We introduce ICol(M, [, k)
as a synonym of InterchangeCol(M, 1, k).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n x m, let [ be a natural number, and let a be an element of K. We
introduce SXCol(M,1,a) as a synonym of ScalarXCol(M,l,a).

Let us consider n, m, let us consider K, let M be a matrix over K of
dimension n X m, let [, k£ be natural numbers, and let a be an element of K.
We introduce RColXS(M, 1, k,a) as a synonym of RcolXScalar(M, 1, k, a).

We now state several propositions:
(15) If I € Segwidth M and k € SegwidthM and n > 0 and m > 0 and
My = M", then (ILine(M,1,k))T = ICol(M,1, k).
(16) If I € SegwidthM and a # O and n > 0 and m > 0 and M; = MT,
then (SXLine(My,1,a))T = SXCol(M, 1, a).

(17) If I € SegwidthM and k € SegwidthM and n > 0 and m > 0 and
My = M7, then (RLineXS(Mji,1, k,a))T = RColXS(M,1,k,a).

1 0 nxn 1 0 nxn
(18) If I € dom( ) and k € dom( ) and
0 L) 0 L)
1 O nxn
n > 0, then A - ICol( I, k) =1Col(A,l, k).
0 1)
1 0 nxn
(19) If I € dom( ) and a # Ox and n > 0, then A -
0 L) .
1 0 nxn
SXCol( ,I,a) = SXCol(A,l,a).
0 1
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1 0 nxn 1 0 nxn
(20) If I € dom( ) and k € dom( ) and
0 L) 0 L)
1 O nxn
n > 0, then A - RColXS( I k,a) = RColXS(A, L, k,a).
0 1)
1 0 nxn 1 0 nxn
(21) If I € dom( ) and k € dom( ) and
0 L) 0 L)
1 0 nxn 1 0 nxn
n > 0, then (ICol( 1, k)~ =1ICol( )
0 L) 0 L)
LK)
1 0 nxn 1 0 nxn
(22) If | € dom( ) and k£ € dom( )
0 L)k 0 L/
1 O nxn
and k # [ and n > 0, then (RColXS( U kya)T =
0 1/
1 0 nxn
RColXS( Ak, —a).
0 L)
1 0 nxn
(23) If | € dom( ) and @ # Og and m > 0, then
0 1)
1 0 nxn 1 0 nxn
(SXCol( ,1,a))” = SXCol( Ja™h).
0 L) 0 L)
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Summary. The goal of this article is to formalize the Sylow theorems
closely following the book [4]. Accordingly, the article introduces the group op-
erating on a set, the stabilizer, the orbits, the p-groups and the Sylow subgroups.

MML identifier: GROUP_10, version: 7.8.05 4.87.985

The papers [20], [26], [18], [9], [21], [14], [11], [27], [6], [28], [7], [3], [5], [10],
(1], [23], [24], [22], [16], [13], [19], [17], [2], [25], [15], [8], and [12] provide the
notation and terminology for this paper.

1. GROUP OPERATING ON A SET

Let S be a non empty 1-sorted structure, let E be a set, let A be an action
of the carrier of S on E, and let s be an element of S. We introduce A ™ s as a
synonym of A(s).

Let S be a non empty 1-sorted structure, let E be a set, let A be an action
of the carrier of S on FE, and let s be an element of S. Then A ™ s is a function
from E into F.

Let S be a unital non empty groupoid, let F be a set, and let A be an action
of the carrier of S on F. We say that A is left-operation if and only if:

(Def. 1) A~ (1g) = idg and for all elements s1, sp of S holds A ™ (s1 - s2) =
(A - 81) . (A - 82).

Let S be a unital non empty groupoid and let E be a set. Note that there
exists an action of the carrier of S on E which is left-operation.

Let S be a unital non empty groupoid and let F be a set. A left operation
of S on F is a left-operation action of the carrier of S on E.

@ 2007 University of Bialystok
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The scheme FExLeftOperation deals with a set A, a group-like non empty
groupoid B, and a unary functor F yielding a function from A into A, and
states that:

There exists a left operation T of B on A such that for every
element s of B holds T'(s) = F(s)
provided the parameters meet the following requirements:

e F(1p) =1idy, and

e For all elements s1, s of B holds F(s1 - s2) = F(s1) - F(s2).

Next we state the proposition

(1) Let E be a non empty set, S be a group-like non empty groupoid, s be
an element of S, and L be a left operation of S on E. Then L ™ s is
one-to-one.

Let S be a non empty groupoid and let s be an element of S. We introduce
~s as a synonym of s*.

Let S be a group-like associative non empty groupoid. The functor I'g
yielding a left operation of S on the carrier of S is defined as follows:

(Def. 2) For every element s of S holds I's(s) = ~s.

Let E be a set and let n be a set. The functor [E]" yielding a family of
subsets of F is defined by:

(Def. 3) [E]™ = {X; X ranges over subsets of E: X = n}.
Let E be a finite set and let n be a set. One can verify that [E]™ is finite.
The following two propositions are true:
(2) For every natural number n and for every non empty set E such that
7 < E holds [E]™ is non empty.
(3) For every non empty finite set E and for every element & of N and for all
sets w1, z9 such that x1 # 2 holds card Choose(E, k, x1, x2) = card([E]).

Let E be a non empty set, let n be a natural number, let S be a group-like
non empty groupoid, let s be an element of S, and let L; be a left operation of
S on E. Let us assume that 7 < E. The functor V< 1, yields a function from
[E]™ into [E]™ and is defined by:

(Def. 4)  For every element X of [E]" holds v, (X) = (L1 7 s)°X.

Let E be a non empty set, let n be a natural number, let S be a group-like
non empty groupoid, and let L; be a left operation of S on E. Let us assume
that 77 < E. The functor I'} yields a left operation of S on [E]" and is defined
by:

(Def. 5) For every element s of S holds I'} (s) =+,

Let S be a non empty groupoid, let s be an element of S, and let Z be a
non empty set. The functor v, 7 yielding a function from [ the carrier of S, Z ]
into [ the carrier of S, Z ] is defined by the condition (Def. 6).
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(Def. 6) Let z; be an element of [the carrier of S, ZJ. Then there exists an
element zo of [the carrier of S, Z ] and there exist elements s;, so of S
and there exists an element z of Z such that 2o =5 z(21) and sy = 5- 51
and z; = (s1, z) and 29 = (s2, 2).
Let S be a group-like associative non empty groupoid and let Z be a non

empty set. The functor I'g 7 yields a left operation of S on [ the carrier of S,
7 | and is defined by:

(Def. 7)  For every element s of S holds I's z(s) = s 2.

Let G be a group, let H, P be subgroups of G, and let h be an element of
H. The functor 4, p yields a function from the left cosets of P into the left
cosets of P and is defined by the condition (Def. 8).

(Def. 8) Let P; be an element of the left cosets of P. Then there exists an element
P, of the left cosets of P and there exist subsets A;, Ao of G and there
exists an element g of G such that P, = v, p(P1) and Ay = g - Ay and
A1:P1 andAQ:PQ andg:h.

Let G be a group and let H, P be subgroups of GG. The functor I' 7 p yields
a left operation of H on the left cosets of P and is defined as follows:

(Def. 9) For every element h of H holds I'g p(h) = 3, p.

2. STABILIZER AND ORBITS

Let G be a group, let E be a non empty set, let T be a left operation of G
on F, and let A be a subset of E. The functor T4 yields a strict subgroup of G
and is defined as follows:
(Def. 10) The carrier of T4 = {g; g ranges over elements of G: (T ~ g)°A = A}.

Let G be a group, let E be a non empty set, let T be a left operation of G
on F, and let z be an element of E. The functor T, yielding a strict subgroup
of G is defined by:

Let S be a unital non empty groupoid, let E be a set, let T" be a left operation
of S on F, and let x be an element of E. We say that z is fixed under 7" if and
only if:

(Def. 12) For every element s of S holds z = (T ™ s)(z).

Let S be a unital non empty groupoid, let E be a set, and let T be a left
operation of S on E. The functor T yields a subset of E and is defined by:
{z; z ranges over elements of F: x is fixed under T'},
(Def. 13) Tj = if £ is non empty,
(g, otherwise.

161
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Let S be a unital non empty groupoid, let F be a set, let T be a left operation
of S on F, and let x, y be elements of £. We say that x and y are conjugated
under T if and only if:

(Def. 14) There exists an element s of S such that y = (T~ s)(x).
We now state three propositions:

(4) Let S be a unital non empty groupoid, E be a non empty set, x be an
element of E, and T be a left operation of S on . Then z and = are
conjugated under T'.

(5) Let G be a group, E be a non empty set, z, y be elements of E, and T'
be a left operation of G on E. Suppose z and y are conjugated under 7.
Then y and x are conjugated under 7.

(6) Let S be a unital non empty groupoid, E be a non empty set, z, y, z be
elements of F/, and T be a left operation of S on E. Suppose x and y are
conjugated under T" and y and z are conjugated under 7. Then x and z
are conjugated under 7.

Let S be a unital non empty groupoid, let ¥ be a non empty set, let T be a
left operation of S on F, and let x be an element of E. The functor T'(x) yields
a subset of E and is defined as follows:

(Def. 15) T'(z) = {y;y ranges over elements of E: = and y are conjugated under
T}.

One can prove the following four propositions:

(7) Let S be a unital non empty groupoid, E be a non empty set, x be an
element of E, and T be a left operation of S on E. Then T'(z) is non
empty.

(8) Let G be a group, E be a non empty set, z, y be elements of E, and T
be a left operation of G on E. Then T'(z) misses T'(y) or T'(x) = T'(y).

(9) Let S be a unital non empty groupoid, E be a non empty finite set, = be
an element of £/, and T be a left operation of S on E. If x is fixed under
T, then T'(z) = {z}.

(10) Let G be a group, E be a non empty set, a be an element of F, and T'
be a left operation of G on E. Then T(a) = |e : T,|.

Let G be a group, let E be a non empty set, and let T" be a left operation
of G on E. The orbits of T yields a partition of £ and is defined by:

(Def. 16) The orbits of T'= {X; X ranges over subsets of E: \/

T(x)}.

X:

x:element of F

3. p-GROUPS

Let p be a prime natural number and let G be a group. We say that G is a
p-group if and only if:
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(Def. 17) There exists a natural number r such that ord(G) = p”.

Let p be a prime natural number, let G be a group, and let P be a subgroup
of G. We say that P is a p-group if and only if:

(Def. 18) There exists a finite group H such that P = H and H is a p-group.
One can prove the following proposition
(11) Let E be a non empty finite set, G be a finite group, p be a prime

natural number, and T be a left operation of G on E. If GG is a p-group,
then card Ty mod p = card E mod p.

4. THE SYLOW THEOREMS

Let p be a prime natural number, let G be a group, and let P be a subgroup
of G. We say that P is a Sylow p-subgroup if and only if:
(Def. 19) P is a p-group and pt |e : P|y.
We now state three propositions:
(12) For every finite group G and for every prime natural number p holds
there exists a subgroup of G which is a Sylow p-subgroup.
(13) Let G be a finite group and p be a prime natural number. If p | ord(G),
then there exists an element g of G such that ord(g) = p.
(14) Let G be a finite group and p be a prime natural number. Then
(i)  for every subgroup H of G such that H is a p-group there exists a
subgroup P of G such that P is a Sylow p-subgroup and H is a subgroup
of P, and
(ii)  for all subgroups P;, Py of G such that P is a Sylow p-subgroup and
P; is a Sylow p-subgroup holds P; and P» are conjugated.
Let G be a group and let p be a prime natural number. The functor Sylp(G)
yielding a subset of SubGr G is defined as follows:

(Def. 20) Syl,(G) = {H; H ranges over elements of SubGrG :

VP strict subgroup of ¢ (P =H A P is a Sylow p-subgroup)}.

Let G be a finite group and let p be a prime natural number. Note that
Syl,(G) is non empty and finite.

Let G be a finite group, let p be a prime natural number, let H be a subgroup
of G, and let h be an element of H. The functor vy, yielding a function from
Syl,(G) into Syl,(G) is defined by the condition (Def. 21).

(Def. 21) Let P; be an element of Syl (G). Then there exists an element P of
Syl,(G) and there exist strict subgroups Hy, Hz of G and there exists an
element g of G such that Py = 7y, ,(P1) and P, = H; and P, = Hy and
h™! =g and Hy = H,9.
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Let G be a finite group, let p be a prime natural number, and let H be a
subgroup of G. The functor Iy, yields a left operation of H on Syl,(G) and is
defined as follows:

(Def. 22) For every element h of H holds 'y (k) = pp.
The following proposition is true

(15) For every finite group G and for every prime natural number p holds
card(Syl,(G)) mod p = 1 and card(Syl,(G)) | ord(G).

5. APPENDIX

The following propositions are true:
(16) For all non empty sets X, Y holds
{[ X, {y}]:y ranges over elements of Y} =Y.

(17) For all natural numbers n, m, r and for every prime natural number p
such that n = p” - m and p{ m holds (1?*) mod p # 0.

(18) For every natural number n such that n > 0 holds ord(Z;") = n.

(19) For every group G and for every non empty subset A of G and for every
element g of G holds A = A - g.
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