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Let x, S besetsand let a be an elemen of S. The functor k:id(x; S;a) yields
an elemern of S and is de ned by:

el X x2S
(Def. 1) k:id(x; S;a) = a: otherwise.
Let x be a set. The functor k:nat x yields an elemert of N and is de ned by:
] _ X ifxX2N;
(Def. 2) kinatx = 0: otherwise.

Let f bea function and let x, a be sets. The functor UnivF (x; f ; a) yielding
a setis de ned by:

f(x); if x 2 domf;
a; otherwise.

Let a bea set. The functor Castbooleana yields a booleansetand is de ned
by:

(Def. 4) Castbooleana =

(Def. 3) UnivF(x;f;a) =

a; if ais a booleanset
false; otherwise.

Let X, a be sets. The functor CastBool(a; X ) yielding a subsetof X is
de ned asfollows:

oy @ ifa  X;
(Def. 5) CastBool(a;X) = . otherwise.
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For simplicity, we adopt the following rules: n denotesan elemen of N, a
denotesa set, D denotesa non empty set, and p, g denote nite sequencesf
elemerns of N.

Let x be a variable. Then hxi is a nite sequenceof elemerts of N.

Let us considern. The functor atom: n yields a nite sequenceof elemerts
of N and is de ned by:

(Def. 6) atom:n = 6+ ni:

Let us considerp. The functor : p yielding a nite sequenceof elemers of
N is de ned by:

(Def. 7) :p=Hii 2 p:
Let us considerg. The functor p” g yielding a nite sequenceof elemerts of N
is de ned by:

(Def. 8) p~rg=hli 2 p2 g
Let us considerp. The functor EX p yielding a nite sequenceof elemerts
of N is de ned asfollows:

(Def. 9) EXp=Hh2i 2 p:
The functor EG p yielding a nite sequenceof elemeris of N is de ned by:
(Def. 10) EGp=Hh3i @ p:

Let us considerg. The functor pEU q yields a nite sequenceof elemerns of N
and is de ned asfollows:

(Def. 11) pEUq= hi 2 p? q:
The non empty set CTL-WFF is de ned by the conditions (Def. 12).

(Def. 12) For ewery a such that a 2 CTL-WFF holds a is a nite sequenceof
elemerns of N and for every n holds atom:n 2 CTL-WFF and for ewvery
p suc that p 2 CTL-WFF holds: p 2 CTL-WFF and for all p, g such
that p2 CTL-WFF and g2 CTL-WFF holdsp” g2 CTL-WFF and for
every p such that p2 CTL-WFF holds EX p 2 CTL-WFF and for every
p suc that p2 CTL-WFF holdsEGp 2 CTL-WFF and for all p, g such
that p2 CTL-WFF andg?2 CTL-WFF holdspEU q2 CTL-WFF and for
every D sud that for every a such that a2 D holdsa is a nite sequence
of elemens of N and for every n holds atom:n 2 D and for every p such
that p2 D holds: p2 D andfor all p, gsuch that p2 D and g2 D holds
p~ g2 D and for every p such that p2 D holds EX p2 D and for every
p suc that p2 D holds EGp 2 D and for all p, g suc that p2 D and
g2 D holdspEUQg2 D holds CTL-WFF  D:

Let |1 bea nite sequenceof elements of N. We sagy that |1 is CTL-form ula-
like if and only if:

(Def. 13) I, is an elemen of CTL-WFF .
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Let us mention that there existsa nite sequenceof elemerts of N which is
CTL-form ula-like.

A CTL-formula is a CTL-form ula-like nite sequenceof elemerts of N.

One can prove the following proposition

(1) aisaCTL-formulai a2 CTL-WFF :

In the sequelF, G, H, H1, H, denote CTL-form ulae.
Let us considern. One can verify that atom: n is CTL-form ula-like.
Let us considerH. One can verify the following obsenations:
: H is CTL-form ula-like,
EX H is CTL-formula-like, and
EGH is CTL-form ula-like.
Let us considerG. One can verify that H * G is CTL-formula-likeand H EU G
is CTL-formula-like.
Let us considerH. We sa that H is atomic if and only if:
(Def. 14) There exists n such that H = atom: n:
We say that H is negative if and only if:
(Def. 15) There existsH; such that H = : Hj:
We say that H is conjunctive if and only if:
(Def. 16) There exist F, G such that H = F ~ G:
We say that H is exist-next-formula if and only if:
(Def. 17) There existsH1 such that H = EX H:
We say that H is exist-global-formula if and only if:
(Def. 18) There existsH1 such that H = EGH:
We say that H is exist-until-form ula if and only if:
(Def. 19) There exist F, G such that H = F EU G:
Let us considerF, G. The functor F _ G yielding a CTL-form ula is de ned
by:
(Def.20) F_G=:(CF"™:QG):
One can prove the following proposition

(2) H is atomic, or negative, or conjunctive, or exist-next-formula, or exist-
global-formula, or exist-until-form ula.

Let us considerH . Let us assumethat H is negative, or exist-next-formula,
or exist-global-formula. The functor Arg(H) yielding a CTL-formula is de ned
as follows:

(Def. 21)i) : Arg(H) = H if H is negative,
(i) EXArg(H) = H if H is exist-next-formula,
(i) EGArg(H) = H; otherwise.
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Let us consider H. Let us assumethat H is conjunctive or exist-until-
formula. The functor LeftArg (H) yieldsa CTL-form ula and is de ned asfollows:

(Def. 22)i)  There existsH1 such that LeftArg(H)” Hy = H if H is conjunctive,
(i)  there exists H; such that LeftArg (H) EUH,; = H; otherwise.

The functor RightArg (H) yielding a CTL-formula is de ned by:

(Def. 23)Yi)  There existsH; such that H1 " RightArg (H) = H if H is conjunctive,
(i)  there exists H; such that H1 EU RightArg (H) = H; otherwise.

Let x be a set. The functor CastCTLformulax yields a CTL-formula and is
de ned by:

x; if x 2 CTL-WFF ;
atom: O; otherwise.

Let P, be a set. We considerKripk e structures over P; as systems

hworlds, starts, possibilities, a label i,
where the worlds constitute a set, the starts constitute a subsetof the worlds,
the possibilities constitute a total relation betweenthe worlds and the worlds,
and the label is a function from the worlds into 2P:.

We introduce CTL model structures which are systems

hassignations basicassignations,a conjunction, a negation, a next-operation,
a global-operation, an until-op eration i,
where the assignationsconstitute a non empty set, the basic assignationscon-
stitute a non empty subsetof the assignations,the conjunction is a binary oper-
ation on the assignations,the negationis a unary operation on the assignations,
the next-operation is a unary operation on the assignations,the global-operation
is a unary operation on the assignations,and the until-op eration is a binary op-
eration on the assignations.

Let V bea CTL model structure. An assignationof V is an elemern of the
assignationsof V.

The subsetthe atomic WFF of CTL-WFF is de ned by:

(Def. 25) The atomic WFF = fx;x rangesover CTL-form ulae: x is atomicg:

Let V bea CTL model structure, let K ; be a function from the atomic WFF
into the basic assignationsof V, and let f be a function from CTL-WFF into
the assignationsof V. We sa that f is an evaluation for K 1 if and only if the
condition (Def. 26) is satis ed.

(Def. 26) Let H bea CTL-formula. Then
(i) if H is atomic, then f (H) = K1(H);
(i) if H is negative, then f (H) = (the negation of V)(f (Arg (H)));
(i) if H isconjunctive,thenf (H) = (the conjunction of V)(f (LeftArg (H));
f (RightArg (H)));
(iv) if H is exist-next-formula, then f(H) = (the next-operation of
V)(f (Arg(H)));

(Def. 24) CastCTLformulax =
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(v) if H is exist-global-formula, then f (H) = (the global-operation of
V)(f (Arg(H))); and

(vi) if H is exist-until-formula, then f(H) = (the until-op eration of
V)(f (LeftArg (H)); f (RightArg (H))):

Let V be a CTL model structure, let K; be a function from the atomic
WFF into the basic assignationsof V, let f be a function from CTL-WFF
into the assignationsof V, and let n be an element of N. We say that f is a
n-pre-ewaluation for K 1 if and only if the condition (Def. 27) is satis ed.

(Def. 27) Let H bea CTL-formula suc that lenH n: Then

(Def. 28)

(i) if H is atomic, then f (H) = K1(H);

(i) if H is negative, then f (H) = (the negation of V)(f (Arg(H)));

(i) if H is conjunctive,thenf (H) = (the conjunction of V)(f (LeftArg (H));
f (RightArg (H)));

(iv) if H is exist-next-formula, then f(H) = (the next-operation of
V)(f (Arg(H)));

(v) if H is exist-global-formula, then f (H) = (the global-operation of
V)(f (Arg(H))); and

(vi) if H is exist-until-formula, then f(H) = (the until-operation of
V)(f (LeftArg (H)); f (RightArg (H))):

Let V bea CTL model structure, let K ; be a function from the atomic WFF
into the basic assignationsof V, let f, h be functions from CTL- WFF into the
assignationsof V, let n be an elemen of N, and let H be a CTL-formula. The
functor GraftEval(V;K 1;f;h;n; H) yields a set and is de ned as follows:
GraftEval(V;K1;f;h;n;H) =

f(H); if lenH > n+ 1,

Ki(H); if lenH = n+ 1andH is atomic;

(the negation of V)(h(Arg(H))); if lenH = n+ 1and H is negative;
(the conjunction of V)(h(LeftArg (H)); h(RightArg (H)));

if lenH = n+ 1andH is conjunctive;

(the next-operation of V)(h(Arg(H))); if lenH = n+ 1andH is
exist-next-formula;

(the global-operation of V)(h(Arg(H))); if lenH = n+ 1andH is
exist-global-formula;

(the until-op eration of V)(h(LeftArg (H)); h(RightArg (H)));
if lenH = n+ 1andH is exist-until-form ula;

h(H); if lenH < n+ 1;

;; otherwise.

We follow the rules: V is a CTL model structure, K 1 is a function from the
atomic WFF into the basic assignationsof V, and f , f 1, f, are functions from
CTL-WFF into the assignationsof V.

Let V be a CTL model structure, let K, be a function from the atomic

8
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WFF into the basic assignationsof V, and let n be an elemen of N. The
functor EvalSet(V; K 1;n) yields a non empty setand is de ned by:
(Def. 29) EvalSet(V;K1;n) = fh;h rangesover functions from CTL-WFF into the
assignationsof V: h is a n-pre-ewaluation for K 10:
Let V bea CTL model structure, let vo be an elemen of the assignationsof
V, and let x be a set. The functor CastEval(V;x; vg) yielding a function from
CTL-WFF into the assignationsof V is de ned bhy:
x; if x 2 (the assignationsof V)Tt "WFF .
CTL-WFF 7! vg; otherwise.
Let V be a CTL model structure and let K ; be a function from the atomic
WFF into the basic assignationsof V. The functor EvalFamily (V;K 1) yielding
a non empty setis de ned by the condition (Def. 31).

(Def. 31) Let p beaset. Then p 2 EvalFamily(V;K 1) if and only if the following

conditions are satis ed:
(i) p2 o(the assignations of V)CTL ~WFF - and

(Def. 30) CastEval(V;Xx; vg) =

(i)  there exists an elemert n of N such that p= EvalSef(V;K 1;n):
We now state two propositions:
(3) There existsf which is an evaluation for K 1.
(4) If f1isanewaluation for K1 andf; is an evaluation for K 1, then f1 = f5:

Let V be a CTL model structure, let K; be a function from the atomic
WFF into the basic assignationsof V, and let H be a CTL-formula. The
functor Evaluate(H ;K 1) yields an assignationof V and is de ned by:

(Def. 32) There exists a function f from CTL-WFF into the assignationsof V
sudh that f is an evaluation for K1 and Evaluate(H; K1) = f (H):

Let V be a CTL model structure and let f be an assignationof V. The
functor : f yields an assignationof V and is de ned as follows:

(Def. 33) : f = (the negation of V)(f):
Let V be a CTL model structure and let f, g be assignationsof V. The
functor f ~ g yielding an assignationof V is de ned by:
(Def. 34) f ~ g= (the conjunction of V)(f; g):
Let V be a CTL model structure and let f be an assignationof V. The
functor EX f yields an assignationof V and is de ned by:
(Def. 35) EXf = (the next-operation of V)(f):
The functor EGf yielding an assignationof V is de ned as follows:
(Def. 36) EGf = (the global-operation of V)(f):

Let V be a CTL model structure and let f, g be assignationsof V. The
functor f EU g yields an assignationof V and is de ned as follows:

(Def. 37) f EUg= (the until-op eration of V)(f ; g):
The functor f _ g yielding an assignationof V is de ned as follows:
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(Def.38) f_g=:(Gf":Q):
Next we state seeral propositions:
(5) Evaluate(: H;K1) = : Evaluate(H;K1):
(6) Evaluate(H1”" Hj; K1) = Evaluate(H1; K1)~ Evaluate(H,; K 1):
(7) Evaluate(EX H;K 1) = EX Evaluate(H;K1):
(8) Evaluate(EG H;K ) = EG Evaluate(H ;K 1):
(9) Evaluate(H1EUH,; K1) = Evaluate(H1; K 1) EU Evaluate(H»; K 1):
(10) Evaluate(H; H»; K1) = Evaluate(H1; K1) _ Evaluate(H,; K 1):
Let f be a function and let n be an elemen of N. We introducef" asa
synonym of f .
Let S be a set, let f be a function from S into S, and let n be an elemen
of N. Then f " is a function from S into S.
We usethe following corvertion: S is a non empty set, R is a total relation
betweenS and S, and s, sg, s1 are elemerts of S.
The scheme ExistPath deals with a non empty set A; a total relation B
betweenA and A; an elemer Cof A; and a unary functor F yielding a set, and
states that:
There exists a function f from N into A suc that f(0) = C
and for ewvery elemert n of N holds hf (n); f(n + 1)i 2 B and
f(n+ 1)2 F(f (n))

provided the following requiremert is met:
For every elemen s of A holdsB fsg\ F (s) isanonempty subset
of A:

Let S beanonempty setand let R be a total relation betweenS and S. A
function from N into S is saidto be an in nit y path of R if:

(Def. 39) For ewvery elemert n of N holds hit (n); it(n+ 1)i 2 R:

Let S be a non empty set. The functor ModelSPS yields a non empty set
and is de ned by:

(Def. 40) ModelSPS = Boolean® :

Let S be a non empty set. Obsere that ModelSPS is non empty.

Let S beanon empty setand let f be a set. The functor Fid(f;S) yielding
a function from S into Boolean is de ned by:

f; if f 2 ModelSPS;
S 7! false; otherwise.

Now we present seweral schemes. The stcheme FunclEX deals with a non
empty setA; afunction B from A into Boolean, and a binary functor F yielding
a boolean set, and states that:

There exists a set g such that g 2 ModelSPA and for every sets
such that s2 A holdsF (s;B) = true i (Fid(g; A))(s) = true
for all valuesof the parameters.

(Def. 41) Fid(f:S) =

177
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The scheme FunclUnigue dealswith a non empty set A; a function B from
A into Boolean, and a binary functor F yielding a booleanset, and states that:
Let g1, 0> be sets. Supposethat
(O 01 2 ModelSPA;
(i)  for ewvery set s such that s 2 A holds F(s;B) = true i
(Fid (g1; A))(s) = true;
(i) g2 2 ModelSPA; and
(iv)  for every sets such that s 2 A holds F(s;B) = true i
(Fid (g2; A))(s) = true:
Theng = &
for all valuesof the parameters.
The stheme UnOpEX dealswith a non empty set A and a unary functor F
yielding an elemern of A; and states that:
There exists a unary operation o on A such that for ewvery set f
suc that f 2 A holdso(f) = F(f)
for all valuesof the parameters.
The schemeUnOpUnique dealswith a non empty setA; a non empty setB;
and a unary functor F yielding an elemen of B; and states that:
Let 01, 0 be unary operations on B: Supposefor every setf sud
that f 2 B holds 0.(f) = F(f) and for ewery set f sud that
f 2B holdsoy(f)= F(f): Theno; = o
for all valuesof the parameters.
The stheme Func2EX deals with a non empty set A; a function B from
A into Boolean, a function C from A into Boolean, and a ternary functor F
yielding a boolean set, and states that:
There exists a seth suc that h 2 ModelSPA and for every sets
such that s2 A holds F (s;B;C) = true i (Fid(h;A))(s) = true
for all valuesof the parameters.
The scheme Func2Unique dealswith a non empty set A; a function B from
A into Boolean, a function C from A into Boolean, and a ternary functor F
yielding a boolean set, and states that:
Let h1, h, be sets. Supposethat
() hi 2 ModelSPA;
(i)  for every sets such that s2 A holds F(s;B;C) = true i
(Fid (hy; A))(s) = true;
(i)  hy 2 ModelSPA; and
(iv)  for every sets such that s2 A holdsF(s;B;C) = true i
(Fid (h2; A))(s) = true:
Then hy = hy
for all valuesof the parameters.
Let S beanonempty setandlet f bea set. The functor Noty(f ; S) yielding
an elemen of ModelSPS is de ned as follows:
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(Def. 42) For every sets such that s 2 S holds: Castboolean(Fid(f ; S))(s) = true
i (Fid(Not o(f;S); S))(s) = true:
Let S be a non empty set. The functor Not S yields a unary operation on
ModelSPS and is de ned by:
(Def. 43) For every setf such that f 2 ModelSPS holds (Not S)(f) = Notg(f;S):
Let S beanonempty set, let R beatotal relation betweenS and S, let f bea
function from S into Boolean, and let x be a set. The functor EneXt nyv (X; f;R)
yielding an elemen of Booleeén is de ned by:
5 true;
if X 2 S and there exists an in nit y path p;
2 of R such that p1(0) = x and f (p1(1)) = true;
" false; otherwise.
Let S be a non empty set, let R be a total relation betweenS and S, and
let f be a set. The functor EneXty(f ; R) yielding an elemen of ModelSPS is
de ned as follows:

(Def. 45) For every set s sudch that s 2 S holds EneXt iy (s;Fid(f ;S);R) = true
i (Fid(EneXt o(f;R); S))(s) = true:

Let S be a non empty set and let R be a total relation betweenS and S.

The functor EneXt R yields a unary operation on ModelSPS and is de ned by:

(Def. 46) For ewery set f such that f 2 ModelSPS holds (EneXt R)(f) =
EneXto(f; R):
Let S be a non empty set, let R be a total relation between S and S,
let f be a function from S into Boolean, and let x be a set. The functor
EGlobalny (X; f ; R) yielding ag elemen of Boolean is de ned by:

(Def. 44) EneXtynv (X;f;R) =

true;
E if x 2 S and there exists an in nit y path

(Def. 47) EGlobalyniy (X; f;R) = p1 of R sud that p1(0) = x and for every
elemert n of N holds f (p1(n)) = true;
false; otherwise.

Let S be a non empty set, let R be a total relation betweenS and S, and
let f be a set. The functor EGlobalg(f ; R) yielding an elemen of ModelSPS is
de ned asfollows:

(Def. 48) For every sets sud that s 2 S holds EGlobal iy (s; Fid(f ; S); R) = true
i (Fid(EGlobal o(f ;R); S))(s) = true:

Let S be a non empty set and let R be a total relation betweenS and S.
The functor EGlobal R yields a unary operation on ModelSPS and is de ned
as follows:

(Def. 49) For ewery set f sudch that f 2 ModelSPS holds (EGlobal R)(f) =
EGlobaly(f ; R):
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Let S be a non empty set and let f, g be sets. The functor Ando(f;g;S)
yields an elemen of ModelSPS and is de ned as follows:

(Def. 50) For ewvery set s such that s 2 S holds Castboolean(Fid(f ; S))(s) »
Castboolean(Fid( g; S))(s) = true i (Fid (And(f;g;S);S))(s) = true:

Let S be a non empty set. The and S yielding a binary operation on
ModelSPS is de ned by:

(Def. 51) For all setsf, g such that f 2 ModelSPS and g 2 ModelSPS holds (the
and S)(f; g) = Ando(f;g; S):

Let S be a non empty set, let R be a total relation between S and S,
let f, g be functions from S into Boolean, and let x be a set. The functor
EUnNtill yniy (X; f; g; R) yielding ag elemern of Boolean is de ned as follows:
true;if x 2 S and there exists an in nit y path

p: of R such that p;(0) = x and there exists
an element m of N such that for every
elemert j of N sud that j < m holds
% f(pu(i)) = true and g(p2(m)) = true;
false; otherwise.

Let S be a non empty set, let R be a total relation betweenS and S, and
let f, g be sets. The functor EUntill o(f ; g; R) yields an elemen of ModelSPS
and is de ned by:

(Def. 53) For every setssud that s 2 S holdsEUNtill yniy (s; Fid(f ; S); Fid(g; S); R)
= true i (Fid(EUntill o(f; g; R); S))(s) = true:

Let S be a non empty setand let R be a total relation betweenS and S.
The functor EUntill R yields a binary operation on ModelSPS and is de ned as
follows:

(Def. 54) For all setsf, g such that f 2 ModelSPS and g 2 ModelSPS holds
(EUntill R)(f; g) = EUntill o(f ; g; R):

Let S be a non empty set, let X be a non empty subsetof ModelSPS; and
let s be a set. The functor F-LABEL( s; X) yields a subsetof X and is de ned
as follows:

(Def. 55) For ewery set x holds x 2 F-LABEL( s;X) i x 2 X and there exists a
function f from S into Boolean such that f = x and f (s) = true:

Let S be a non empty setand let X be a non empty subsetof ModelSPS:
The functor LabelX vyields a function from S into 2* and is de ned by:

(Def. 56) For every setx suc that x 2 S holds (LabelX )(x) = F-LABEL( x; X):

Let S be a non empty set, let Sy be a subsetof S, let R be a total relation
betweenS and S, and let P; be a non empty subsetof ModelSPS: The functor
KMo del(R; Sp; P1) vields a Kripk e structure over P; and is de ned as follows:

(Def. 57) KModel(R; So; P1) = hS;Sp; R; LabelPji:

(Def. 52) EUnNtill yniv (X; f;0;R) =
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Let S be a non empty set, let Sy be a subsetof S, let R be a total relation
betweenS and S, and let P; be a non empty subset of ModelSPS: One can
ched that the worlds of KMo del(R; Sp; P1) is non empty.

Let S be a non empty set, let Sy be a subsetof S, let R be a total relation
betweenS and S, and let P; be a non empty subset of ModelSPS: One can
verify that ModelSP(the worlds of KMo del(R; Sp; P1)) is non empty.

Let S be a non empty set, let R be a total relation betweenS and S, and
let B; be a non empty subsetof ModelSPS: The functor CTLMo del(R; B ;)
yielding a CTL model structure is de ned as follows:

(Def. 58) CTLMo del(R;B;1) = hModelSPS;B1; the and S, Not S;EneXt R;
EGlobal R; EUntill Ri:

In the sequelB; is a non empty subsetof ModelSPS and k; is a function
from the atomic WFF into the basic assignationsof CTLMo del(R; B 1).

Let S be anon empty set, let R be atotal relation betweenS and S, let B
be a non empty subsetof ModelSPS; let s be an element of S, and let f bean
assignationof CTLMo del(R; B ;). The predicate s F f is de ned by:

(Def. 59) (Fid (f;S))(s) = true:

Let S beanon empty set, let R be atotal relation betweenS and S, let B
be a non empty subsetof ModelSPS; let s be an elemert of S, and let f be an
assignationof CTLMo del(R;B1). Weintroduces 6j f asan antonym of s f:

Next we state se\eral propositions:

(11) For ewvery assignation a of CTLMo del(R; B ;) sud that a 2 B; holds
sF ai a2 (LabelBj)(s):

(12) For ewvery assignationf of CTLMo del(R;B1) holdssfF : f i s6&jf:

(13) For all assignationsf, g of CTLMo del(R;B1) holdssF f *gi sE f
andsfF g:

(14) For ewery assignationf of CTLMo del(R;B1) holdss  EXf i there
exists an in nit y path p; of R suc that p1(0) = s and p1(1) F f:

(15) Let f be an assignationof CTLMo del(R;B;1). Then s  EGf if and
only if there exists an in nit y path p; of R sud that p1(0) = s and for
ewvery elemen n of N holds pi(n) F f:

(16) Let f, g be assignationsof CTLMo del(R;B;). Then s f EUg if and
only if there exists an in nit y path p; of R such that p;(0) = s and there
exists an elemert m of N such that for every elemen j of N suc that
j < mholdsp.(j) F f and p(m) F ¢

(17) For all assignationsf, g of CTLMo del(R;B;) holdssE f _gi sE f
orsfE g

Let S be a non empty set, let R be a total relation betweenS and S, let
B1 be a non empty subsetof ModelSPS; let k; be a function from the atomic
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WFF into the basicassignationsof CTLMo del(R; B 1), let s be an elemen of S,
and let H be a CTL-formula. The predicate s F, H is de ned by:
(Def. 60) s Evaluate(H;ky):

Let S be anon empty set, let R be a total relation betweenS and S, let B
be a non empty subsetof ModelSPS; let ki be a function from the atomic WFF
into the basic assignationsof CTLMo del(R;B1), let s be an elemen of S, and
let H be a CTL-formula. We introduces 6jx, H asan antonym of s Fy, H:

The following propositions are true:

(18) If H is atomic, thensfFy, H i ki(H) 2 (LabelBj)(s):

(19) Sj:kl cH S@jkl H:

(20) sFk, H1"H2i sfFy HiandsfFy, Ha:

(21) sk, Hi_H2i sFx HiorsFy, Ha:

(22) sfFk, EXH i there existsan in nit y path p; of R sud that p;(0) = s
and py(1) F, H:

(23) sFk, EGH i there existsan in nit y path p; of R sud that p;(0) = s
and for every elemert n of N holds pi1(n) Fk, H:

(24) sfFk, H1EUH; if and only if there exists an in nit y path p; of R such
that p;(0) = s and there exists an elemert m of N sud that for every
elemert j of N such that | < m holds p1(j) Fk, H1 and pi(m) Fy, Ha:

(25) For ewery sp there existsan in nit y path p; of R sud that p1(0) = sq:

(26) Let R be arelation betweenS and S. Then R is total if and only if for
every set x such that x 2 S there exists a sety such that y 2 S and hx;
yi 2 R:

Let S be a non empty set, let R be a total relation betweenS and S, let
so be an elemen of S, let p; be an in nit y path of R, and let n be a set. The
functor PrePath(n; sp; p1) Yielding an elemen of S is de ned as follows:

So; ifn=0;
pi(k:nat(k:natn 1)); otherwise.
The following propositions are true:
(27) If hsg; s;i 2 R; then there exists an innit y path p; of R sud that
p1(0) = so and py(1) = su:
(28) For ewery assignationf of CTLMo del(R;B1) holdss  EXf i there
exists an elemen s; of S such that hs; s;i 2 Rands; E f:

(Def. 61) PrePath(n; sp; p1) =

Let S beanon empty set, let R beatotal relation betweenS and S, and let
H be a subsetof S. The functor Pred(H; R) yields a subsetof S and is de ned
by: W
(Def. 62) Pred(H;R) = fs;srangesoverelemens of S: . et of s (1 2 H 7~ bs;
ti 2 R)g:



model checking. part i 183

Let S be a non empty set, let R be a total relation between S and S,
let B1 be a non empty subset of ModelSPS; and let f be an assignation of

CTLMo del(R;B1). The functor SIGMA f yields a subsetof S and is de ned as
follows:

(Def. 63) SIGMAf = fs;s rangesover elemens of S: s f g:

One can prove the following proposition

(29) For all assignationsf, g of CTLMo del(R;B;) suc that SIGMAf =
SIGMA g holdsf = g:

Let S beanon empty set, let R beatotal relation betweenS and S, let B
be a non empty subsetof ModelSPS; and let T be a subsetof S. The functor
Tau(T; R;B1) yielding an assignationof CTLMo del(R; B ;) is de ned asfollows:

(Def. 64) For ewery set s such that s 2 S holds (Fid(T au(T;R;B1);S))(s) =
T:5(8):

The following propositions are true:

(30) For all subsetsT;, T, of S such that Tau(Ty;R;B1) = Tau(T,;R;B1)
holds T, = To:

(81) For ewery assignationf of CTLMo del(R;B1) holds
Tau(SIGMA f;R;Bq) = f:

(32) For every subsetT of S holds SIGMA Tau(T;R;B1) = T:

(833) For all assignationsf, g of CTLMo del(R;B1) holds SIGMA: f = Sn
SIGMA f and SIGMA (f ~ g) = SIGMA f\ SIGMA gand SIGMA(f _g) =
SIGMA f [ SIGMA g:

(34) For all subsetsG;, G, of S such that G; G, and for every element s
of S sudh that s Tau(G1;R;B1) holdss F Tau(G2; R;B1):

(85) For all assignationsf 1, f, of CTLMo del(R; B1) sud that for ewvery ele-
ment s of S such that sf= f; holdss = f, holds SIGMA f;  SIGMA f,:

Let S be a non empty set, let R be a total relation between S and S,
let B; be a non empty subset of ModelSPS; and let f, g be assignations of
CTLMo del(R; B1). The functor Fax(f;g) yielding an assignation of

CTLMo del(R; B 1) is de ned by:
(Def. 65) Fax(f;g) = f » EXg:
Next we state the proposition

(36) Let f, g1, oo be assignationsof CTLMo del(R;B1). Supposethat for
every elemen s of S such that s £ g; holdss E g,: Let s be an elemen
of S. If s Fax(f;01); then s F Fax(f; g2):

Let S beanonempty set, let R beatotal relation betweenS and S, let B1 be

a non empty subsetof ModelSPS; let f be an assignationof CTLMo del(R; B 1),

and let G beasubsetof S. The functor SigFaxTau(f ; G; R; B 1) yielding a subset
of S is de ned by:
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(Def. 66) SigFaxTau(f ; G;R;B1) = SIGMA Fax(f; Tau(G;R;B1)):
One can prove the following proposition
(87) For ewery assignation f of CTLModel(R;B;) and for all subsets
Gi, G, of S sudh that G3 G, holds SigFaxTau(f;G1;R;B1)
SigFaxTau(f ; G2, R; B1):
Let S beanonempty set, let R beatotal relation betweenS and S, let p; be
anin nit y path of R, and let k be an elemer of N. The functor PathShift(pq; k)
yielding an in nit y path of R is de ned as follows:

(Def. 67) For every elemert n of N holds (PathShift(p1; k))(n) = pi(n + k):

Let S be a non empty set, let R be a total relation betweenS and S, let
p2, p3 be innit y paths of R, and let n, k be elemens of N. The functor
PathChange(pz; ps; k; n) yielding a setis de ned by:

p2(n); if n < k;
ps(n  Kk); otherwise.

Let S be a non empty set, let R be a total relation between S and S,
let p2, p3 be innit y paths of R, and let k be an elemen of N. The functor
PathConc(pz; p3; k) yielding a function from N into S is de ned as follows:

(Def. 69) For ewery elemen n of N holds (PathConc(py;ps;k))(n) =
PathChangeg(py; p3; k; n):

We now state four propositions:

(38) Let py, p3 beinnit y paths of R and k be an element of N. If po(k) =
p3(0); then PathConc(py; p3; k) is anin nit y path of R.

(39) For ewvery assignationf of CTLMo del(R; B ;) and for every elemen s of
SholdssF EGf i s Fax(f;EGf):

(40) Let g be an assignation of CTLMo del(R;B;) and sg be an elemen of
S. Supposesy E @ Supposethat for every elemen s of S such that
s E gholdss F EX g: Then there existsan in nit y path p; of R sud that
p1(0) = sg and for every elemen n of N holds p1(n) E ¢:

(41) Let f, g be assignationsof CTLMo del(R; B ;). Supposethat for every
elemen sof SholdssE gi s Fax(f;g): Let s be an elemen of S. If
sF g, thensE EGfT:

Let S be a non empty set, let R be a total relation between S and S,
let B; be a non empty subset of ModelSPS; and let f be an assignation of
CTLMo del(R;B1). The functor TransEGf yielding a -monotone function
from 25 into 25 is de ned asfollows:

(Def. 70) For every subsetG of S holds (TranseGf )(G) = SigFaxTau(f ; G;R; B 1):

One can prove the following two propositions:

(42) Let f, g beassignationsof CTLMo del(R;B1). Then for every elemert s
of SholdssE gi s Fax(f;g) if and only if SIGMA g is a xp oint of

(Def. 68) PathChangg(py; ps; k;n) =
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TransEGf :

(43) For ewery assignation f of CTLMo del(R;B1) holds SIGMA EGf =
ofp(S; TranseGf ):

Let S be a non empty set, let R be a total relation betweenS and S, let
B, be a non empty subset of ModelSPS; and let f, g, h be assignations of
CTLMo del(R; B1). The functor Foax(g;f;h) yields an assignation of

CTLMo del(R;B;) and is de ned as follows:

(Def. 71) Foax(g;f;h) = g_ Fax(f;h):
We now state the proposition

(44) Let f, g, hy, hy be assignationsof CTLMo del(R;B1). Supposethat for
every elemen s of S such that s E h; holdss F hy: Let s be an elemen
of S. If s Foax(g;f;h1); then s E Foax(g;f;hy):

Let S beanonempty set,let R beatotal relation betweenS and S, let B, be

a non empty subsetof ModelSPS; let f , g be assignationsof CTLMo del(R; B 1),
and let H be a subsetof S. The functor SigFoaxTau(g;f;H;R;B1) vields a

subsetof S and is de ned asfollows:
(Def. 72) SigFoaxTau(g;f;H;R;B1) = SIGMA Foax(g;f;Tau(H;R;B1)):
Next we state three propositions:

(45) For all assignationsf, g of CTLModel(R;B;) and for all subsets
H1, Hy of S such that Hy H, holds SigFoaxTau(g;f;H1;R;B1)
SigFoaxTau(g;f;H2; R; B1):

(46) For all assignationsf , g of CTLMo del(R; B ) and for every elemert s of
SholdssE f EUgi s Foax(g;f;f EUQ):

(47) Letf, g, h beassignationsof CTLMo del(R;B1). Supposethat for every
elemernt sof SholdssF hi s Foax(g;f;h): Let s bean elemen of S.
If s f EUg; thensE h:

Let S be a non empty set, let R be a total relation between S and S,
let B; be a non empty subset of ModelSPS; and let f, g be assignations of
CTLMo del(R;B3). The functor TransEU(f ;g) yields a -monotone function
from 25 into 2° and is de ned by:

(Def. 73) For every subsetH of S holds
(TransEU(f ; g))(H) = SigFoaxTau(g;f;H;R;B1):
One can prove the following propositions:

(48) Letf, g, h beassignationsof CTLMo del(R;B1). Then for every elemen
sof SholdssE hi s Foax(g;f;h) if and only if SIGMA h isa xp oint
of TransEU(f ; g).

(49) For all assignationsf, g of CTLMo del(R; B 1) holds SIGMA(f EUg) =
Ifp(S; TransEU(f ; g)):
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(50) For ewery assignation f of CTLMo del(R;B;) holds SIGMA EXf =
Pred(SIGMA f; R):

(51) For ewery assignationf of CTLMo del(R;B1) and for every subsetX of
S holds (TranseGf )(X) = SIGMAf \ Pred(X;R):

(52) For all assignationsf, g of CTLMo del(R; B 1) and for every subsetX of
S holds (TranseU(f ; g))(X) = SIGMA g[ SIGMA f \ Pred(X;R):
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