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The notation and terminology used here are introduced in the following papers:
[30], [36], [35], [13], [31], [14], [37], [38], [11], [12], [10], [26], [9], [1], [2], [33], [23],

[24], [3], [4], [25], 18], [20], [39], [15], [27], [32], [21], [34], [5], [28], [6], [7], [17],
[19], [29], [8], and [22].

1. Preliminaries

The scheme SubsetEq deals with a non empty set A, subsets B, C of A, and
a unary predicate P, and states that:
B=C
provided the following conditions are met:
e For every element y of A holds 'y [BIiff P[y],
e For every element y of A holds y CCIiff Ply].
We now state the proposition
(1) For all sets X, X holds X H- X is constant.
Let X, X be sets. Note that X B- X is constant.
Let T be a function. Let us assume that f is non empty and constant. The
value of T is defined by:

(Def. 1) There exists a set X such that X Cdbm f and the value of f = f(x).
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Let us note that there exists a function which is non empty and constant.
Let f be a non empty constant function. Then the value of ¥ can be charac-
terized by the condition:

(Def. 2) There exists a set X such that X Cdbm f and the value of f = f(x).
The following propositions are true:
(2) For every non empty set X and for every set X holds the value of X H-
X = X.
(3) For every function f holds rng ¥ [dém .

Let us note that every set which is universal is also transitive and a Tarski
class and every set which is transitive and a Tarski class is also universal.

In the sequel X, X will be sets and T will be a universal class.

Let us consider X. The universe of X is defined as follows:

(Def. 3) The universe of X = T(X*¢).
We now state the proposition
(4) T(X) is a Tarski class.

Let us consider X. Note that T(X) is a Tarski class.

Let us consider X. Observe that the universe of X is transitive and a Tarski
class.

Let us consider X. One can check that the universe of X is universal and
non empty.

One can prove the following proposition

C_1
(5) For every function f such that dom f [CTland rngf [Tlholds F [Tl

2. Topological spaces

Next we state the proposition
(6) Let T be a non empty topological space, A be a subset of T, and p be

a point of T. Then p [CA if and only if for every neighbourhood G of p
holds G meets A.

Let T be a non empty topological space. We introduce T is Hausdorff as a
synonym of T is T».

One can verify that there exists a non empty topological space which is
Hausdorff.

One can prove the following two propositions:

(7) Let X be a non empty topological space and A be a subset of the carrier
of X. Then Qx is a neighbourhood of A.

(8) Let X be a non empty topological space, A be a subset of the carrier of
X, and Y be a neighbourhood of A. Then A Y]
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3. 1-sorted structures

The following proposition is true

(9) Let Y be a non empty set, J be a l-sorted yielding many sorted set
indexed by Y, and i be an element of Y . Then (supportJ)(i) = the carrier
of J(i).
Let us note that there exists a function which is non empty, constant, and
1-sorted yielding.
Let J be a 1-sorted yielding function. Let us observe that J is nonempty if
and only if:
(Def. 4) For every set i such that i [rhgJ holds i is a non empty 1-sorted
structure.

We introduce J is yielding non-empty carriers as a synonym of J is nonempty.

Let X be a set and let L be a 1-sorted structure. Observe that X B L is
1-sorted yielding.

Let 1 be a set. Observe that there exists a 1-sorted yielding many sorted set
indexed by | which is yielding non-empty carriers.

Let I be a non empty set and let J be a relational strugture yielding many
sorted set indexed by I. One can verify that the carrier of J is functional.

Let 1 be a set and let J be a yielding non-empty carriers 1-sorted yielding
many sorted set indexed by I. Observe that supportJ is non-empty.

Next we state the proposition

(10) Let T be a non empty 1-sorted structure, S be a subset of the carrier
of T, and p be an element of the carrier of T. Then p Sl if and only if
p [=S.

4. Relational structures

Let T be a non empty relational structure and let A be a lower subset of T.
Observe that —A is upper.

Let T be a non empty relational structure and let A be an upper subset of
T. Observe that —A is lower.

Let N be a non empty relational structure. Let us observe that N is directed
if and only if:

(Def. 5) For all elements X, y of N there exists an element z of N such that x [Z]
andy [Z1]

Let X be a set. Note that 2% is directed.

Let us mention that there exists a relational structure which is non empty,
directed, transitive, and strict.

Let M be a non empty set, let N be a non empty relational structure, let
T be a function from M into the carrier of N, and let m be an element of M.
Then f(m) is an element of N.
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Let I be a set. Note that there exists a relational structure yielding many
sorted set indexed by | which is yielding non-empty carriers.

Let I be a non empty set and let J be a yielding non-empty {aEEigrs relational
structure yielding many sorted set indexed by |. Observe that ~ J is non empty.

Next we state the proposition

(11) For all relational structures Ry, Rz holds R, r,7 = [ QR1)» QRr,) I-

Let Y1, Y2 be directed relational structures. Observe that [ Y1, Y2 ] is direc-
ted.

Next we state the proposition
(12) For every relational structure R holds the carrier of R = the carrier of
R>.
Let S be a 1-sorted structure and let N be a net structure over S. We say
that N is constant if and only if:

(Def. 6) The mapping of N is constant.

Let R be a relational structure, let T be a non empty 1-sorted structure, and
let p be an element of the carrier of T. The functor R H- p yielding a strict net
structure over T is defined by the conditions (Def. 7).

(Def. 7)(i)  The relational structure of (R 8- p) = the relational structure of R,
and

(ii)  the mapping of (R B- p) = (the carrier of (R 8- p)) B- p.

Let R be a relational structure, let T be a non empty 1-sorted structure,
and let p be an element of the carrier of T. Note that R H- p is constant.

Let R be a non empty relational structure, let T be a non empty 1-sorted
structure, and let p be an element of the carrier of T. One can verify that R B- p
is non empty.

Let R be a non empty directed relational structure, let T be a non empty
1-sorted structure, and let p be an element of the carrier of T. Note that R B- p
is directed.

Let R be a non empty transitive relational structure, let T be a non empty
1-sorted structure, and let p be an element of the carrier of T. One can check
that R H- p is transitive.

We now state two propositions:

(13) Let R be a relational structure, T be a non empty 1-sorted structure, and
p be an element of the carrier of T. Then the carrier of (R B- p) = the
carrier of R.

(14) Let R be a non empty relational structure, T be a non empty 1-sorted
structure, p be an element of the carrier of T, and ¢ be an element of the
carrier of (R B- p).Then (R B- p)(q) = p.

Let T be a non empty 1-sorted structure and let N be a non empty net
structure over T. Observe that the mapping of N is non empty.
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5. Substructures of nets

One can prove the following propositions:
(15) Every relational structure R is a full relational substructure of R.
(16) Let R be a relational structure and S be a relational substructure of R.
Then every relational substructure of S is a relational substructure of R.
Let S be a 1-sorted structure and let N be a net structure over S. A net
structure over S is called a structure of a subnet of N if:
(Def. 8) It is a relational substructure of N and the mapping of it = (the mapping
of N)[@he carrier of it).
Next we state two propositions:
(17) For every 1-sorted structure S holds every net structure N over S is a
structure of a subnet of N.
(18) Let Q be a 1-sorted structure, R be a net structure over Q, and S be
a structure of a subnet of R. Then every structure of a subnet of S is a
structure of a subnet of R.

Let S be a 1-sorted structure, let N be a net structure over S, and let M be
a structure of a subnet of N. We say that M is full if and only if:
(Def. 9) M is a full relational substructure of N.
Let S be a 1-sorted structure and let N be a net structure over S. Note that
there exists a structure of a subnet of N which is full and strict.
Let S be a 1-sorted structure and let N be a non empty net structure over
S. Note that there exists a structure of a subnet of N which is full, non empty,
and strict.
One can prove the following three propositions:
(19) Let S be a 1-sorted structure, N be a net structure over S, and M be a
structure of a subnet of N. Then the carrier of M [fhe carrier of N.
(20) Let S be a l-sorted structure, N be a net structure over S, M be a
structure of a subnet of N, X, y be elements of N, and i, j be elements of
the carrier of M. If X =T and y = j and i [Jdthen x [y
(21) Let S be a 1-sorted structure, N be a non empty net structure over S,
M be a non empty full structure of a subnet of N, X, y be elements of N,
and 1, j be elements of the carrier of M. If X =i and y = J and x [y]

then i [

6. More about nets

Let T be a non empty 1-sorted structure. One can verify that there exists a
net in T which is constant and strict.

217
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Let T be a non empty 1-sorted structure and let N be a constant net struc-
ture over T. One can verify that the mapping of N is constant.

Let T be a non empty 1-sorted structure and let N be a net structure over
T. Let us assume that N is constant and non empty. The value of N yields an
element of T and is defined as follows:

(Def. 10) The value of N = the value of the mapping of N.
Let T be a non empty 1-sorted structure and let N be a constant non empty
net structure over T. Then the value of N can be characterized by the condition:
(Def. 11) The value of N = the value of the mapping of N.
Next we state the proposition

(22) Let R be a non empty relational structure, T be a non empty 1-sorted

structure, and p be an element of the carrier of T. Then the value of

Let T be a non empty 1-sorted structure and let N be a net in T. A net in

T is said to be a subnet of N if it satisfies the condition (Def. 12).
(Def. 12) There exists a map F from it into N such that

(i)  the mapping of it = (the mapping of N) - f, and

(ii)  for every element m of N there exists an element n of it such that for
every element p of it such that n [Cpholds m [CE{p).

We now state several propositions:

(23) For every non empty l-sorted structure T holds every net N in T is a
subnet of N.

(24) Let T be a non empty 1-sorted structure and Nj, N2, N3 be nets in T.
Suppose N is a subnet of No and Nj is a subnet of N3. Then N; is a
subnet of Ns.

(25) Let T be a non empty 1-sorted structure, N be a constant net in T, and
I be an element of the carrier of N. Then N (i) = the value of N.

(26) Let L be a non empty 1-sorted structure, N be a net in L, and X, Y be
sets. If N is eventually in X and eventually in Y, then X meets Y .

(27) Let S be anon empty 1-sorted structure, N be a net in S, M be a subnet
of N, and given X. If M is often in X, then N is often in X.

(28) Let S be a non empty 1-sorted structure, N be a net in S, and given X.
If N is eventually in X, then N is often in X.

(29) For every non empty 1-sorted structure S holds every net in S is even-
tually in the carrier of S.

7. The restriction of a net

Let S be a 1-sorted structure, let N be a net structure over S, and let us
consider X. The functor N ~1(X) yields a strict structure of a subnet of N and
is defined by:
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(Def. 13) N71(X) is a full relational substructure of N and the carrier of
N~1(X) = (the mapping of N)~1(X).
Let S be a 1-sorted structure, let N be a transitive net structure over S,
and let us consider X. One can verify that N~1(X) is transitive and full.
We now state three propositions:
(30) Let S be a non empty 1-sorted structure, N be a net in S, and given X.
If N is often in X, then N~1(X) is non empty and directed.

(31) Let S be a non empty 1-sorted structure, N be a net in S, and given X.
If N is often in X, then N~1(X) is a subnet of N.

(32) Let S be a non empty 1-sorted structure, N be a net in S, given X, and
M be a subnet of N. If M = N~1(X), then M is eventually in X.

8. The universe of nets

Let X be a non empty 1-sorted structure. The functor NetUniv(X) is defined
by the condition (Def. 14).
(Def. 14) Let given X. Then X [NetUniv(X) if and only if there exists a strict
net N in X such that N = X and the carrier of N [fhe universe of the
carrier of X.
Let X be a non empty 1-sorted structure. One can check that NetUniv(X)
is non empty.

9. Parametrized families of nets, iteration

Let X be a set and let T be a 1-sorted structure. A many sorted set indexed
by X is said to be a net set of X, T if:

(Def. 15)  For every set i such that i [ridgit holds i is a net in T.
The following proposition is true

(33) Let X be a set, T be a 1-sorted structure, and F be a many sorted set
indexed by X. Then F is a net set of X, T if and only if for every set i
such that i [CX holds F (i) is a net in T.

Let X be a non empty set, let T be a 1-sorted structure, let J be a net set
of X, T, and let i be an element of X. Then J(i) is a net in T.

Let X be a set and let T be a 1-sorted structure. One can check that every
net set of X, T is relational structure yielding.

Let T be a 1-sorted structure and let Y be a net in T. Observe that every
net set of the carrier of Y, T is yielding non-empty carriers.

Let T be a non empty 1-sorted structure, let Ylﬁ net in T, and let J be a
net set of the carrier of Y, T. One can check that J is directed and transitive.
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Let X be a set and let T be a 1-sorted structure. Observe that every net set
of X, T is yielding non-empty carriers.

Let X be a set and let T be a 1-sorted structure. One can check that there
exists a net set of X, T which is yielding non-empty carriers.

Let T be a non empty 1-sorted structure, let Y be a net in T, and let J be
a net set of the carrier of Y, T. The functor Iterated(J) yielding a strict net in
T is defined by the conditions (Def. 16).

(Def. 16)(i)  The relational structure of Iterated(J) =}V, I?]I, and

(ii)  for every element i of the carrier of Y and fop-evqry function f such
that i Cthe carrier of Y and f [fhe carrier of J holds (the mapping
of Tterated(J))(i, ) = (the mapping of J(i))(F(i)).

We now state four propositions:

(34) Let T be a non empty 1-sorted structure, Y be a net in T, and J be
a net set of the carrier of Y, T. Suppose Y [NetUniv(T) and for every
element i of the carrier of Y holds J (i) [CNletUniv(T ). Then Iterated(J) [
NetUniv(T).

(35) Let T be a non empty 1-sorted structure, N be a net in T, and J be
a net set of the-eajrier of N, T. Then the carrier of Iterated(J) = f the
carrier of N, supportJ ].

(36) Let T be a non empty 1-sorted structure, N be anet in T, J be a net set
of the carrier of i be an element of the carrier of N, ¥ be an element
of the carrier of ~J, and X be an element of the carrier of Iterated(J). If
x = [ fCdthen (Iterated(J))(X) = (the mapping of J(i))(F(i)).

(37) Let T be a non empty 1-sorted structure, Y be a net in T, and J be a
fetet of the carrier of Y, T. Then rng (the mapping of Iterated(J)) [

{rng (the mapping of J(i)): i ranges over elements of Y }.

10. Poset of open neighbourhoods

Let T be a non empty topological space and let p be a point of T. The open
neighbourhoods of p constitute a relational structure and is defined as follows:

(Def. 17) The open neighbourhoods of p = (V,V ranges over subsets of T: p []

V [V is open}, [T,
Let T be a non empty topological space and let p be a point of T. One can
check that the open neighbourhoods of p is non empty.
One can prove the following propositions:

(38) Let T be a non empty topological space, p be a point of T, and X be an
element of the carrier of the open neighbourhoods of p. Then there exists
a subset W of T such that W = x and p [O¥ and W is open.

(39) Let T be a non empty topological space, p be a point of T, and X be a
subset of the carrier of T. Then X [fHe carrier of the open neighbourhoods
of p if and only if p [ Xland X is open.
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(40) Let T be a non empty topological space, p be a point of T, and X, y be
elements of the carrier of the open neighbourhoods of p. Then x [ylif
and only if y [XI
Let T be a non empty topological space and let p be a point of T. Note that
the open neighbourhoods of p is transitive and directed.

11. Nets in topological spaces

Let T be a non empty topological space and let N be a net in T. The functor
Lim N yields a subset of T and is defined as follows:
(Def. 18) For every point p of T holds p [CLim N iff for every neighbourhood V
of p holds N is eventually in V.

The following four propositions are true:

(41) For every non empty topological space T and for every net N in T and
for every subnet Y of N holds Lim N [CTLimY.

(42) For every non empty topological space T and for every constant net N
in T holds the value of N [Llm N.

(43) Let T be a non empty topological space, N be a net in T, and p be a
point of T. Suppose p [CIlim N. Let d be an element of N. Then there
exists a subset S of T such that S = {N(c), ¢ ranges over elements of N:
d Ccland p CSI

(44) Let T be a non empty topological space. Then T is Hausdorff if and only
if for every net N in T and for all points p, g of T such that p CLim N
and ¢ [CLim N holds p=g.

Let T be a Hausdorff non empty topological space and let N be a net in T.
Observe that Lim N is trivial.

Let T be a non empty topological space and let N be a net in T. We say
that N is convergent if and only if:

(Def. 19) LimN & [J

Let T be a non empty topological space. Observe that every net in T which
is constant is also convergent.
Let T be a non empty topological space. Note that there exists a net in T
which is convergent and strict.
Let T be a Hausdorff non empty topological space and let N be a convergent
net in T. The functor lim N yielding an element of T is defined as follows:
(Def. 20) lim N [CTimN.

One can prove the following propositions:

(45) For every Hausdorff non empty topological space T and for every con-
stant net N in T holds lim N = the value of N.
(46) Let T be a non empty topological space, N be a net in T, and p be a

point of T. Suppose p ¥ ITlim N. Then it is not true that there exists a
subnet Y of N and there exists a subnet Z of Y such that p [Ldm Z.
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(47) Let T be a non empty topological space and N be a net in T. Suppose
N [NetUniv(T). Let p be a point of T. Suppose p Y Tim N. Then there
exists a subnet Y of N such that Y [NetUniv(T) and it is not true that
there exists a subnet Z of Y such that p [Tdm Z.

(48) Let T be a non empty topological space, N be a net in T, and p be a
point of T. Suppose p [LLIm N. Let J be a net set of the carrier of N, T.
Suppose that for every element i of the carrier of N holds N (i) CLim J(i).
Then p [Tim Iterated(J).

12. Convergence classes

Let S be a non empty 1-sorted structure. Convergence class of S is defined
as follows:

(Def. 21) It C[NetUniv(S), the carrier of S J.

Let S be a non empty 1-sorted structure. Note that every convergence class
of S is relation-like.

Let T be a non empty topological space. The functor Convergence(T) yiel-
ding a convergence class of T is defined as follows:

(Def. 22) For every net N in T and for every point p of T holds [N, pC1[]
Convergence(T) iff N [(NetUniv(T) and p CLim N.

Let T be a non empty 1-sorted structure and let C be a convergence class

of T. We say that C has (CONSTANTS) property if and only if:

(Def. 23) For every constant net N in T such that N [NetUniv(T ) holds [N, the
value of N CI_Cl.

We say that C has (SUBNETS) property if and only if the condition (Def. 24)
is satisfied.

(Def. 24) Let N be anetin T and Y be a subnet of N. Suppose Y [NetUniv(T).
Let p be an element of the carrier of T. If [N, pLI_Cl, then M, pCI_Cl.

We say that C has (DIVERGENCE) property if and only if the condition
(Def. 25) is satisfied.
(Def. 25) Let X be a net in T and p be an element of the carrier of T. Suppose
X [NetUniv(T) and X, pCXCQl Then there exists a subnet Y of X such
that Y [NetUniv(T) and it is not true that there exists a subnet Z of Y
such that [4, pCI_C

We say that C has (ITERATED LIMITS) property if and only if the condition
(Def. 26) is satisfied.

(Def. 26) Let X beanet in T and p be an element of the carrier of T. Suppose X,
pLI_Q. Let J be a net set of the carrier of X, T. Suppose that for every
element i of the carrier of X holds [J(i), X (i)CI_Q. Then [lkerated(J),
pCICl
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Let T be a non empty topological space. Note that Convergence(T) has
(CONSTANTS) property, (SUBNETS) property, (DIVERGENCE) property,
and (ITERATED LIMITS) property.

Let S be a non empty 1-sorted structure and let C be a convergence class
of S. The functor ConvergenceSpace(C) yielding a strict topological structure
is defined by the conditions (Def. 27).

(Def. 27)(1)  The carrier of ConvergenceSpace(C) = the carrier of S, and
(ii)  the topology of-CenvergenceSpace(C) = {V,V rangegeovqr subsets of
the carrier of S: p:element of the carrier of S (p I:IN ‘net in S ([El,
pI A [Nlis eventually in V))}.

Let S be a non empty 1-sorted structure and let C be a convergence class
of S. Observe that ConvergenceSpace(C) is non empty.

Let S be a non empty 1-sorted structure and let C be a convergence class
of S. Note that ConvergenceSpace(C) is topological space-like.

One can prove the following proposition

(49) For every non empty 1-sorted structure S and for every convergence class
C of S holds C [Cbnvergence(ConvergenceSpace(C)).

Let T be a non empty 1-sorted structure and let C be a convergence class
of T. We say that C is topological if and only if:

(Def. 28) C has (CONSTANTS) property, (SUBNETS) property, (DIVER-
GENCE) property, and (ITERATED LIMITS) property.

Let T be a non empty 1-sorted structure. One can check that there exists a
convergence class of T which is non empty and topological.

Let T be a non empty 1-sorted structure. One can verify that every conver-
gence class of T which is topological has (CONSTANTS) property, (SUBNETS)
property, (DIVERGENCE) property, and (ITERATED LIMITS) property and
every convergence class of T which has (CONSTANTS) property, (SUBNETS)
property, (DIVERGENCE) property, and (ITERATED LIMITS) property is
topological.

The following propositions are true:

(50) Let T be anon empty 1-sorted structure, C be a topological convergence
class of T, and S be a subset of ConvergenceSpace(C) qua non empty
topological space. Then S is open if and only if for every element p of
the carrier of T such that p and for every net N in T such that [N,
p[I{ holds N is eventually in S.

(51) Let T be anon empty 1-sorted structure, C be a topological convergence
class of T, and S be a subset of ConvergenceSpace(C) qua non empty
topological space. Then S is closed if and only if for every element p of
the carrier of T and for every net N in T such that [N, pCI_Cl and N is
often in S holds p

(52) Let T be a non empty 1-sorted structure, C be a topological conver-
gence class of T, S be a subset of ConvergenceSpace(C), and p be a point
of ConvergenceSpace(C). Suppose p [CS. Then there exists a net N in
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ConvergenceSpace(C) such that [N, pCI_d and rng (the mapping of N)
[ Sland p [CLim N.

(53) Let T be a non empty 1-sorted structure and C be a convergence class
of T. Then Convergence(ConvergenceSpace(C)) = C if and only if C is
topological.
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