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Summary. In this article, we introduce four fuzzy relations and the com-
position, and some useful properties are shown by them. In section 2, the defini-
tion of converse relation R™! of fuzzy relation R and properties concerning it are
described. In the next section, we define the composition of the fuzzy relation
and show some properties. In the final section we describe the identity relation,
the universe relation and the zero relation.

MML Identifier: FUZZY_4.

The notation and terminology used here are introduced in the following papers:
[51, [6], 2], [9] [4], [3], [8], [7], and [1].

1. BASIC PROPERTIES OF THE MEMBERSHIP FUNCTION

We follow the rules: z, y, z are sets and C7, Co, C3 are non empty sets.
Let C] be a non empty set and let F' be a membership function of Cj. One
can check that rng F' is non empty.
Next we state four propositions:
(1) Let F be a membership function of C;. Then rng F' is bounded and for
every z such that € dom F holds F(x) < suprng F' and for every x such
that € dom F holds F(z) > infrng F.
(2) For all membership functions F', G of Cy such that for every x such that
x € C7 holds F(x) < G(z) holds suprng F' < suprngG.
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(3) For every Membership function f of Cy, Co and for every element ¢ of
FCq, C2] holds 0 < f(c) and f(c) < 1.

(4) For every Membership function f of C7, Cy and for all x, y such that
(z,y) € [C1, Ca] holds 0 < f({x, y)) and f({z, y)) < 1.

2. DEFINITION OF CONVERSE FUZzZy RELATION AND SOME PROPERTIES

Let C'1, Cy be non empty sets and let h be a Membership function of Cj,
C1. The functor converse h yielding a Membership function of Cy, Cs is defined
by:

(Def. 1) For all z, y such that (z, y) € [ C1, Ca] holds (converseh)({z, y)) =
h({y, z)).

Let C1, C2 be non empty sets, let f be a Membership function of Cy, C, and
let R be a fuzzy relation of Cy, C1, f. The functor R™! yields a fuzzy relation
of C'1, Cq, converse f and is defined by:

(Def. 2) R~1=[[}C1, Oz, (converse £)°} Cy, Co 1.
The following propositions are true:
(5) For every Membership function f of C7, Cs holds converse converse f =
f
(6) For every Membership function f of Cj, Cy and for every fuzzy relation
R of Cy, Cy, f holds (R™1)"! = R.
(7) For every Membership function f of Cj, Cy holds 1-minus converse f =
converse 1-minus f.
(8) For every Membership function f of Cy, Cy and for every fuzzy relation
R of C1, Cy, f holds (R™1)¢ = (R®)~L.
(9) For all Membership functions f, g of C;, Cs holds converse max(f, g) =
max(converse f, converse g).
(10) Let f, g be Membership functions of C1, C3, R be a fuzzy relation of C,
Ca, f, and S be a fuzzy relation of Cy, C3, g. Then (RUS)™! = R71UsSL.
(11) For all Membership functions f, g of C1, C2 holds converse min(f, g) =
min(converse f, converse g).
(12) Let f, g be Membership functions of C1, Cy, R be a fuzzy relation of C,
Cs, f, and S be a fuzzy relation of Cy, Cy, g. Then (RNS)~! = R=InS—L.
(13) Let f, g be Membership functions of C;, Cy and given z, y. If x € C}
and y € Cy, then if f({z, y)) < g({z, y)), then (converse f)({y, r)) <
(converse g)({y, z)).
(14) Let f, g be Membership functions of C, Cy, R be a fuzzy relation of Cf,
Cy, f, and S be a fuzzy relation of Cy, Cy, g. If R C S, then R~' C §—1,
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(15) For all Membership functions f, g of C7, Co holds
converse min( f, I-minus g) = min(converse f, I-minus converse g).
(16) Let f, g be Membership functions of C, Cy, R be a fuzzy relation of Cf,
Cs, f, and S be a fuzzy relation of C1, Co, g. Then (R\ S)~! = R~1\S~L.
(17) For all Membership functions f, g of C1, Cy holds converse
max (min(f, 1-minus g), min(1-minus f, g)) =
max(min(converse f, 1-minus converse g),
min(1-minus converse f, converse g)).
(18) Let f, g be Membership functions of C, Ca, R be a fuzzy relation of Cf,
Co, f, and S be a fuzzy relation of Cy, C, g. Then (R-S)~! = R~1=51.

3. DEFINITION OF THE COMPOSITION AND SOME PROPERTIES

Let Cq, Cy, C3 be non empty sets, let h be a Membership function of Cf,
Cy, let g be a Membership function of Cy, C3, and let x, z be sets. Let us
assume that = € C7 and z € C5. The functor min(h, g, x, z) yields a membership
function of C and is defined by:
(Def. 3) For every element y of Cy holds (min(h,g,z,2))(y) = min(h({z,
v)), 9y, 2)))-
Let Cq, C5, C'5 be non empty sets, let A be a Membership function of C1,
Cs, and let g be a Membership function of Cy, C5. The functor h g yields a
Membership function of C7, C's and is defined by:
(Def. 4) For all z, z such that (z,z) € [Ci, C3] holds (hg)({(z, z)) =
suprng min(h, g, z, z).
Let Cy, Cy, C3 be non empty sets, let f be a Membership function of C,
(5, let g be a Membership function of Cy, (3, let R be a fuzzy relation of Cf,

Cs, f, and let S be a fuzzy relation of Cs, Cs, g. The functor R .S yields a fuzzy
relation of C', Cs, f g and is defined as follows:

(Def. 5) RS =[}Ch, C3d, (f9)°kCh, O3
Next we state a number of propositions:
(19) For every Membership function f of Cy, C2 and for all Membership
functions g, h of C2, C5 holds f max(g,h) = max(f g, fh).

(20) Let f be a Membership function of Cy, Cs, g, h be Membership functions
of Co, C3, R be a fuzzy relation of Cy, Cs, f, S be a fuzzy relation of Co,
C3, g, and T be a fuzzy relation of Cy, C3, h. Then R (SUT) = RSURT.

(21) For all Membership functions f, g of C1, Co and for every Membership
function h of Cy, C3 holds max(f, g) h = max(f h,gh).
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(22) Let f, g be Membership functions of C7, C, h be a Membership function
of Cy, C3, R be a fuzzy relation of C7, Cs, f, S be a fuzzy relation of C,
Cs, g, and T be a fuzzy relation of Co, C3, h. Then (RUS)T = RTUST.

(23) Let f be a Membership function of C1, Ca, g, h be Membership functions
of Cy, C3, and z, z be sets. If x € C and z € C3, then (f min(g, h))({(z,
z)) < (min(f g, f h))({z, 2)).

(24) Let f be a Membership function of C1, Cs, g, h be Membership functions
of Co, C3, R be a fuzzy relation of Cy, Cs, f, S be a fuzzy relation of Cs, Cs,
g, and T be a fuzzy relation of Co, C3, h. Then R(SNT) C (RS)N(RT).

(25) Let f, g be Membership functions of C7, C, h be a Membership function
of Cq, C3, and z, z be sets. If x € Cy and z € C3, then (min(f,g)h)({z,
z)) < (min(f b, g h))({z, 2)).

(26) Let f, g be Membership functions of Cy, C, h be a Membership function
of Cy, C'3, R be a fuzzy relation of C1, Cy, f, S be a fuzzy relation of Cy, Cs,
g, and T be a fuzzy relation of C, Cs, h. Then (RNS)T C (RT)N(ST).

(27) For every Membership function f of Cy, Cs and for every Membership
function g of Cy, C5 holds converse f g = converse g converse f.

(28) Let f be a Membership function of Cj, Co, g be a Membership function
of Cy, C3, R be a fuzzy relation of C7, Cs, f, and S be a fuzzy relation of
Cy, (3, g. Then (RS)_l =S 'R L

(29) Let f, g be Membership functions of Cy, Ca, h, k be Membership func-
tions of Cy, Cs, and x, z be sets. Suppose z € C and z € C3 and for every
set y such that y € Cy holds f({z, y)) < g({z, y)) and h({y, 2)) < k({y,
z)). Then (f h)((z, 2)) < (9 k)({z, 2}).

(30) Let f, g be Membership functions of C1, Cs, h, k be Membership func-
tions of Cs, C3, R be a fuzzy relation of C1, Cs, f, S be a fuzzy relation
of Cy, Cs, g, T be a fuzzy relation of Cs, Cs, h, and W be a fuzzy relation
of Cy, C3, k., TRCSand T C W, then RT CSW.

4. DEFINITION OF IDENTITY RELATION AND PROPERTIES OF UNIVERSE AND
ZERO RELATION

Let C1, Cy be non empty sets. The functor Imf(Cy, Cs) yields a Membership
function of C, Cy and is defined as follows:
(Def. 6) For all z, y such that (z,y) € [Ci, C2] holds if x = vy, then
(Imf(C1, C2))({z, y)) =1 and if = # y, then (Imf(Cy, C2))({z, y)) = 0.
One can prove the following propositions:
(31) For every element ¢ of [Cy, C2] holds (Zmf(Ci,Cs))(c) = 0 and
(Umf(Cl,C’g))(c) = 1.
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(32) For all z, y such that (x, y) € [ C1, C2{ holds (Zmf(Cy,Cs))({z, y)) =0
and (Umf(C1,Cs))({x, y)) = 1.

(33) Let f be a Membership function of Co, C3, O; be a zero relation of Cf,
Cs, O3 be a zero relation of C, Cs, and R be a fuzzy relation of Cy, Cs,
f. Then O1 R = Os.

(34) For every Membership function f of Cy, Cy holds f Zmf(Cs,C3) =
Zmf(Cy, Cs).

(35) Let f be a Membership function of C, Cy, O;1 be a zero relation of Cy,
('3, O3 be a zero relation of C, C3, and R be a fuzzy relation of C7, Co,
f. Then ROy = Os.

(36) For every Membership function f of Ci, C; holds f Zmf(Cy,C)) =
me(Cl, Cl) f

(37) Let f be a Membership function of C, C1, O be a zero relation of C,
C1, and R be a fuzzy relation of Cy, C'1, f. Then RO = O R.
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