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Summary. This is the continuation of the sequence of articles on
-trees (see [3,4,5]). The main goal is to introduce joining operations on
decorated trees corresponding with operations introduced in [5]. We will
also introduce the operation of substitution. In the last section we dealt
with trees decorated by Cartesian product, i.e. we showed some lemmas
on joining operations applied to such trees.

MML ldentifier: TREES_4.

The notation and terminology used here are introduced in the following papers:

(15], (2], [9], [16], [11], [14], [13], [12], [10], [7], 6], [8], [3], [4], [1], and [5].

1. JOINING OF DECORATED TREE

Let T be a decorated tree. A node of 7" is an element of dom T'.
i We adopt the following convention: z, y, z are arbitrary, i, j, n denote
natural numbers, and p, ¢ denote finite sequences.
Let Ty, T3 be decorated trees. Let us observe that T3 = T3 if and only 1f
(Def.1) domT; = domT;, and for every node p of T3 holds T1(p) = Ta(p)-
One can prove the following two propositions: ,
(1) For all natural numbers ¢, j such that the elementary tree of i C the
elementary tree of j holds ¢ < ]
(2) For all natural numbers %, j such that the elementary tree of i ='the
elementary tree of jholds s = 5. ' "

Let us consider z. The root tree of z 1s a decorated tree and is deﬁned as
follows: . .
(Def 2) The root tree of z = (the elementary tree of 0°) — x
Let D be a non empty set and let d be an element of D. Then the root tree
of d is an element, of FinTrees(D). . .
We now state four prop051trons
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(3) dom (the root tree of z) = the elementary tree of 0 and (the root tree
of z)(e) = =.
(4) If the root tree of = the root tree of y, then z = v.

(5) For every decorated tree T such that dom 7 = the elementary tree of 0
holds 7" = the root tree of T'(¢).

(6) The root tree of z = {(e, z)}.
Let us consider = and let p be a finite sequence. The flat tree of z and p is
B decorated tree and is defined by the conditions (Def.3).
(Def 3) (i) dom(the flat tree of z and p) = the elementary tree of len P,
© (ii) (the flat tree of z and p)(¢) = z, and
(iii) for every n such that n < lenp holds (the flat tree of z and p)((n)) =
p(n+1).
The following propositions are true:
(7) If the flat tree of z and p = the flat tree of y and ¢, then z = y and
rp=q
(8) Ifj <<, then (the elementary tree of 7) () = the elementary tree of 0.
(9) Ifi<lenp,then (the flat tree of z and p) [ () = the root tree of p(i+1).

Let us consider z, p. Let us assume that p is decorated tree yielding. The
functor z-tree(p) yields a decorated tree and is defined by the conditions (Def.4).

(Def.4) (i)  There exists a decorated tree yielding finite sequence g such that
—_——~—
p = ¢ and dom(z-tree(p)) = d%m q(k),
(i) (z-tree(p))(e) = z, and ~
- (iii) for every n such that n < len p holds (z-tree(p)) I (n) = p(n+1).

Let us consider z and let T' be a decorated tree. The functor z-tree(T')
yielding a decorated tree is defined by:

(Def.5) z-tree(T) = z-tree((T)).
Let us consider z and let 77, T3 be decorated trees. The functor z-tree(Ty, Ts)
yields a decorated tree and is defined as follows:
(Def.6)  z-tree(Ty,T,) = z-tree((T1,T2)).
We now state a number of propositions:
(10)  For every decorated tree yielding finite sequence p holds dom(z-tree(p)) =
dom p(K)-
(11) - Let p be a decorated tree yielding finite sequence. Then y €
'4 dom(z-tree(p)) if and only if one of the following conditions is satisfied:
(i) y=e¢or
(i) there exists a natural number  and there exists a decorated tree T
and there exists a node ¢ of T such that ¢ <lenp and T = p(¢ + 1) and
y=(i)"¢
~ (12)  Let p be a decorated tree yielding finite sequence, and let 7 be a natural
number, and let 7" be a decorated tree, and let ¢ be a node of T. If















