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Summary. Free Order Sorted Universal Algebra — the general construc-
tion for any locally directed signatures.

MML Identifier: OSAFREE.

The papers [21], [13], [27], [32], [33], [11], [22], [12], [7], [10], [4], [18], [2], [20],
[26], [14], [5], [3], [6], [1], [8], [25], [23], [17], [24], [O], [15], [16], [29], [31], [28],
[30], and [19] provide the terminology and notation for this paper.

1. Preliminaries

In this paper S is an order sorted signature.
Let S be an order sorted signature and let Uy be an order sorted algebra of
S. A subset of Ug is called an order sorted generator set of Ug if:

(Def. 1) For every OSSubset O of Ug such that O = OSCIit holds the sorts of
0OSGen O = the sorts of Ug.
The following proposition is true
(1) LetS be an order sorted signature, Ug be a strict non-empty order sorted
algebra of S, and A be a subset of Up. Then A is an order sorted generator
set of Ug if and only if for every OSSubset O of Uy such that O = OSCI A
holds OSGen O = Ug.
Let us consider S, let Uy be a monotone order sorted algebra of S, and let
I1 be an order sorted generator set of Ug. We say that I, is osfree if and only if
the condition (Def. 2) is satisfied.
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(Def. 2) Let U; be a monotone non-empty order sorted algebra of S and f be
a many sorted function from I; into the sorts of U;. Then there exists a
many sorted function h from Up into U; such that h is a homomorphism
of Ug into U; and order-sorted and h [1; = T.

Let S be an order sorted signature and let 1; be a monotone order sorted
algebra of S. We say that 1, is osfree if and only if:

(Def. 3) There exists an order sorted generator set of 1, which is osfree.

2. Construction of Free Order Sorted Algebras for Given
Signature

Let S be an order sorted signature and let X be a many sor-
ted set indexed by S. The functor OSREL X vyields a I4ﬂaltion between
[ the operation symbols of S, {the carrier of % 1 coprod(X) and
(F the operation symbols of S, {the carrier of S}] [_Icoprod(X))™and is defi-
ned by the condition (Def. 4).

(Def. 4) Let a be an element of [:th@leration symbols of S,

{the carrier of S}] [ coprod(X) and b qe:ftn element of
(F the operation symbols of S, {the carrier of S} ] [Icoprod(X))~'Then
[@ b[I_ASREL X if and only if the following conditions are satisfied:

(i) a [Jthe operation symbols of S, {the carrier of S} ], and

(i)  for every operation symbol o of S such that [q] the carrier of S[3= a
holds lenb = len Arity(o) and for every set x such that x [_dbmb holds
if b(x) [Jthe operation symbols of S, {the carrier of S} ], then for every
operation symbol 07 of S such that [al, the car'ﬁI of Sk b(x) holds
the result sort of 0, [CAFity(0)x and if b(x) 1 coprod(X), then there
exists an element i of the carrier of S such that i [CAkity(0)x and b(x) [
coprod(i, X).

In the sequel S is an order sorted signature, X is a many sorted set
indexed by S, o is an operation symbol of S, ﬁl b is an element of
([ the operation symbols of S, {the carrier of S}] [JIcoprod(X))™’

One can prove the following proposition

(2) [l the carrier of SCILCI"ASREL X if and only if the following condi-
tions are satisfied:

(i) lenb = len Arity(0), and

(i)  for every set x such that x [—domb holds if b(x) [[lthe operation
symbols of S, {the carrier of S}], then for every operation symbol o; of
S such that [ah, the ca@i of Sk b(x) holds the result sort of o4 [
Arity(0)x and if b(x) [—Icoprod(X), then there exists an element i of the
carrier of S such that i [CArity(o)x and b(x) [coprod(i, X).
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Let S be an order sorted signature and let X be a many sorted set indexed by
S. The functor DTConOSA X yielding a tree construction structure is defined
by:
(Def. 5) ﬁConOSAX = [[Ithe operation symbols of S, {the carrier of S}] 1
coprod(X), OSREL X [

Let S be an order sorted signature and let X be a many sorted set indexed
by S. Note that DTConOSA X is strict and non empty.
The following proposition is true
(3) Let S be an order sorted signature and X be a non-empty many
sorted set indexed by S. Then the nonterminals of DTConOSAX =
[ the operation sy@s of S, {the carrier of S}] and the terminals of
DTConOSA X = coprod(X).

Let S be an order sorted signature and let X be a non-empty many sorted
set indexed by S. Note that DTConOSA X has terminals, nonterminals, and
useful nonterminals.

The following proposition is true

(4) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, and t be a set. Then t [The terminals of DTConOSA X if
and only if there exists an element s of the carrier of S and there exists a
set x such that x [CXI(s) and t = [X, s

Let S be an order sorted signature, let X be a non-empty many sorted set
indexed by S, and let o be an operation symbol of S. The functor OSSym(o, X)
yielding a symbol of DTConOSA X is defined as follows:

(Def. 6) OSSym(o, X) = [0l the carrier of SL1

Let S be an order sorted signature, let X be a non-empty many sorted
set indexed by S, and let s be an element of the carrier of S. The functor
ParsedTerms(X, s) yielding a subset of TS(DTConOSA X) is defined by the
condition (Def. 7).

(Def. 7) IE{sedTerms(X, s) = {a; f-rapges over elements of TS(DTConOSA X):
s1 :element of thgcargier of S x:set (s1 [SILXILX(sy) [al= the root tree
of I¥, 1 1 L1 . gperation symbol of s ([ the carrier of S[3= a(D [the

result sort of o CS)I}.

Let S be an order sorted signature, let X be a non-empty many sorted
set indexed by S, and let s be an element of the carrier of S. Note that
ParsedTerms(X, s) is hon empty.

Let S be an order sorted signature and let X be a non-empty many sorted
set indexed by S. The functor ParsedTerms X yields an order sorted set of S
and is defined by:

(Def. 8) For every element s of the carrier of S holds (ParsedTerms X)(s) =
ParsedTerms(X, s).
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Let S be an order sorted signature and let X be a non-empty many sorted
set indexed by S. One can verify that ParsedTerms X is non-empty.
The following four propositions are true:

(5) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, o be an operation symbol of S, and x be a set. Suppose
x [(@ParsedTerms X)# - the arity of S)(0). Then x is a finite sequence of
elements of TS(DTConOSA X).

(6) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, o be an operation symbol of S, and p be a finite sequence of
elements of TS(DTConOSA X). Then p [({ParsedTerms X)* - the arity
of S)(0) if and only if domp = dom Arity(o) and for every natural number
n such that n Cdbmp holds p(n) [CPhrsedTerms(X, Arity(0)n).

(7) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, o be an operation symbol of S, and p be a finite sequence
of elements of TS(DTConOSA X). Then OSSym(o, X) roots of p if
and only if p [C(@ParsedTerms X)* - the arity of S)(0).

(8) For every order sorted sig re S and for every non-empty many sorted
set X indexed by S holds rngParsedTerms X = TS(DTConOSA X).

Let S be an order sorted signature, let X be a non-empty many sor-
ted set indexed by S, and let o be an operation symbol of S. The functor
PTDenOp(o, X) yields a function from ((ParsedTerms X)# - the arity of S)(0)
into (ParsedTerms X - the result sort of S)(0) and is defined as follows:

(Def. 9) For every finite sequence p of elements of TS(DTConOSA X) such
that OSSym(o,X) [—fhe roots of p holds (PTDenOp(o, X))(p) =
OSSym(o, X)-tree(p).

Let S be an order sorted signature and let X be a non-empty many sorted
set indexed by S. The functor PTOper X vyields a many sorted function from
(ParsedTerms X)* - the arity of S into ParsedTerms X - the result sort of S and
is defined by:

(Def. 10) For every operation symbol o of S holds (PTOperX)(o) =
PTDenOp(o, X).
Let S be an order sorted signature and let X be a hon-empty many sorted set

indexed by S. The functor ParsedTermsOSA X vyielding an order sorted algebra
of S is defined as follows:

(Def. 11) ParsedTermsOSA X = [BarsedTerms X, PTOper X [
Let S be an order sorted signature and let X be a hon-empty many sorted set
indexed by S. One can check that ParsedTermsOSA X is strict and non-empty.
Let S be an order sorted signature, let X be a non-empty many sorted set

indexed by S, and let o be an operation symbol of S. Then OSSym(o, X) is a
nonterminal of DTConOSA X.
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Next we state several propositions:

(9) Let S be an order sorted signature, X be a non-empty many sor-
ted set indexed by S, and s be an element of the carrier of S. Then
(the sorts of Parsed'{e_misOSAX)(s) = {aa fanges over elements of
TS(DTConOSA X): s1:element of the carrier fS] x:set (s1 sl L x [
X(s1) [d = the root tree of D, sy 00 L1 . ;heration symbol of s ([0l the
carrier of S[3F a([Dd [the result sort of o [CS)I}.

(10) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, s, s1 be elements of the carrier of S, and x be a set. Suppose
X [A(s). Then
(i) the root tree of I, sCds an element of TS(DTConOSA X),
(i)  for every set z holds [Z] the carrier of S (the root tree of ¥, sD{D.]
and
(iii)  the root tree of X, sCI (fihe sorts of Parsed TermsOSA X)(s1) i (S [Cs4l

(11) Let S be an order sorted signature, X be a non-empty many sorted
set indexed by S, t be an element of TS(DTConOSA X), and o be an
operation symbol of S. Suppose t(D= [a] the carrier of S[IThen

(i) there exists a subtree sequence p joinable by OSSym(o, X) such that
t = OSSym(o, X)-tree(p) and OSSym(o, X) roots of p and p [
Args(o, ParsedTermsOSA X) and t = (Den(o, ParsedTermsOSA X))(p),

(ii)  for every element s; of the carrier of S and for every set x holds t & the
root tree of [, s, [ Jand

(iii)  for every element s; of the carrier of S holds t [{the sorts of
ParsedTermsOSA X)(s1) i [the result sort of o [sil

(12) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, n; be a symbol of DTConOSA X, and t; be a finite sequence
of elements of TS(DTConOSA X). Suppose n; roots of t;. Then

(i) np Cihe nonterminals of DTConOSA X,
(i)  np-tree(ty) COS(DTConOSA X), and
(iii)  there exists an operation symbol o of S such that n; = [q] the carrier
of SChnd t; [CArgs(o, ParsedTermsOSA X) and n;-tree(t;) = (Den(o,
Parsed TermsOSA X))(t1) and for every element s; of the carrier of S holds
np-tree(ty) [(the sorts of ParsedTermsOSA X)(s1) i[the result sort of
o s

(13) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, o be an operation symbol of S, and x be a finite sequ-
ence. Then x [CArgs(o, ParsedTermsOSA X) if and only if the following
conditions are satisfied:

(i) x s a finite sequence of elements of TS(DTConOSA X), and
(i)  OSSym(o, X) roots of x.
(14) Let S be an order sorted signature, X be a non-empty many sorted set
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indexed by S, and t be an element of TS(DTConOSA X). Then there exists
a sort symbol s of S such that t [(xhe sorts of ParsedTermsOSA X)(s)
and for every element s; of the carrier of S such that t [(the sorts of
ParsedTermsOSA X)(s1) holds s [sil

Let S be an order sorted signature, let X be a non-empty many sorted
set indexed by S, and let t be an element of TS(DTConOSA X). The functor
LeastSortt yields a sort symbol of S and is defined by the conditions (Def. 12).

(Def. 12)(i) t [(@he sorts of ParsedTermsOSA X)(LeastSortt), and
(ii)  for every element s; of the carrier of S such that t [(the sorts of
ParsedTermsOSA X)(s1) holds LeastSortt [sil

Let S be a non empty non void many sorted signature and let A be a non-
empty algebra over S.

(Def. 13) An element of (the sorts of A) is said to be an element of A.
We now state four propositions:

(15) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, and x be a set. Then x is an element of ParsedTermsOSA X
if and only if x is an element of TS(DTConOSA X).

(16) Let S be an order sorted signature, X be a non-empty many sorted
set indexed by S, s be an element of the carrier of S, and x be a set.
If x [(the sorts of ParsedTermsOSA X)(s), then X is an element of
TS(DTConOSA X).

(17) Let S be an order sorted signature, X be a non-empty many sorted set
indexed by S, s be an element of the carrier of S, and x be a set. Suppose
X [X(s). Let t be an element of TS(DTConOSA X). If t = the root tree
of [M, sl 1then LeastSortt =s.

(18) Let S be an order sorted signature, X be a non-empty many sorted
set indexed by S, o be an operation symbol of S, x be an element of
Args(o, ParsedTermsOSA X), and t be an element of TS(DTConOSA X).
If t = (Den(o, ParsedTermsOSA X))(x), then LeastSortt = the result sort
of o.

Let S be an order sorted signature, let X be a non-empty many sor-
ted set indexed by S, and let o, be an operation symbol of S. Note that
Args(o,, ParsedTermsOSA X) is hon empty.

Let S be a locally directed order sorted signature, let X be a non-
empty many sorted set indexed by S, and let x be a finite sequence of ele-
ments of TS(DTConOSA X). The functor LeastSortsx yielding an element of
(the carrier of S)™s defined as follows:

(Def. 14) dom LeastSorts x = dom x and for every natural number y such thaty [
dom x there exists an element t of TS(DTConOSA X) such that t = x(y)
and (LeastSorts x)(y) = LeastSortt.
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We now state the proposition

(19) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, o be an operation symbol of S, and x be
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a finite sequence of elements of TS(DTConOSA X). Then LeastSortsx [

Arity(o) if and only if x CArgs(o, ParsedTermsOSA X).

Let us note that there exists a monotone order sorted signature which is
locally directed and regular.

Let S be a locally directed regular monotone order sorted signature, let X
be a non-empty many sorted set indexed by S, let o be an operation symbol
of S, and let x be a finite sequence of elements of TS(DTConOSA X). Let us
assume that OSSym(LBound(o, LeastSorts x), X) roots of x. The functor
Tix0 yields an element of TS(DTConOSA X) and is defined by:

(Def. 15) mx0 = OSSym(LBound(o, LeastSorts x), X)-tree(x).

Let S be a locally directed order sorted signature, let X be a non-empty
many sorted set indexed by S, and let t be a symbol of DTConOSA X. Let us
assume that there exists a finite sequence p such that t [_p_The functor @(X, t)
yields an operation symbol of S and is defined by:

(Def. 16) [A(X, t), the carrier of SCE t.

Let S be an order sorted signature, let X be a non-empty many sorted set
indexed by S, and let t be a symbol of DTConO%A_Xr Let us assume that
t [the terminals of DTConOSA X. The functor t yielding an element of
TS(DTCI%OISAX) is defined by:

(Def. 17) t = the root tree of t.

Let S be a locally directed order sorted signature and let X be a non-empty
many sorted set indexed by S. The functor LCongruence X yielding a monotone
order sorted congruence of ParsedTermsOSA X is defined by:

(Def. 18) For every monotone order sorted congruence R of ParsedTermsOSA X
holds LCongruence X [RI

Let S be a locally directed order sorted signature and let X be a non-empty
many sorted set indexed by S. The functor FreeOSA X yielding a strict non-
empty monotone order sorted algebra of S is defined by:

(Def. 19) FreeOSA X = QuotOSAlg(ParsedTermsOSA X, LCongruence X).

Let S be an order sorted signature, let X be a non-empty many sorted set
indexed by S, and let t be a symbol of DTConOSA X. The functor @t yields a
subset of [ TS(DTConOSA X)), the carrier of S ] and is defined by the condition
(Def. 20).

(Def. 20) @li:{[the root tree of t, sg5H ranges over elements of the carrier of

S: s:element of the carrier of S X:set (X EX(S) [ 1= D4, st S Ij%l)}
Let S be an order sorted signature, let X be a non-empty many sorted set

indexed by S, let n; be a symbol of DTConOSA X, and let x be a finite sequence
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of elements of 2f TS(DTConOSAX), the carrier of S]1 The functor @(n4, x) yielding a
subset of [ TS(DTConOSA X), the carrier of S] is defined by the condition
(Def. 21).

(Def. 21) @(ni,x) = {[Den(o,, ParsedTermsOSA X))(x2), sz3b, ranges over
operation symbols of S, x, ranges over elements of
Arg&I ParsedTermsOSA X), s3 ranges over elements of the carrier of
S 41 :operation symbol of s (N1 = [0k, the carrier of SL1[_&; Lol [
len Arity(01) = len Arilly_golz) [ihe result sort of 04 [Csd [dhe result
SIQL_LPf 0o, [s3) [ ws :element of (the carrier of S) m(domws = domx [1
y :natural number (y Ldbm x I:Ijz(y)' (W3)y Dj(y)))}

Let S be a locally directed order sorted signature and let X be a non-empty
many sorted set indexed by S. The functor PTClasses X yielding a function
from TS(DTConOSA X) into 2t TS(PTConOSAX), the carrier of S js defined by the
conditions (Def. 22).

(Def. 22)(i) For every symbol t of DTConOSA X such that t [the terminals of
DTConOSA X holds (PTClasses X )(the root tree of t) = @t, and
(i)  for every symbol n; of DTConOSA X and for every finite sequence t;
of elements of TS(DTConOSA X) and for every finite sequence ri such
that r; = the roots of t; and n; [riland for every finite sequence x of
elements of 2t TS(DTConOSA X)), the carrier of S g;ch that x = PTClasses X -t;
holds (PTClasses X)(n;-tree(t;)) = @(ny, x).
One can prove the following four propositions:

(20) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, and t be an element of TS(DTConOSA X).
Then

(i) for every element s of the carrier of S holds t [(the sorts of
ParsedTermsOSA X)(s) i (1] sCI (P TClasses X)(t), and

(i)  for every element s of the carrier of S and for every element y of
TS(DTConOSA X) such that O sCIC_(PTClasses X)(t) holds [ s
(PTClasses X)(y).

(21) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, t be an element of TS(DTConOSA X),
and s be an element of the carrier of S. If there exists an element y of
TS(DTConOSA X) such that M sCIC(PTClasses X)(t), then @ s
(PTClasses X)(t).

(22) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, X, y be elements of TS(DTConOSA X)),
and si, sy be elements of the carrier of S. Suppose s; [ 3, and
X [{the sorts of ParsedTermsOSA X)(s;) and y [{the sorts of
ParsedTermsOSA X)(s1). Then Iy s; CIC(PTClasses X)(x) if and only

if [yl s, CI_(PTClasses X)(x).
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(23) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, X, y, z be elements of TS(DTConOSA X),
and s be an element of the carrier of S. If [y sCI_(PTClasses X)(x) and
[z sCI(®PTClasses X)(y), then X, sCT(PTClasses X)(z2).

Let S be a locally directed order sorted signature and let X be a non-
empty many sorted set indexed by S. The functor PTCongruence X yielding
an equivalence order sorted relation of ParsedTermsOSA X is defined by the
condition (Def. 23).

(Def. 23) Letibeaset. Suppose i [the carrier of S. Then (PTCongruence X)(i) =
{[X, yGX ranges over elements of TS(DTConOSA X), y ranges over ele-
ments of TS(DTConOSA X): [d, iCT (PTClasses X)(y)}.

One can prove the following propositions:

(24) Let S be a locally directed order sorted signature, X be a non-
empty many sorted set indexed by S, and X, y, s be sets. If [X,
s C_KPTClasses X)(y), then x [ITS(DTConOSAX) and y [
TS(DTConOSA X) and s [the carrier of S.

(25) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, C be a component of S, and X, y be
sets. Then I, y[CI_QompClass(PTCongruence X, C) if and only if there
exists an element s; of the carrier of S such that s; [CQ and M4, s; 11
(PTClasses X)(y).

(26) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, s be an element of the carrier of S,
and x be an element of (the sorts of ParsedTermsOSA X)(s). Then
OSClass(PTCongruence X, x) = 1 ((PTClasses X)(x)).

(27) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, and R be a many sorted relation indexed
by ParsedTermsOSA X. Then R = PTCongruence X if and only if the
following conditions are satisfied:

(i) for all elements sy, s, of the carrier of S and for every set x such that
X [X(s1) holds if s; [sd, then [Ehe root tree of X, s;1the root tree
of M, s;OMIR(sy) and for every set y such that [The root tree of [X,
s L1y [CI"Ri(sz) or Iyl the root tree of X, s; [T RI(sp) holds s; [sdand
y = the root tree of [, s;[Jand

(i) for all operation symbols o5, 0, of S and for every ele-
ment x; of Args(oq, ParsedTermsOSAX) and for every element
X2 of Args(oy, ParsedTermsOSAX) and for every element sz of
the carrier of S holds [{Den(o;, ParsedTermsOSA X))(x1), (Den(o2,
Parsed TermsOSA X))(x2) (1 [CR(s3) iC 01 £—e» and lenArity(o;) =
len Arity(o2) and the result sort of o5 [Ss and the result sort of
0, [[S3 and there exists an element ws of (the carrier of S)~such that
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domws; = domx; and for every natural number y such that y [Cdbmws
holds X (y), X2(y) CI_RI((w3)y).

(28) Let S be a locally directed order sorted signature and X be a non-empty
many sorted set indexed by S. Then PTCongruence X is monotone.

Let S be a locally directed order sorted signature and let X be a non-empty
many sorted set indexed by S. Observe that PTCongruence X is monotone.

Let S be a locally directed order sorted signature, let X be a non-empty
many sorted set indexed by S, and let s be an element of the carrier of S. The
functor PTVars(s, X) yields a subset of (the sorts of ParsedTermsOSA X)(s)
and is defined by:

(Def. 24) For every set x holds x [PITVars(s, X) i CThere exists a set a such that
a [X(s) and x = the root tree of [@ s[1

Let S be a locally directed order sorted signature, let X be a non-empty
many sorted set indexed by S, and let s be an element of the carrier of S. One
can check that PTVars(s, X) is non empty.

We now state the proposition

(29) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, and s be an element of the carrier of
S. Then PTVars(s, X) = {the root tree of t; t ranges over symbols of
DTConOSA X : t [the terminals of DTConOSA X [ = s}.

Let S be a locally directed order sorted signature and let X be a non-
empty many sorted set indexed by S. The functor PTVars X yielding a subset
of ParsedTermsOSA X is defined by:

(Def. 25) For every element s of the carrier of S holds (PTVarsX)(s) =
PTVars(s, X).

The following proposition is true

(30) Let S be alocally directed order sorted signature and X be a non-empty
many sorted set indexed by S. Then PTVars X is non-empty.

Let S be a locally directed order sorted signature, let X be a non-empty
many sorted set indexed by S, and let s be an element of the carrier of S. The
functor OSFreeGen(s, X) yields a subset of (the sorts of FreeOSA X)(s) and is
defined by:

(Def. 26) For every set x holds x [CASFreeGen(s, X) i[there exists a set a such
thata [X(s) and x = (OSNatHom(ParsedTermsOSA X, LCongruence X))
(s)(the root tree of [al s}

Let S be a locally directed order sorted signature, let X be a non-empty
many sorted set indexed by S, and let s be an element of the carrier of S. Note
that OSFreeGen(s, X) is non empty.

We now state the proposition
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(31) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, and s be an element of the carrier of S. Then
OSFreeGen(s, X) = {(OSNatHom(ParsedTermsOSA X, LCongruence X))
(s)(the root tree of t);t ranges over symbols of DTConOSA X : t [the
terminals of DTConOSA X [1b = s}.

Let S be a locally directed order sorted signature and let X be a non-empty
many sorted set indexed by S. The functor OSFreeGen X vyielding an order
sorted generator set of FreeOSA X is defined by:

(Def. 27) For every element s of the carrier of S holds (OSFreeGen X)(s) =
OSFreeGen(s, X).

The following proposition is true

(32) Let S be alocally directed order sorted signature and X be a non-empty
many sorted set indexed by S. Then OSFreeGen X is non-empty.

Let S be a locally directed order sorted signature and let X be a non-empty
many sorted set indexed by S. Observe that OSFreeGen X is non-empty.

Let S be a locally directed order sorted signature, let X be a non-
empty many sorted set indexed by S, let R be an order sorted congruence of
ParsedTermsOSA X, and let t be an element of TS(DTConOSA X). The functor
OSClass(R, t) yielding an element of OSClass(R, LeastSortt) is defined by the
condition (Def. 28).

(Def. 28) Let s be an element of the carrier of S and x be an element of (the sorts
of ParsedTermsOSA X)(s). If t = x, then OSClass(R, t) = OSClass(R, X).

We now state several propositions:

(33) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, R be an order sorted congruence of
ParsedTermsOSA X, and t be an element of TS(DTConOSA X). Then
t [CASClass(R, t).

(34) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, s be an element of the carrier of S, t be an
element of TS(DTConOSA X), and X, X; be sets. Suppose x [X(s) and
t = the root tree of X, sCIThen x; [CASClass(PTCongruence X, t) if and
only if x; = t.

(35) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, R be an order sorted congruence of
ParsedTermsOSA X, and ty, t3 be elements of TS(DTConOSA X). Then
t3 [CASClass(R, tp) if and only if OSClass(R, t;) = OSClass(R, t3).

(36) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, Ri, R, be order sorted congruences of
ParsedTermsOSA X, and t be an element of TS(DTConOSA X). If Ry [
R», then OSClass(R1,t) [LOBClass(R>, t).
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(37) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, s be an element of the carrier of S, t be an
element of TS(DTConOSA X), and X, X; be sets. Suppose x [X(s) and
t = the root tree of X4, sL1Then x; [CASClass(LCongruence X, t) if and
only if x; = t.

Let S be a locally directed order sorted signature, let X be a non-empty
many sorted set indexed by S, let A be a non-empty many sorted set indexed
by the carrier of S, let F be a many sorted function from PTVars X into A,
and let t be a symbol of DTConOSA X. Let us assume that t e terminals of
DTConOSA X. The functor n(F, A, t) yields an element of A and is defined
as follows:

(Def. 29) For every function T such that f = F(t2) holds n(F, A, t) = f(the root
tree of t).

Next we state the proposition

(38) Let S be a locally directed order sorted signature, X be a non-empty
many sorted set indexed by S, U; be a monotone non-empty order sor-
ted algebra of S, and f be a many sorted function from PTVarsX
into the sorts of U;. Then there exists a many sorted function h
from ParsedTermsOSA X into U; such that h is a homomorphism of
ParsedTermsOSA X into U; and order-sorted and h CPTVars X = .

Let S be a locally directed order sorted signature, let X be a non-empty many
sorted set indexed by S, and let s be an element of the carrier of S. The functor
NHReverse(s, X) yields a function from OSFreeGen(s, X) into PTVars(s, X)
and is defined by the condition (Def. 30).

(Def. 30) Let t be a symbol of DTConOSA X.
Suppose (OSNatHom(ParsedTermsOSA X, LCongruence X))(s)(the root
tree of t) [LASFreeGen(s, X). Then (NHReverse(s, X))((OSNatHom
(ParsedTermsOSA X, LCongruence X))(s)(the root tree of t)) = the root
tree of t.
Let S be a locally directed order sorted signature and let X be a non-empty
many sorted set indexed by S. The functor NHReverse X yielding a many sorted
function from OSFreeGen X into PTVars X is defined as follows:

(Def. 31) For every element s of the carrier of S holds (NHReverse X)(s) =
NHReverse(s, X).

Next we state two propositions:

(39) Let S be a locally directed order sorted signature and X be a hon-empty
many sorted set indexed by S. Then OSFreeGen X is osfree.

(40) Let S be a locally directed order sorted signature and X be a hon-empty
many sorted set indexed by S. Then FreeOSA X is osfree.
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Let S be a locally directed order sorted signature. Note that there exists a
non-empty monotone order sorted algebra of S which is osfree and strict.

3. Minimal Terms

Let S be a locally directed regular monotone order sorted signature and let
X be a non-empty many sorted set indexed by S. The functor PTMin X yields
a function from TS(DTConOSA X) into TS(DTConOSA X) and is defined by
the conditions (Def. 32).
(Def. 32)(i) For every symbol t of DTConOSA X such that t % terminals of
DTConOSA X holds (PTMin X)(the root tree of t) = t, and
(i)  for every symbol n; of DTConOSA X and for every finite sequence t;
of elements of TS(DTConOSA X) and for every finite sequence r; such
that ry = the roots of t; and n; [yl and for every finite sequence
X of elements of TS(DTConOSA X) such that x = PTMin X - t; holds
(PTMin X)(nz-tree(ty)) = mx(@(X, ny)).
Next we state several propositions:

(41) Let S be a locally directed regular monotone order sorted signature, X
be a non-empty many sorted set indexed by S, and t be an element of
TS(DTConOSA X). Then

() (PTMin X)(t) CASClass(PTCongruence X, t),
(i)  LeastSort(PTMin X)(t) [LdastSortt,

(iii)  for every element s of the carrier of S and for every set x such that
X [XA(s) and t = the root tree of X, sCholds (PTMin X)(t) =t, and
(iv)  for every operation symbol o of S and for every finite sequence t;

of elements of TS(DTConOSA X) such that OSSym(o, X) [fhHe ro-
ots of t; and t = OSSym(o, X)-tree(t;) holds LeastSorts PTMin X -
t; [Arity(o) and OSSym(o, X) [ —iHe roots of PTMinX - t; and
OSSym(LBound(o, LeastSorts PTMin X -t1), X) roots of PTMin X
t; and (PTMinX)(t) = 0OSSym(LBound(o, LeastSortsPTMinX -
t1), X)-tree(PTMin X - t3).

(42) Let S be a locally directed regular monotone order sorted signature,
X be a non-empty many sorted set indexed by S, and t, t, be ele-
ments of TS(DTConOSA X). If t, [CASClass(PTCongruence X, t), then
(PTMin X)(t2) = (PTMin X)(t).

(43) Let S be a locally directed regular monotone order sorted signature, X
be a non-empty many sorted set indexed by S, and tp, t3 be elements of
TS(DTConOSA X). Then t3 [CASClass(PTCongruence X, t,) if and only
if (PTMin X)(t3) = (PTMin X)(t2).

(44) Let S be a locally directed regular monotone order sorted signa-
ture, X be a non-empty many sorted set indexed by S, and t, be
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an element of TS(DTConOSA X). Then (PTMin X)((PTMin X)(t2)) =
(PTMin X)(t2).

(45) Let S be a locally directed regular monotone order sorted signature, X
be a non-empty many sorted set indexed by S, R be a monotone equiva-
lence order sorted relation of ParsedTermsOSA X, and t be an element of
TS(DTConOSA X). Then ) (PTMin X)(t) LI Ri(LeastSort t).

(46) Let S be a locally directed regular monotone order sorted signature,
X be a non-empty many sorted set indexed by S, and R be a mo-
notone equivalence order sorted relation of ParsedTermsOSA X. Then
PTCongruence X [RI

(47) Let S be a locally directed regular monotone order sorted signature and
X be a non-empty many sorted set indexed by S. Then LCongruence X =
PTCongruence X.

Let S be a locally directed regular monotone order sorted signature and let X
be a non-empty many sorted set indexed by S. An element of TS(DTConOSA X)
is called a minimal term of S, X if:

(Def. 33) (PTMin X)(it) = it.
Let S be a locally directed regular monotone order sorted signature and let

X be a non-empty many sorted set indexed by S. The functor MinTerms X
yields a subset of TS(DTConOSA X) and is defined by:

(Def. 34) MinTerms X = rng PTMin X.
The following proposition is true

(48) Let S be a locally directed regular monotone order sorted signature, X
be a non-empty many sorted set indexed by S, and x be a set. Then x is
a minimal term of S, X if and only if x [CMinTerms X.
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