FORMALIZED MATHEMATICS
Volume 4, Number 1, 1993
Université Catholique de Louvain

Homomorphisms of Lattices,
Finite Join and Finite Meet

Jolanta Kamienska, Jaroslaw Stanistaw Walijewski
Warsaw University Warsaw University
Bialystok . Bialystok

MML Identifier: LATTICE4.

The articles [9], [4], [2], [3], [8], [10], [6], [1], [5], anid [7] provide the terminology
and notation for this paper. ‘ )

1. PRELIMINARIES

We adopt the following convention: X, X7, X3, Y, Z will denote sets and z
will be arbitrary.

Next we state three propositions:

(1) YUY CZand X €Y, then X C Z.

(2) UXaY)=UXnyY.

(3) Given X. Suppose that

(i) X+#0,and

(ii) for every Z such that Z # 0 and Z C X and for all X7, X, such that
X1 € Z and X3 € Z holds X; C X5 or X9 C X there exists Y such that
Y € X and for every X, such that X; € Z holds X; C Y.
Then there exists Y such that Y € X and for every Z such that Z e X
andZ;éYholdsYgZ Y

2. LATTICE THEORY

We adopt the following convehfion L denotes-a 1attiee-, F, H denote filters
of L, and p, ¢, r denote elements of the carrier of L
One can prove the following propositions:
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(4) [L) is prime.
(5 FC[FUH)and HCI[FUH). |
(6) 1f p €[[g) U F), then there exists 7 such that r € F and ¢Mr Cp. .

We adopt the following rules: Ly, Ly will be lattices, a;, by will be elements
of the carrier of L1, and ay will be an element of the carrier of L,.
‘ Let us consider Ly, Ly. A function from the carrier of Ly into the carrier of
- Ly is called a homomorphism from Ly to Ly if:

» s(“lgef.l) It(a; U by) = it(ay) Uit(by) and it(ay Mby) = it(as) N 1t(b1)
"™ In the sequel f is a homomorphism from Ly to L.
Lk We now state the proposition
(7) Ifay C by, then f(a1) T f(b1).
L Let us consider Ly, Ly, f. We say that f is monomorphism if and only if:
: (Def 2) f is one-to-one.
“U We say that f is epimorphism if and only if:
| (Def.3) g f = the carrier of Ls.
" Next we state two propositions:
(8) If f is monomorphism, then a; C by iff f(a1) C f(b1).
(9) If f is epimorphism, then for every ay there exists a; such that as =
f(ar).
Let us consider Ly, Lo, f. We say that f is isomorphism if and only if:
(Def.4) f is monomorphism and epimorphism.
Let us consider Ly, L,. We say that L, and L, are isomorphic if and only if:
(Def.5)  There exists f which is isomorphism.
Let us consider Ly, Lo, f. We say that f preserves implication if and only if:
(Def.6)  f(a1 = b1) = f(a1) = f(b1).
We say that f preserves top if and only if:
(Def.7)  f(T(z1)) = T(L)-
We say that f preserves bottom if and only if:
(Def8)  F(Lizy) = L)
We say that f preserves complement if and only if:
(Def.9) = fla1©) = ‘(al) '
Let us consider L. A non empty subset of the carrier of L is said to be a
closed subset of L if:
(Def.10) If p € it and ¢ € it, then pM g € it and pL g € it.
Next we state two propositions:
(10)  The carrier of L is a closed subset of L.
(11)  Every filter of L is a closed subset of L.
Let L be a lattice. The functor idy, yields a function from the carrier of L
into the carrier of L and is defined as follows:

(Defll) idg, = id(the carrier of L)-
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Next we state two propositions:
(12) For every element b of the carrier of L holds idz,(b) = b.
(13)  For every function f from the carrier of L into the carrier of L holds
f-idp = fandidg- f=f.
In the sequel B denotes a finite subset of the carrier of L.

~ Let us consider L, B. The functor L[5 yields an element of the carrier of L
and is defined by:

(Def.12) U5 = UUfs(idy).
The functor [} yielding an element of the carrier of L is defined by:

(Def.13) [T = [T5(idg).

The following propositions are true:
(14) [T = (the meet operation of L)- " gidy.
(15) LI = (the join operation of L)- Y gidz.
(16) ng} =D
a7 My =r

3. DISTRIBUTIVE LATTICES

In the sequel D, denotes a distributive lattice and f denotes a homomorphism
from D to L.
One can prove the following proposition

(18) If f is epimorphism, then L, is distributive.

4. LOWER-BOUNDED LATTICES

We adopt the following rules: ¢, is a lower-bounded lattice, B, By, By are
finite subsets of the carrier of ;, and b is an element of the carrier of £;.
Next we state the proposition

(19) Let f be a homomorphism from ¢; to Lo. If fis epimorphism, then L,
is lower-bounded and f preserves bottom.

In the sequel f will be a unary operation on the carrier of /5.
We now state several propositions:

(20)  Ubougy f = L5 £u f(b).
@) Usup = Lisub:

(22)  Us, U Us,) = Lib,us, -
(23) Wb corer or g, = L2












