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Summary . Let X and Y be topological spacesand let X1 and X
be subspacesof X. Let f : X1 [ X2 ! Y be a mapping de ned on the
union of X3 and X2 sudh that the restriction mappings fix, and f;x, are
continuous. It is well known that if X1 and X, are both open (closed)
subspacesof X, then f is contin uous (seee.qg. [6, p.106]).

The aim is to show, using Mizar System, the following theorem (see
Section 5): If X1 and X, are weakly semrated, then f is continuous
(compare also [15, p.358] for related results). This theorem generalizes
the preceding one becauseif X; and X, are both open (closed), then
these subspacesare weakly separated (see [5]). However, the following
problem remains open.

Problem 1. Characterize the class of pairs of subspacesX; and
X, of a topological spaceX such that ( ) for any topological space
Y and for any mapping f : X1 [ X2 ! Y, f is continuous if the
restrictions fjx, and f;x, are contin uous.

In some special casewe have the following characterization: X, and X
are sep@rated i X1 misses X, and the condition ( ) is full led. In con-
nection with this fact we hope that the following specication of the
preceding problem has an a rmativ e answer.

Problem 2. Supposethe condition () is fullled. Must X; and

X2 be weakly separated ?
Note that in the last section the concept of the union of two mappings
is introduced and studied. In particular, all results preserted above are
reformulated using this notion. In the remaining sections we intro duce
concepts neededfor the formulation and the proof of theorems on prop-
erties of contin uous mappings, restriction mappings and modi cations of
the topology.
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1. Set-Theoretic Preliminaries

In the sequelA, B will denote non-empty sets. Next we state seweral proposi-
tions:

(1) For ewery function f from A into B and for every subsetAgy of A and
for every subsetBg of B holdsf Ag Bgifandonlyif Ag f Bg.

(2) For every function f from A into B and for every non-empty subsetAg
of A and for every function f o from Ag into B sud that for every elemen
c of A such that c2 Ag holdsf (c) = fo(c) holdsf Ag= fo.

(3) For every function f from A into B and for every non-empty subsetAg
of A andfor every elemert c of A such that c2 Ag holdsf (¢) = (f Ag)(0).

(4) For every function f from A into B and for every non-empty subsetAg
of A and for every subsetC of A sudhthat C  Agholdsf C = (f Ag) C.

(5) For ewery function f from A into B and for every non-empty subset
Ao of A and for every subsetD of B suc that f 1D Ao holds
f 'D=(f Ao !D.

Let A, B benon-empty sets,and let A1, A, be non-empty subsetsof A, and
let f; be a function from A7 into B, and let f, be a function from A5 into B.
Let usassumethat f;1 (A1\ Ay) =fo (A1\ Aj). The functor f,[ f, yielding
a function from A1 [ A, into B is de ned by:

(Def.l) (fi[ f2) Ar=frand(fo[ f2) Ar=fo.
The following proposition is true

(6) Let A, B benon-empty sets. Then for all non-empty subsetsA1, A, of
A sudh that A; missesA, and for every function f1 from A1 into B and
for every function f, from Az into B holdsf1 (A1\ Ax) =12 (A1\ Ap)
and (f1[ f2) Ar=fiand (f1[ f2) Ax=f,.

We follow the rules: A, B are non-empty setsand A1, Ay, Az are non-empty

subsetsof A. We now state four propositions:

(7) For ewery function g from A;[ A into B and for ewery function g; from
A1 into B and for every function g, from A, into B suchthat g A1 = g1
andg A>= g holdsg= gi1[ 0.

(8) For ewery function f1 from A, into B and for ewery function f, from A,
into B sud that f4 (Al\ Az) =f, (Al\ Az) hOldel[ fo= f2[ fq.

(9) Let Ay, Apz be non-empty subsetsof A. SupposeAi; = A [ Ar
and A,z = Ao [ As. Let f1 be a function from Aq into B. Let f, bea
function from A, into B. Let f3 be a function from A3 into B. Suppose
fq (Al\ Ag) = f, (Al\ Ag) and f, (Ag\ A3) = fj (Ag\ A3) and
f1 (A1\ A3) = f3 (A1\ A3z). Then for ewvery function f 1, from A1, into
B and for every function f »3 from A,z into B such that f1, = f;[ f, and
foz=fo[ faholdsfa[ fa="f1[ fos.

(10) For ewery function f; from A into B and for ewery function f, from
A, into B sud that f4 (Al\ Az) =f, (Al\ Ag) holds A is a subset
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of A, if and only if f;[ fo = f, but A, is a subsetof A if and only if
fl[ f2: fl.

2. Selected Pr operties of Subspaces of Topological Spaces

In the sequelX is a topological space.Next we state four propositions:

(11) For every subspaceX of X holds the topological structure of X is a
strict subspaceof X .

(12) For all topological spacesX 1, X2 such that X; = the topological struc-
ture of X, holds X1 is a subspaceof X if and only if X, is a subspaceof
X.

(13) For all topological spacesX 1, X2 such that X, = the topological struc-
ture of X1 holds X ; is a closedsubspaceof X if and only if X5 is a closed
subspaceof X .

(14) For all topological spacesX 1, X2 such that X, = the topological struc-
ture of X1 holds X ; is an open subspaceof X if and only if X, is an open
subspaceof X .

In the sequel X1, X2 will denote subspacesof X. Next we state seweral
propositions:
(15) If X1 is a subspaceof X, then for every point x; of X there exists a
point X, of X, such that x» = X1.
(16) For every point x of X1 [ X holds there exists a point x; of X1 suc
that x; = x or there exists a point x, of X, such that x, = X.

(17) If X1 meetsX,, then for every point x of X1\ X holds there exists a
point x; of X1 such that x; = x and there exists a point x» of X, sud
that x, = X.

(18) For ewery point x of X1 [ X» and for every subsetF; of X1 and for
ewvery subsetF, of X, such that F; is closedand x 2 F1 and F, is closed
and x 2 F, there exists a subsetH of X[ X, sud that H is closedand
x2HandH Fi[ Fo.

(19) For ewery point x of X, [ X, and for ewery subsetU; of X, and for
every subsetU, of X, such that U, is open and x 2 U; and U, is open
and x 2 U, there exists a subsetV of X1 [ X suc that V is open and
x2VandV Up[ U,

(20) For every point x of X1[ X, and for every point x; of X, and for every
point x, of X, sud that x; = x and X, = x and for every neighbourhood
A1 of x1 and for every neighbourhood A, of x, there exists a subsetV of
X1[ X2 suchthat Visopenandx 2V andV A A,

(21) For every point x of X, [ X2 and for every point x1 of X, and for
every point x, of X, sud that x; = x and x, = x and for every neigh-
bourhood A; of x; and for every neighbourhood A, of x, there exists a
neighbourhood A of x suchthat A A1[ A,
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In the sequelX g, X1, X2, Y1, Yo will be subspacesf X. One can prove the
following propositions:

(22) If Xq is a subspaceof X 1, then Xy meetsX; and X1 meets Xg.

(23) If X is a subspaceof X, but Xo meets X, or X, meets X, then X1
meets X, and X, meetsX ;.

(24) If Xq is a subspaceof X, but X1 missesX, or X, missesX 1, then Xy
missesX » and X, missesXg.

(25) Xo[ Xo = the topological structure of Xg.
(26) X\ X = the topological structure of Xg.

(27) If Y1 is a subspaceof X1 and Y is a subspaceof X5, then Y1 [ Yz isa
subspaceof X1 [ Xo.

(28) If Y1 meetsY, and Y, is a subspaceof X1 and Y is a subspaceof X »,
then Y1\ Y is a subspaceof X1\ Xo.

(29) If X is a subspaceof X and X5 is a subspaceof X, then X1 [ Xy is
a subspaceof X .

(30) If X1 meetsX, and X is a subspaceof X and X, is a subspaceof X g,
then X1\ X5 is a subspaceof Xy.

(31) (i) If X1 missesXg or Xo missesX 1 but X, meetsXg or Xp meetsX,,
then (Xl[ Xg)\ Xo= X2\ Xgand Xg\ (Xl[ Xz) = Xo\ Xy,
(i) if X1 meetsXp or Xg meets X1 but X, missesX g or Xg missesX o,
then (X1[ X2)\ Xg= X1\ Xgand Xo\ (X1[ X2) = Xg\ Xjq.
(32) If X1 meets X5, then if X, is a subspaceof Xq, then X;\ X, is a
subspaceof Xg\ X2 but if X, is a subspaceof Xg, then X1\ X, is a
subspaceof X1\ Xj.

(33) If X1 is a subspaceof Xy but Xg missesX, or X, missesXg, then
Xo\ (X1[ X2) = the topological structure of X1 and Xo\ (X2[ X1) = the
topological structure of X ;.

(34) If X1 meetsX,, then if X1 is a subspaceof X, then Xo\ X, meetsX
and Xo\ X meetsX; but if X5, is a subspaceof X g, then X\ Xy meets
X5 and Xg\ X1 meetsXo.

(35) If X1 is a subspaceof Y; and X, is a subspaceof Y, but Y; missesY,
or Y1\ Yo missesX1[ Xy, then Y; missesX, and Yo missesX 1.

(36) SupposeX is not a subspaceof X, and X, is not a subspaceof X1
and X1[ X, isasubspaceof Y1[ Yz and Y1\ (X1[ X>) is a subspaceof
X1 and Yo\ (X1[ X») is a subspaceof X,. Then Y, meetsX [ X, and
Y, meetsX ¢ [ Xo.
(37) Supposethat
® X1 meetsXo,
(i) X1 is not a subspaceof X 5,
(i)  Xo is not a subspaceof X 1,
(iv)  the topological structure of X = Y1 [ Y2[ Xo,
(v) Y1\ (X1[ X2) is a subspaceof X 1,
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(vi) Y2\ (X1[ X2) is a subspaceof X 5,

(vii)  Xg\ (X1[ X2) is a subspaceof X1\ Xo,.
Then Yy meetsX1[ X, and Y, meetsX 1 [ Xo.

(838) Supposethat

() X1 meetsX,,
(i) X1 is not a subspaceof X 5,
(i)  Xo is not a subspaceof X 1,
(iv)  Xq1[ X2 isnot a subspaceof Y1[ Yo,
(v) the topological structure of X = Y1 [ Y2[ Xo,
(vi) Y1\ (X1[ X2) is a subspaceof X 1,

(vii) Y2\ (X1[ X2) is a subspaceof X 5,

(viii)  Xg\ (X1[ X2) is a subspaceof X1\ X,.
Then Yl[ Y, meetle[ X- and X meetsX [ Xo.

(39) Xi[ X2 meetsXg if and only if X1 meets Xy or X, meetsX g but Xg
meetsX 1 [ X if and only if Xo meetsX1 or Xg meetsXo.

(40) X[ X2 missesXy if and only if X1 missesX g and X, missesXq but
Xo missesX 1 [ Xz if and only if Xo missesX; and Xg missesX .

(41) If X1 meetsXy, then if X1\ X, meets Xy, then X; meetsXy and X
meets X g but if Xg meetsX 1\ X5, then Xg meetsX 1 and Xy meetsX».

(42) If X1 meetsX,, then if X1 missesX or X, missesXg, then X1\ X»
missesX g but if Xo missesX 1 or Xg missesX », then X missesX 1\ Xo.

(43) For every closedsubspaceX g of X such that X meetsX 1 holds X\ X1
is a closedsubspaceof X ;.

(44) For every opensubspaceX g of X sudc that X meetsX 1 holds Xg\ X1
is an open subspaceof X ;.

(45) For ewery closedsubspaceX of X such that X1 is a subspaceof X
and X missesX, holds X, is a closedsubspaceof X1 [ X, and X; isa
closedsubspaceof X[ Xj.

(46) For ewvery open subspaceX o of X sud that X, is a subspaceof Xy and
X missesX, holds X 1 is an open subspaceof X 1[ X2 and X1 is an open
subspaceof X, [ Xj.

3. Continuity  of Mappings

We now de ne two new constructions. Let X, Y be topological spaces. A
mapping from X into Y is a function from the carrier of X into the carrier of
Y.

We sgy that f is continuous at x if and only if:
(Def.2) for every neighbourhood G of f (x) there exists a neighbourhood H of
xsudhthat f H G.

In the sequelX, Y denotetopological spacesand f denotesa mapping from
X into Y. One can prove the following propositions:
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(47) For every point x of X holdsf is continuousat x if and only if for every
neighbourhood G of f (x) holdsf ! G is a neighbourhood of x.

(48) For ewvery point x of X holdsf is continuousat x if and only if for every
subsetG of Y sud that G is open and f (x) 2 G there exists a subsetH
of X such that H isopenandx2 H andf H G.

(49) f iscortinuousif and only if for every point x of X holdsf is continuous
at x.

(50) For all topological spacesX, Y, Z sud that the carrier of Y = the
carrier of Z and the topology of Z  the topology of Y and for ewvery
mapping f from X into Y and for every mapping g from X into Z suc
that f = g and for every point x of X sud that f is continuousat x holds
g is cortinuous at X.

(51) Let X, Y, Z be topological spaces. Then if the carrier of X = the
carrier of Y and the topology of Y  the topology of X, then for ewvery
mapping f from X into Z and for every mapping g from Y into Z suc
that f = g and for ewvery point x of X and for ewvery point y of Y sucd
that x = y holdsif g is cortinuous at y, then f is cortinuous at x.

Let X, Y, Z betopological spaces,and let f be a mapping from X into Y,
and let g be a mapping from Y into Z. Then g f is a mapping from X into Z.

We follow a corvertion: X, Y, Z aretopological spaces,f is a mapping from
X into Y, and g is a mapping from Y into Z. The following propositions are
true:

(52) For ewvery point x of X and for every point y of Y sud that y = f (x)
holdsif f iscontinuousat x and g is cortinuousat y, then g f is cortinuous
at x.

(53) For ewery point y of Y sud that f is cortinuous and g is cortinuous
at y and for every point x of X suc that x 2 f 1fygholdsg f is
continuous at X.

(54) Forewery point x of X suc that f is cortinuousat x and g is cortin uous
holdsg f is continuousat x.

Let X, Y be topological spaces.We introduce cortinuous mapping from X
into Y asa synonym of continuous map from X into Y.
The following propositions are true:

(55) f is acontinuous mapping from X into Y if and only if for every point
x of X holdsf is cortinuous at x.

(56) For all topological spacesX, Y, Z sud that the carrier of Y = the
carrier of Z and the topology of Z the topology of Y ewvery continuous
mapping from X into Y is a continuous mapping from X into Z.

(57) For all topological spacesX, Y, Z such that the carrier of X = the
carrier of Y and the topology of Y  the topology of X ewvery continuous
mapping from Y into Z is a continuous mapping from X into Z.

Let X, Y betopological spacesand let X g be a subspaceof X, and let f be
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amapping from X into Y. The functor f X yielding a mapping from Xg into
Y is de ned hy:

(Def.3) f Xg=f the carrier of Xg.

In the sequelX, Y will denotetopological spaces,X ¢ will denote a subspace
of X, and f will denotea mapping from X into Y. The following propositions
are true:

(58) For ewery point x of X such that x 2 the carrier of X holds f (x) =
(f Xo)(x).

(59) For every mapping fo from X into Y such that for every point x of X
such that x 2 the carrier of X holds f (x) = fo(x) holdsf Xg= fo.

(60) If the topological structure of X g = the topological structure of X, then

f=f Xo.
(61) For ewery subsetA of X such that A  the carrier of Xg holdsf A =
(f Xo) A.

(62) For ewvery subsetB of Y such that f 1B  the carrier of X holds
f 1B=(f Xp) 'B.

(63) For every mapping g from X g into Y there exists a mapping h from X
into Y such that h Xg=g.

In the sequelf is a mapping from X into Y and X is a subspaceof X . Next
we state seeral propositions:

(64) For every point x of X and for every point xg of X sud that x = xg
holds if f is cortinuousat x, then f Xg is cortinuous at Xg.

(65) For ewvery subsetA of X and for every point x of X and for every point
Xg of Xg such that A the carrier of X and A is a neighbourhood of x
and x = Xg holds f is continuous at x if and only if f Xg is continuous
at Xo.

(66) For ewvery subsetA of X and for every point x of X and for every point
Xg of Xg such that A isopenand x 2 A and A  the carrier of X and
X = Xp holdsf is continuousat x if and only if f X is corntinuous at Xg.

(67) For ewvery open subspaceX of X and for every point x of X and for
every point xg of Xg such that x = xg holds f is cortinuous at x if and
only if f Xg is continuous at Xxg.

(68) For every continuous mapping f from X into Y and for every subspace
Xo of X holdsf X is a continuous mapping from X g into Y.

(69) For all topological spacesX, Y, Z and for every subspaceX ¢ of X and
for every mapping f from X into Y and for every mapping g from Y into
Z holds(g f) Xo=g (f Xp).

(70)  For all topological spacesX, Y, Z and for every subspaceX ¢ of X and
for every mapping g from Y into Z and for every mapping f from X into
Y such that gis continuousandf Xg is cortinuousholds(g f) Xgis
continuous.
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(71) For all topological spacesX, Y, Z and for every subspaceX ¢ of X and
for every corntinuous mapping g from Y into Z and for every mapping f
from X into Y such that f X is a cortinuous mapping from Xg into Y
holds (g f) Xy is a corntinuous mapping from Xg into Z.

Let X, Y betopological spacesand let Xy, X, be subspaceof X, and let g
be a mapping from X into Y. Let us assumethat X1 is a subspaceof X. The
functor g X yielding a mapping from X1 into Y is de ned asfollows:

(Def.d) g Xi1= g the carrier of X .

For simplicity we follow a corvertion: X, Y denote topological spaces, X g,
X1 denote subspaceof X, f denotesa mapping from X into Y, and g denotes
a mapping from Xg into Y. The following propositions are true:

(72) If X1 is a subspaceof Xg, then for every point xg of X sud that
Xo 2 the carrier of X1 holds g(xo) = (g X1)(Xo).

(73) If X1 is a subspaceof X, then for every mapping g; from X, into Y
such that for every point xg of X such that xg 2 the carrier of X, holds
9(xo) = Gu(Xo) holdsg X1 = .

(74) g9=9 Xo.

(75) If X1 is a subspaceof X, then for every subset A of X sud that
A the carrier of X, holdsg A= (g X1) A.

(76) If X1 is a subspaceof Xg, then for every subset B of Y sud that
g !B the carrier of X1 holdsg 1B = (g Xi) !B.

(77) For every mapping g from Xg into Y suchthat g=f X holdsif X1
is a subspaceof Xg,theng Xi1=f Xj.

(78) If X1 is asubspaceof Xg,thenf Xgo Xi=f Xi.

(79) For all subspacesXg, X1, X2 of X sud that X1 is a subspaceof X
and X, is a subspaceof X 1 and for every mapping g from X into Y holds
g X1 Xz2=9 Xo

(80) For every mapping f from X into Y and for every mapping f o from X1
into Y and for every mapping g from Xg into Y suc that Xg = X and
f =gholdsg Xi=fgifandonlyiff X;= fq.

We follow the rules: Xg, X1, X, are subspacesof X, f is a mapping from
X into Y, and g is a mapping from Xy into Y. One can prove the following
propositions:

(81) For ewvery point xg of X and for every point x; of X1 such that xg = x1
holds if X1 is a subspaceof X and g is continuous at xg, theng X1 is
cortinuous at Xj.

(82) If X1 is a subspaceof X, then for every point xg of X and for every
point x; of X1 such that xg = X3 holdsif f Xg is continuous at X, then
f X4 iscortinuousat x;.

(83) If X, is a subspaceof X g, then for every subsetA of X and for every
point xq of Xy and for every point x; of X1 such that A the carrier of
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X1 and A is a neighbourhood of Xg and xg = x1 holds g is continuous at
Xg if and only if g X1 is continuous at X1.

(84) If X is a subspaceof X, then for every subsetA of Xy and for every
point xg of X and for every point x; of X; such that A is open and
Xo 2 A and A the carrier of X; and Xg = X1 holds g is cortinuous at
Xg if and only if g X1 is continuous at X1.

(85) If X1 is a subspaceof X, then for every subsetA of X and for every
point xg of X and for every point x; of X; such that A is open and
Xo 2 A and A the carrier of X; and Xg = X1 holds g is cortinuous at
Xg if and only if g X1 is continuous at X1.

(86) If X, is an open subspaceof X g, then for every point xg of Xo and for
every point x; of X1 sud that xo = x1 holds g is cortinuous at Xxg if and
only if g X1 is continuous at x1.

(87) If X1 is an open subspaceof X and X, is a subspaceof X, then for
every point xg of X and for every point x;1 of X1 sudch that xg = x; holds
g is corntinuous at X if and only if g X1 is continuous at Xj.

(88) If the topological structure of X1 = Xg, then for every point xg of Xg
and for every point x; of X1 such that xg = x1 holdsif g X is continuous
at x1, then g is continuous at Xg.

(89) For ewery cortinuous mapping g from Xg into Y sucd that X1 is a
subspaceof X holdsg X1 is a continuous mapping from X1 into Y.

(90) If X4 is a subspaceof Xy and X is a subspaceof X1, then for every
mapping g from X into Y such that g X is a continuous mapping from
Xy into Y holdsg X, is a cortinuous mapping from X, into Y.

Let X be a topological space. The functor idx yielding a mapping from X
into X is de ned asfollows:

(Def.5) idx = id(the carrier of X)-
One can prove the following four propositions:
(91) For every point x of X holdsidx (x) = x.

(92) For every mapping f from X into X sud that for every point x of X
holds f (x) = x holdsf = idy .

(93) For every mapping f from X into Y holdsf idx = f andidy f =f.

(94) idy is a cortinuous mapping from X into X.

We now de ne two new functors. Let X be a topological space,and let X g
be a subspaceof X. The functor >!(° yielding a mapping from Xg into X is
de ned by:

(Def.6) f° =idx Xo.
We introduce the functor Xo ! X asa synorym of %°.
Next we state four propositions:

(95) For every subspaceX o of X and for every point x of X sud that x 2 the
carrier of X holds (°)(x) = x.
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(96) For ewery subspaceX o of X and for every mapping f ¢ from Xg into X
such that for every point x of X suc that x 2 the carrier of X holds
x = fo(x) holds ° = fo.

(97) For ewery subspaceX g of X and for every mapping f from X into Y
holdsf Xo=f (}°).

(98) For ewery subspaceX g of X holds TO is a corntinuous mapping from X
into X.

4. A Modifica tion of the Topology of Topological Spaces

In the sequelX will denote a topological spaceand H, G will denote subsets
of X. Let us consider X, and let A be a subsetof X. The A-extension of the
topology of X yielding a family of subsetsof X is de ned asfollows:

(Def.7)  the A-extensionof the topologyof X = fH[ G\ A :H 2 the topology
of X » G 2 the topology of X g.

We now state seweral propositions:

(99) For ewvery subsetA of X holds the topology of X  the A-extension of
the topology of X .
(100) For every subsetA of X holdsfG\ A : G 2 the topology of Xg the
A-extension of the topology of X, where G rangesover subsetsof X .
(101) For every subsetA of X and for all subsetsC, D of X such that C 2 the
topologyof X andD 2 fG\ A : G 2 the topology of X g, where G ranges
over subsetsof X holds C[ D 2 the A-extension of the topology of X
and C\ D 2 the A-extension of the topology of X .
(102) For ewery subsetA of X holds A 2 the A-extension of the topology of
X.
(103) For every subsetA of X holds A 2 the topology of X if and only if the
topology of X = the A-extension of the topology of X .
Let X be a topological space,and let A be a subsetof X. The X modi ed
w.r.t. A vyields a strict topological spaceand is de ned by:

(Def.8) the X modied w.rt. A = hhe carrier of X;the A-extension of the
topology of Xi.

In the sequelA will be a subsetof X. The following three propositions are
true:
(104) The carrier of the X modied w.rt. A = the carrier of X and the
topology of the X modi ed w.r.t. A = the A-extensionof the topology of
X

(105) For ewery subsetB of the X modied w.r.t. A suc that B = A holds
B is open.

(106) A isopenif and only if the topological structure of X = the X modi ed
w.rt. A.
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Let X be a topological space,and let A be a subset of X. The functor
modidyx .a Yields a mapping from X into the X modied w.r.t. A andis de ned
as follows:

(Def.9)  modidx:a = id(the carrier of X)-
We now state seweral propositions:
(207) If A is open, then modidy.a = idx .
(108) For every point x of X sud that x 2 A holds modidx s iS cortinuous
at x.
(109) For ewery subspaceX of X such that (the carrier of Xg)\ A =; and
for every point X of Xo holds modidx.a X is cortinuous at Xg.
(110) For every subspaceX of X sud that the carrier of Xg = A and for
ewvery point Xo of Xo holds modidx-a Xg is cortinuous at Xo.
(111) For every subspaceX g of X such that (the carrier of Xg)\ A = ; holds
modidx.a Xg is acortinuousmapping from X into the X modi ed w.r.t.
A.
(112) For ewery subspaceXy of X sud that the carrier of Xo = A holds
modidx.a Xo is a cortinuous mapping from X into the X modied
w.r.t. A.
(113) For every subsetA of X holds A is open if and only if modidx.a is a
continuous mapping from X into the X modi ed w.r.t. A.

Let X beatopologicalspace,andlet X o beasubspaceof X. The X modi ed
w.r.t. Xy vyielding a strict topological spaceis de ned as follows:

(Def.10) for every subsetA of X sud that A = the carrier of X holds the X
modied w.rt. Xo = the X modied w.rt. A.

In the sequelX will denote a subspaceof X. The following three proposi-
tions are true:

(114) The carrier of the X modied w.rt. Xg = the carrier of X and for
every subsetA of X sud that A = the carrier of X holds the topology
of the X modied w.r.t. Xo = the A-extension of the topology of X .

(115) For every subspaceYg of the X modi ed w.r.t. X sud that the carrier
of Yy = the carrier of X holds Yy is an open subspaceof the X modi ed
w.r.t. Xo.

(116) X is an open subspaceof X if and only if the topological structure of
X = the X modied w.r.t. Xg.

Let X be a topological space,and let Xy be a subspaceof X. The functor
modidyx .x, yielding a mapping from X into the X modied w.r.t. Xg is de ned
as follows:

(Def.11) for every subsetA of X sud that A = the carrier of X holds
modidx Xo = mOdidx;A.

We now state seweral propositions:
(117) If Xo is an open subspaceof X, then modidyx.x, = idx .
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(118) For all subspacesX, X1 of X such that Xy missesX 1 and for ewvery
point x1 of X1 holds modidx.x, Xj is cortinuousat xj.

(119) For ewery subspaceXy of X and for every point xg of X holds
mOdidx;xo Xo
is continuous at Xg.

(120) For all subspacesK g, X1 of X sud that X missesX ;1 holds modidx :x ,
X1 is a cortinuous mapping from X 1 into the X modied w.r.t. Xo.

(121) For every subspaceX o of X holds modidx.x, Xp is a cortinuous map-
ping from Xg into the X modied w.r.t. Xo.

(122) For ewery subspaceX of X holds X is an open subspaceof X if and
only if modidx .x, is a cortinuous mapping from X into the X modi ed
w.rt. Xog.

5. Continuity  of Mappings over the Union of Subspaces

In the sequelX, Y denotetopological spaces.We now state three propositions:

(123) For all subspacesX 1, X, of X and for every mapping g from X[ X»
into Y and for every point x; of X1 and for ewery point x, of X, and
for every point x of X1 [ X, such that x = x; and X = X, holds g is
continuous at x if and only if g X1 is continuous at x; and g Xy is
cortinuous at X».

(124) Let f bea mapping from X into Y. Then for all subspacesX 1, X, of
X and for every point x of X1 [ X, and for every point x; of X1 and for
every point x, of X, such that x = x; and x = xp holdsf (X1[ X2)
is continuous at x if and only if f X4 is cortinuousat x; andf X, is
continuous at X».

(125) Letf bea mapping from X into Y. Then for all subspacesX 1, X, of
X such that X = X[ X, and for every point x of X and for every point
x1 of X1 and for every point x, of X, such that x = x1 and x = X, holds
f is continuousat x if and only if f X is continuousat x; andf X
is continuous at Xo.

In the sequelX 1, X, will denotesubspace®f X . One can prove the following
propositions:

(126) If X, and X, are weakly separated, then for every mapping g from
X1[ X2 into Y holds g is a continuous mapping from X1 [ X, into Y if
and only if g X1 is a cortinuous mapping from X1 into Y andg X is
a continuous mapping from X, into Y.

(127) For all closedsubspacesX 1, X, of X and for every mapping g from
X1[ X2 into Y holds g is a continuous mapping from X1 [ X, into Y if
and only if g X is a cortinuous mapping from X1 into Y andg X is
a continuous mapping from X, into Y.
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(128) For all open subspacesX 1, X, of X and for every mapping g from
X1[ X2 into Y holds g is a continuous mapping from X1 [ X, into Y if
and only if g X is a cortinuous mapping from X1 into Y andg X is
a cortinuous mapping from X, into Y.

(129) If X1 and X, are weakly separated,then for every mapping f from X
into Y holdsf (X1[ X3) is a continuous mapping from X[ X, into Y
if and only if f X is a continuous mapping from X, into Y andf X,
is a contin uous mapping from X, into Y.

(130) For every mapping f from X into Y and for all closedsubspacesX i,
X, of X holdsf (X1[ X») isacorntinuous mapping from X[ X, into Y
if and only if f X is a continuous mapping from X ¢ into Y andf X,
is a contin uous mapping from X, into Y.

(131) For every mapping f from X into Y and for all open subspacesX 1, X
of X holdsf (X1[ X3) is a continuous mapping from X1[ Xz into Y if
andonly if f X, is a cortinuous mapping from X1 into Y andf X5 is
a cortinuous mapping from X, into Y.

(132) For every mapping f from X into Y and for all subspacesX 1, X, of X
such that X = X1[ X2 and X1 and X, are weakly separatedholdsf is a
continuous mapping from X into Y if and only if f X4 is a continuous
mapping from X, into Y and f X5 is a cortinuous mapping from X
into Y.

(133) For every mapping f from X into Y and for all closedsubspacesX i,
Xo of X sucth that X = X1[ X, holdsf is a cortinuous mapping from
X into Y if and only if f X4 is a cortinuous mapping from X into Y
andf X, is a continuous mapping from X, into Y.

(134) For every mapping f from X into Y and for all open subspacesX 1, X
of X such that X = X1[ X, holds f is a continuous mapping from X
into Y if and only if f X is a continuous mapping from X1 into Y and
f X5 is acontinuous mapping from X into Y.

(135) X1 and X, are separatedif and only if X; missesX, and for ewery
topological spaceY and for every mapping g from X[ X, into Y sudc
that g X1 is a continuous mapping from X, into Y and g X, is a
continuous mapping from X, into Y holds g is a continuous mapping
from X[ X, into Y.

(136) X1 and X, are separatedif and only if X; missesX, and for ewery
topological spaceY and for every mapping f from X into Y sud that
f X1 isacontinuousmapping from X1 into Y andf X, isa cortinuous
mapping from X, into Y holdsf (X1[ X5) is a corntinuous mapping
from X[ X, into Y.

(137) For all subspacesX i, X, of X sudch that X = X1[ X, holds X1 and
X, are separatedif and only if X1 missesX, and for every topological
spaceY and for every mapping f from X into Y such that f X, isa
continuous mapping from X, into Y andf X, is a cortinuous mapping
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from X, into Y holdsf is a continuous mapping from X into Y.

6. The Union of Continuous Mappings

Let X, Y be topological spaces,and let X1, X, be subspacesf X, and let f;
be a mapping from X1 into Y, and let f, be a mapping from X, into Y. Let
us assumethat X1 missesX, orf; (X1\ X)) = fo (X1\ X»). The functor
f1[ fo yielding a mapping from X1[ X, into Y is de ned asfollows:

(Def.12) (f1[ f2) Xp=frand (f1[ f2) Xo=fo.

In the sequelX, Y will denote topological spaces.We now state a number
of propositions:

(138) For all subspacesX 1, X, of X and for every mapping g from X[ X»
intoY holdsg=g Xi1[ g Xa.

(139) For all subspacesX i, X, of X such that X = X[ X, and for ewvery
mapping g from X into Y holdsg=g Xi1[ g Xo.

(140) For all subspacesX 1, X, of X sud that X; meets X, and for ewery
mapping f1 from X1 into Y and for every mapping f, from X, into Y
hOldS(fl[ f2) X1=fiand (fl[ f2) Xo = folf andonly if fq1 (Xl\ X2) =
fo (X1\ X2).

(141) For all subspacesX 1, X, of X and for every mapping f1 from X1 into
Y and for every mapping f, from X, into Y such that f; (X1\ Xj) =
fo (X1\ X») holds X is a subspaceof X, if andonly if f1[ fo = f, but
X, is a subspaceof X1 if andonly if f1[ fo= fq.

(142) For all subspacesX 1, X, of X and for every mapping f1 from X1 into
Y and for every mapping f, from X, into Y sud that X; missesX, or
fi1. X1\ X2) =1z (X1\ Xp) holdsfi[ fo=fo[ f1.

(143) Let X1, X, X3 be subspacesf X. Let f1 be a mapping from X1 into
Y. Let f, bea mapping from X, into Y. Let f3 be a mapping from X3
into Y. SupposeX i missesX, or f1 (X1\ X)) = fao (X1\ X3) but
X1 missesXz orf; (X1\ X3) =fz (X1\ X3) but X, missesX3 or
fo (X2\ Xg)="fs (X2\ Xg). Then (f1[ f2) [ fa="f1[ (f2[ fa).

(144) For all subspacesX 1, X, of X sud that X; meets X, and for ewery
continuous mapping f 1 from X1 into Y and for every contin uous mapping
fo from X, into Y such that 1 (X1\ X2) = o (X1\ X)) holdsif X1
and X, are weakly separated,then f, [ f, is a cortinuous mapping from
X[ Xointo Y.

(145) For all subspacesX i, X, of X such that X1 missesX, and for ewvery
continuous mapping f 1 from X1 into Y and for every contin uous mapping
f, from X, into Y sud that X, and X, are weakly separatedholdsf [ f»
is a continuous mapping from X[ X, into Y.

(146) For all closedsubspacesX i, X, of X suc that X1 meets X, and for
every continuous mapping f1 from X, into Y and for ewvery continuous
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mapping f, from X, into Y such that f1 (X1\ X2) = fo (X1\ X»)
holdsf, [ f2 is a continuous mapping from X[ Xz into Y.

(147) For all open subspacesX i, X, of X such that X1 meets X, and for
ewvery cortinuous mapping f1 from X, into Y and for every coninuous
mapping f, from X, into Y sudch that f1 (X1\ X2) = fo (X1\ X5)
holdsf, [ f2 is a corntinuous mapping from X[ Xz into Y.

(148) For all closedsubspacesX 1, X, of X sud that X1 missesX, and for
ewvery cortinuous mapping f1 from X, into Y and for every coninuous
mapping f, from X, into Y holdsf1[ f, is a cortinuous mapping from
X[ X2into Y.

(149) For all open subspacesX 1, X, of X sud that X; missesX, and for
ewvery cortinuous mapping f1 from X, into Y and for every coninuous
mapping f, from X, into Y holdsf41[ f, is a cortinuous mapping from
X[ Xointo Y.

(150) For all subspacesX i, X, of X holds X; and X, are separatedif and
only if X1 missesX, and for ewvery topological spaceY and for ewery
continuous mapping f 1 from X1 into Y and for every contin uous mapping
fo, from X, into Y holdsf,[ f2 is a continuous mapping from X[ X»
into Y.

(151) For all subspacesX i, X, of X such that X = X1[ X, and for ewery
continuous mapping f 1 from X1 into Y and for every contin uous mapping
fo from X, into Y sud that (fl[ f2) X1=f1 and (fl[ f2) Xo =15
holds if X1 and X, are weakly separated,then f1 [ f, is a continuous
mapping from X into Y.

(152) For all closedsubspacesX 1, X, of X and for every cortin uous mapping
f1 from X into Y and for ewvery cortinuous mapping f, from X, into Y
such that X = Xl[ X, and (fl[ f2) X4, = f1and (fl[ f2) Xo =15
holdsf,[ f» is a cortinuous mapping from X into Y.

(153) For all open subspacesX 1, X, of X and for every corninuous mapping
f1 from X1 into Y and for every corntinuous mapping f» from X, into Y
suchthat X = X1[ Xoand (f1[ f2) Xi=fiand(f1[ fo) Xo= 1>
holdsf1[ f, is a continuous mapping from X into Y.
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The articles [11], [1], [2], [3], [13], [5], [6], [9], [8], [4]., [12], [7], and [10] provide the
notation and terminology for this paper. For simplicity we adopt the following
rules: D, D3, D, denote non-empty sets, n, k denote natural numbers, p, r
denote real numbers, and f denotesa function. Let us considerDq, Do. A
function is called a sequenceof partial functions from D into D, if:

(Def.1) domit= andrngit D;! Do,.

In the sequelF, F1, F, are sequence®f partial functions from D1 into Do.
Let us considerD4, D2, F, n. Then F(n) is a partial function from D1 to D».
In the sequelG, H, H1, H», J are sequence®f partial functions from D into
. One can prove the following two propositions:
(1) f is a sequenceof partial functions from D1 into D, if and only if
domf = and for every n holds f (n) is a partial function from D1 to
Do.
(2) For all F1, F> such that for every n holds F1(n) = Fz(n) holdsF1 = F».
The scheme ExFuncSey deals with a non-empty set A, a non-empty set B,
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there exists a sequenceG of partial functions from A into B sud that for
every n holds G(n) = F(n)
for all valuesof the parameters.
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We now de ne seweral new functors. Let us considerD, H, r. The functor
r H yields a sequenceof partial functions from D into andis de ned asfollows:

(Def.2) for every n holds (r H)(n) = r H(n).

Let us considerD, H. The functor H 1! yielding a sequenceof partial functions
from D into is de ned by:

(Def.3) for every n holdsH (n) = ﬁ
The functor H yields a sequenceof partial functions from D into and is
de ned by:

(Def.4)  for every n holds( H)(n) = H(n).
The functor jHj yields a sequenceof partial functions from D into and is
de ned as follows:

(Def.5) for every n holds jH j(n) = jH (n)j.
Let us consider D, G, H. The functor G + H yields a sequenceof partial
functions from D into and is de ned by:

(Def.6) for every n holds (G + H)(n) = G(n) + H(n).
The functor G H yielding a sequenceof partial functions from D into is
de ned asfollows:

(Def7) G H=G+ H.

The functor GH vyields a sequenceof partial functions from D into and is
de ned asfollows:

(Def.8) for every n holds (GH)(n) = G(n) H(n).
Let usconsiderD, H, G. The functor % yielding a sequenceof partial functions
from D into is de ned asfollows:

(Def.9) % =GH L
Next we state a number of propositions:
(3) Hi= £ if and only if for every n holds H4(n) = g((’r‘]))
(4) Hy= G H if and only if for every n holds H1(n) = G(n) H(n).
5) G+H=H+Gand(G+H)+J=G+ (H+J).
(6) GH=HGand(GH)J = G(HJ).

(7) (G+H)IJ=GJ+HJandJ(G+H)=JG+JH.
8 H=( 1H.
(99 (G H)J=GJ HJandJG JH=J(G H).

(10) r(G+H)=rG+rHandr(G H)=rG rH.
(11) (r P H =r(pH).

(12) 1H =H.

(13) H=H.

(14) G 'H 1= (GH) .

(15) Ifr60,then(rH) t=r H L

(16) jHj *=jH 1.
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(17) JGHj=|GjjH].
(18) igi=lq}-
(19) jrHj=jrjjH].

In the sequelx is an elemert of D, X, Y aresets, and f is a partial function
from D to . We now de ne three new constructions. Let us considerD 1, Dy,
F, X. We say that X is common for elemerns of F if and only if:

(Def.10) X 6 ; andfor every n holds X  dom€F (n).
Let usconsiderD, H, x. The functor H# x yielding a sequenceof real numbers
is de ned asfollows:
(Def.11) for every n holds (H# x)(n) = H (n)(x).
Let us considerD, H, X. We sa that H is point-convergert on X if and only
if:
(Def.12) X iscommonfor elemens of H and there existsf sud that X = domf
and for every x such that x 2 X and for every p such that p > 0 there
existsk such that for every n such that n  k holdsjH (n)(x) f (X)j < p.

Next we state two propositions:

(20) H is point-convergert on X if and only if X is common for elemerts
of H and there exists f sud that X = domf and for every x suc that
X 2 X holds H# x is convergert and lim(H# x) = f (x).

(21) H is point-convergert on X if and only if X is commonfor elemens of
H and for every x such that x 2 X holds H# x is corvergert.

We now de ne two new constructions. Let us considerD, H, X. We say
that H is uniform-convergen on X if and only if:
(Def.13) X iscommonfor elemerns of H and there existsf sud that X = domf
and for every p suc that p > 0 there exists k suc that for all n, x such
that n kandx 2 X holdsjH(n)(x) fX)j< p.
Let us assumethat H is point-convergert on X . The functor limyx H yielding a
partial function from D to is de ned asfollows:
(Def.14) domlimyxyH = X and for every x suc that x 2 domlimyx H holds
(limx H)(x) = lim(H# x).
We now state a number of propositions:

(22) If H is point-convergert on X, then f = limyx H if and only if domf =
X and for every x such that x 2 X and for every p such that p > 0 there
existsk such that for every n such that n  k holdsjH (n)(x) f (X)j < p.

(23) If H is uniform-convergen on X, then H is point-convergert on X.

(24) IfY X andyY 6 ; and X is common for elemens of H, then Y is
common for elemerns of H.

(25) IfY X and Y 6 ; and H is point-convergert on X, then H is
point-convergert onY andlimxH Y = IlimyH.

(26) IfY X andY 6 ; and H is uniform-convergert on X, then H is
uniform-convergert on Y.
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(27) If X is common for elemens of H, then for every x such that x 2 X
holds f xg is common for elemeris of H.

(28) If H is point-convergert on X, then for every x sud that x 2 X holds
fxg is common for elemerts of H.

(29) Supposefxg is common for elemens of H,; and fxg is common for
elemerts of Hy. Then Hi# X+ Ho#t x = (H1+ Ho)# x andH1# X Ho#x =
(H]_ Hz)#X and (Hl#X)(Hz#X): (Hle)#X.

(30) If fxgis commonfor elemeris of H, then jH j# x = jH# xj and
( H#x= H#x.

(31) If fxgis common for elemers of H, then (r H)# x = r (H# X).

(32) SupposeX is common for elemens of H; and X is common for ele-
ments of H,. Then for every x such that x 2 X holdsH# x + Ho# x =
(Hi+ Ho)# xandHi#Xx Ho#tx = (H1 Ho# xand (H1# x) (Ho#Xx) =
(H1 H2)# x.

(33) If X is common for elemens of H, then for every x such that x 2 X
holdsjHj#x = jH#xjand ( H)#x = H#X.

(34) If X is common for elemens of H, then for every x sud that x 2 X
holds (r H)# x = r (H# x).

(35) SupposeH; is point-convergert on X and H is point-convergert on X .
Then for every x such that x 2 X holds H1# x + Ho# x = (H1 + Ho)# X
and H 1# X Ho# X = (H]_ Hz)#X and(Hl#x)(Hz#x): (Hle)#X.

(36) If H is point-convergert on X, then for every x sud that x 2 X holds
Higx=]JH#xjand ( H)#¥x= H#Xx.

(37) If H is point-convergert on X, then for every x suc that x 2 X holds
(rH)#x=r (H#X).

(38) If X is common for elemens of H; and X is common for elemerts of
H,, then X is common for elemens of H1 + H, and X is common for
elemens of H1 H» and X is common for elemens of H1 Ho.

(39) If X is commonfor elemerts of H, then X is common for elemerts of
jHj and X is commonfor elemerts of H.

(40) If X is common for elemers of H, then X is common for elemens of
rH.

(41) SupposeH; is point-convergert on X and H is point-convergert on X .
Then

() Hi+ H,is point-convergert on X,
(II) |imx(H1+ Hz): limyxH1+ limy Ho,
(i) Hyp Hyis point-convergert on X,
(IV) |imx(H1 H2) = limxHi; IlimyxHy,
(v) H1H> is point-convergert on X,
(VI) |imx(H1H2)= limy Hqlimyx Ho.

(42) If H is point-convergert on X, then jHj is point-convergen on X and
limyxjHj = jlimxHj and H is point-convergert on X and limy ( H) =
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limxH.

(43) If H is point-convergert on X, then r H is point-convergert on X and

limx(rH)=rlimxH.

(44) H is uniform-convergert on X if and only if X is commonfor elemeris

of H and H is point-convergert on X and for every r such that 0 < r
there exists k sudch that for all n, x such that n k and x 2 X holds
jH(n)(x)  (imxH)(x)j <.

In the sequelH will be a sequenceof partial functions from into . Let us

considern, k. Then max(n; k) is a natural number.

We now state the proposition

(45) If H is uniform-convergert on X and for every n holds H (n) is cortin-

(1]
(2]

(3]
(4]

(5]
(6]
(7]
(8]
9]
(10]
(11]
(12]

(13]

uouson X, then limx H is continuouson X .
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Summary . We shall describe n-dimensional spaceswith the reper
operation [10, pages72{79]. An inspiration to such approach comesfrom
the monograph [12] and so-called Leibniz program. Let us recall that
the Leibniz program is a program of algebraization of geometry using
purely geometric notions. Leibniz formulated his program in opposition to
algebraization method developed by Descartes. The Euclidean geometry
in Szmielew's approach [12] is a theory of structures hS; k; ;Oi, where
hS; k; ;Oi is Desarguean midpoint plane and O S S Sisthe
relation of equi-orthogonal basis. Points o;p;q are in relation O if they
form anisosceledriangle with the right anglein vertex a. If we x vertices
a; p, then there exist exactly two points g; ° such that O(apg), O(apdd).
Moreover ¢ q°= a. In accordancewith the Leibniz program we replace
the relation of equi-orthogonal basisby a binary operation :S S! S,
called the reper operation. A standard model for the Euclidean geometry
in the above senseis the oriented plane over the eld of real numberswith
the reper operations de ned by the condition: a b= qi the point q
is the result of rotating of p about right angle around the certer a.

MML Identi er: MIDSP3.

The terminology and notation usedhereare introducedin the following articles:
[13], [5], [6], [3], [7], [2], [4], [, [8], [11], and [9].

1. Substitutions in tuples

For simplicity we adopt the following rules: n, i, j, k, | are natural numbers, D
is a non-empty set, ¢, d are elemerts of D, and p, g, r are nite sequencef
elemerts of D. The following propositions are true:
(1) If lenp=j + 1+ k, then there exist g, r, ¢ sucd that lenqg = j and
lenr=kandp=q hai r.
(2) If i 2 Segn, then there existj, k sudhthat n=j+ 1+ kandi=j + 1.

C 1992 Fondation Philipp e le Ho dey
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(3) Supposep=qg hi randi = lenqg+ 1. Then for every | suc that
1 landl lengholdsp(l) = q(lI) and p(i) = c and for every | such that
i+1 landl lenpholdsp(l)=r( 1i).

4 | jorl=j+1orj+2 I

(5) Ifl2 Segnnfigandi=j+ 1,thenl landl jori+1 1|and
I n.

Let us considern, i, D, d, and let p be an elemert of D"*1. Let us assume
that i 2 Sedn + 1). The functor p(i=d) yielding an elemern of D"*! is de ned
asfollows:

(Def.1) p(i=d)(i) = dandfor every| such that | 2 Seglenpnfigholdsp(i=d)(l) =
p(l).

2. Reper Algebra Str ucture and its Pr oper ties

Let us considern. We consider structures of reper algebra over n which are
extension of a midpoint algebrastructure and are systems

ha carrier, a midpoint operation, a reperi,
where the carrier is a non-empty set, the midpoint operation is a binary op-
eration on the carrier, and the reper is a function from (the carrier)" into the
carrier. Let us obsene that there exists a structure of reper algebraover n + 2
which is midpoint algebra-like.

We adopt the following rules: R1 will denotea midpoint algebra-like structure
of reper algebraover n+ 2 and a, b, d, p1, p? will denote points of R;. We now
de ne two new modes. Let us consideri, D. A tuple of i and D is an elemen
of D'.

Let us considern, Ry, i. A tuple of i and Ry is a tuple of i and the carrier
of Rl.

In the sequelp, q will denotetuples of n+ 1 and R4. Let us considern, Ry,
a. Then hai is a tuple of 1 and R1. Let us considern, R4, i, j, and let p bea
tuple of i and Ry, and let gbeatuple ofj and R;. Thenp qisatuple ofi+ |
and R;.

We now state the proposition
(6) hai pisatuple of n+ 2 and Rj.
We now de ne two new functors. Let us considern, Ry, a, p. The functor
(a;p) yielding a point of R; is de ned as follows:
(Def.2) (a;p) = (the reper of Ry)(hai  p).
Let us considern, i, Ry, d, p. The functor p; 4 yields atuple of n+ 1 and Ry
and is de ned asfollows:
(Def.3) for every D and for every elemen p° of D"*1 and for every elemen
d® of D such that D = the carrier of Ry and p®= p and d° = d holds
pir_a = pYi=d9.
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We now state the proposition
(7) 1fi 2 Sedn+ 1), then pji 4(i) = d and for every | suc that | 2
Seglenpnfig holdsp i 4(1) = p(l).
Let us considern. A natural number is said to be a natural humber of n if:
(Defd) 1 itandit n+ 1.

In the sequelm is a natural number of n. We now state seweral propositions:
(8) i is anatural numberof nif andonly if i 2 Sedn + 1).
9 1 i+1
(10) Ifi n,theni+ 1isanatural number of n.
(11) If for every m holds p(m) = q(m), then p = q.
(12) For every natural number | of n sudh that | =i holdsp i 4(I) = d and
for all natural numbersl, i of n such that | 6 i holdsp i q4(l) = p(l).

We now de ne three new predicates. Let us considern, D, and let p be an
elemen of D"*1, and let us considerm. Then p(m) is an elemen of D. Let us
considern, R;. We say that R; is invarianceif and only if:

(Def.5) for all a, b, p, g suc that for every m holdsa qg(m) =b p(m) holds
a (([oag=b (ap).
Let us considern, i, R;. We say that Ry hasproperty of zeroin i if and only if:
(Def.6) forall a, pholds (a;pi_a) = a.
We say that R, is semiadditive in i if and only if:
(Def.7)  for all a, py, p sud that p(i) = p; holds (a;pir a p,) = a (a;p).
The following proposition is true
(13) If Ry is semiadditive in m, then for all a, d, p, g such that g= p m1 g
holds (a;pmi_a a)=a (a0
We now de ne two new predicates. Let us considern, i, R1. We say that R;
is additive in i if and only if:
(Def.8) for all a, p1, pg, p sud that p(i) = py holds (a;p i pr pg) = (a;p)
(@Pir_pe)-
We say that R is alternative in i if and only if:
(Def.9) for all a, p, p1 sud that p(i) = py holds (a;pi+11 p,) = a.
In the sequelW is an atlas of R, and v is a vector of W. Let us considern,
R1, W, i. A tuple ofi and W is a tuple of i and the carrier of the algebraof W.
In the sequelx, y are tuples of n + 1 and W. Let us considern, Ry, W, X,
I, v. The functor x i y yields a tuple of n+ 1 and W and is de ned by:
(Def.10) for every D and for every elemert x°of D"*1 and for every elemer v°
of D sudh that D = the carrier of the algebraof W and x°= x and v®= v
holds x i1y = x%i=v0.
Next we state three propositions:
(14) If i 2 Sedn + 1), then x i (i) = v and for every | such that | 2
Seglenx nfig holds x i v (l) = x(I).



26 michal muzalewski

(15) For every natural number | of n suc that | = i holdsx j; () = v and
for all natural numbersl, i of n such that | 6 i holds x i v (l) = x(I).

(16) If for every m holds x(m) = y(m), then x = y.
The stheme SegjLamidaD’ concernsa natural number A, a non-empty setB,
and a unary functor F yielding an elemern of B and states that:
there exists a nite sequencez of elemerns of B suc that lenz= A + 1 and
for every natural numberj of A holdsz(j) = F(j)
for all valuesof the parameters.
We now de ne two new functors. Let usconsidern, R, W, a, x. The functor
(a;x):W yielding a tuple of n+ 1 and R is de ned as follows:
(Def.11)  ((a;x):W)(m) = (a;x(m)):W.
Let us considern, R1, W, a, p. The functor W (a; p) vielding a tuple of n + 1
and W is de ned by:
(Def.12)  W(a; p)(m) = W(a; p(m)).
The following three propositions are true:
(17) W(a; p) = x if and only if (a;x):W = p.
(18) W(a; (a;x):W) = x.
(19) (&W(a; p):W = p.
Let usconsidern, R1, W, a, x. The functor ( a;x) yields a vector of W and
is de ned by:
(Def.13) ( a;x) = W(a; (a;(a;x):W)).
One can prove the following propositions:
(20) IfW(a;p) = xandW(a; b) = v,then (a;p) = bifandonlyif ( a;x) =
V.
(21) Ry isinvarianceif and only if for all a, b, x holds ( a;x) = ( b;x).
(22) 12 Sedn+ 1).
(23) 1is anelemer of Sedn + 1).
(24) 1is a natural number of n.

3. Reper Algebra and its Atlas

Let us considern. A midpoint algebra-like structure of reper algebraover n + 2
is called a reper algebra of n if:

(Def.14) it is invariance.

For simplicity we adopt the following corvertion: R4 will be a reper algebra
of n, a, bwill be points of Ry, p will be a tuple of n+ 1 and Ry, W will be
an atlas of Ry, v will be a vector of W, and x will beatuple of n+ 1 and W.
Next we state the proposition

(25)  (ax)= ( bx).
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Let us considern, R1, W, x. The functor (x) yields a vector of W and is
de ned by:

(Def.15) for every a holds (x) = ( a;x).
We now state a number of propositions:
(26) IfW(a;p)=xandW(a; b)=vand (x)=v,then (a;p)
27) If (a;x):W = pand (a;v):W = band (a;p) = b,then (x)=v
(28) IfW(a;p)=xandW(a;b)=v,thenW(a,pmi b) = Xmi_v-
(29) If (a;x):W = pand (a;v):W = b, then (a;X mi_v):W = P mi_b.
(80) R31 hasproperty of zeroin m if and only if for every x holds

(X mi_ow ) = Ow
(31) Ryissemiadditivein mif andonly if for every x holds  ((X m1 2x(m))) =
2 (x).
(82) If Ry hasproperty of zeroin m and R is additive in m, then R is semi
additive in m.

(83) If Ry hasproperty of zeroin m, then R; is additive in m if and only if
for all x, v holds (X mi_x(msv)) = () + (X mi_v)).
(34) IfW(ajp)=xandm n,then W(& P m+11_pm)) = X m+11_x(m)-
(35) If (X)W =pandm n,then (a;X m+11 xm))'W = P m+11_p(m) -
(86) If m n,then R; is alternative in m if and only if for every x holds
((x m+1!_x(m))) = Ow
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Summary . Some theorems and properties of cyclic groups have
beenproved with special regard to isomorphisms of these groups. Among
other things it has been proved that an arbitrary cyclic group is iso-
morphic with groups of integers with addition or group of integers with
addition modulo m. Moreover, it has been proved that two arbitrary
cyclic groups of the sameorder are isomorphic and that the classof cyclic
groups is closedin consideration of homomorphism images. Some other
properties of groups of this type have been proved too.

MML Identier: GRCY2.

The terminology and notation usedin this paper have beenintroduced in the
following articles: [19], [6], [11], [7], [12], [2], [18], [1], [10Q], [4], [14], [17], [21],
[13], [31], [29], [29], [23], [3]. [27], [26], [24], [30Q], [15], [16], [S], [28], [22], [20],
[9], and [8]. For simplicity we adopt the following rules: F, G will be groups,
G1 will be a subgroupof G, G, will be a cyclic group, H will be a subgroup of
Gy, f will be a homomorphismfrom G to G,, a, bwill be elemerts of G, g will
be an elemen of G,, a; will be an elemen of G1, k, m, n, p, s will be natural
numbers, and i, i1, io will be integers. The following propositions are true:

(1) Foralln,msuchthat 0< mholdsnmodm=n m (n m).

(2) Ifip> 0,theniimodi, O.

(3) Ifip>0,thenizmodis < is.

(4) 1= (i1 i2) i+ (izmodiy).

(5) For all m, n such that m > 0 or n > O there exist i, i; sud that

i m+i; n= gcd(m;n).
(6) If ord(a) > 1and a= b, thenk 6 0.
(7) If Gis nite, then ord(G) > 0.

(8) az2 gr(fag).

C 1992 Fondation Philipp e le Ho dey
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(9) If a= ag, then gr(fag) = gr(fasg).

(10) gr(fag) is a cyclic group.

(11) For ewery strict group G and for every elemen b of G holds for every
elemer a of G there existsi sut that a= b if and only if G = gr(f bg).

(12) For ewery strict group G and for ewvery elemer b of G such that G is
nite holds for every elemert a of G there exists p such that a = bP if and
only if G = gr(f bg).

(13) For ewery strict group G and for every elemen a of G such that G is
nite and G = gr(fag) and for ewery strict subgroup G; of G there exists
p suc that G, = gr(faPg).

(14) If Gis nite and G = gr(fag) and ord(G) = nand n = p s, then
ord(aP) = s.

(15) If sjk, then ak 2 gr(fag).

(16) If Gis nite and ord(gr(fasg)) = ord(gr(fakg)) and ak 2 gr(fasg), then
gr(fa°g) = gr(fa“g).

(17) If Gis nite and ord(G) = n and G = gr(fag) and ord(G;) = p and
G, = gr(fakg), thennjk p.

(18) For ewery strict group G and for every elemen a of G such that G is
nite and G = gr(fag) and ord(G) = n holds G = gr(faXg) if and only if
gcd(k;n) = 1.

(19) If G, = gr(fgg) and g 2 H, then the half group structure of G, = the
half group structure of H.

(20) If G2 = gr(fgg), then Gz is nite if and only if there exist i, i; suct
that i 6 i; and g = ¢'*.

Let us considern satisfying the condition: n > 0. Let h be an elemen of

. The functor ©h yielding a natural number is de ned as follows:

(Def.1) ©@h= h.

The following propositions are true:

(21) For ewery strict cyclic group G, sud that G, is nite and ord(G,) = n
holds }; and G, are isomorphic.

(22) For ewery strict cyclic group G, such that G, is innite holds * and
G, are isomorphic.

(23) For all strict cyclic groups Gy, H; sud that Hq is nite and G» is nite
and ord(H1) = ord(G») holds H1 and G, are isomorphic.

(24) For all strict groups F, G suc that F is nite and G is nite and
ord(F) = pand ord(G) = pand pis prime holds F and G are isomorphic.

(25) For all strict groups F, G suc that F is nite and G is nite and
ord(F) = 2 and ord(G) = 2 holds F and G are isomorphic.

(26) For ewery strict group G such that G is nite and ord(G) = 2 and for
ewvery strict subgroupH of G holdsH = flgs orH = G.
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(27) For ewery strict group G suc that G is nite and ord(G) = 2 holds G
is a cyclic group.

(28) For every strict group G such that G is nite and G is a cyclic group and
ord(G) = n and for every p such that pj n there exists a strict subgroup
G1 of G such that ord(G;) = p and for ewery strict subgroup G3 of G
such that ord(G3z) = p holds G3 = Gj.

Let us note that every group which is cyclic is also Abelian.
We now state two propositions:

(29) If G, = gr(fgg), then for all G, f such that g 2 Imf holds f is an
epimorphism.

(30) For ewery strict cyclic group G, sud that G, is nite and ord(G,) = n
and there existsk sud that n = 2 k there existsan elemert g; of G, sud
that ord(g;) = 2 and for every elemen g, of G, such that ord(gy) = 2
holds g1 = 0».

Let us considerG. Then Z(G) is a strict normal subgroup of G.
One can prove the following propositions:

(81) For ewery strict cyclic group G, sud that G, is nite and ord(G,) = n
and there exists k such that n = 2 k there exists a subgroupH of G,
such that ord(H) = 2 and H is a cyclic group.

(32) For ewery strict group G and for every homomorphismg from G to F
such that G is a cyclic group holds Im g is a cyclic group.

(83) For all strict groups G, F such that G and F are isomorphic but G is
a cyclic group or F is a cyclic group holds G is a cyclic group and F is a
cyclic group.
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Summary . We de ne some well known isomorphisms between
functor categories: betweenA ~(®™) and A, between Ct® 1 and (CB)"*,
and between [B;C]* and [B”;C”]. Compare [12] and [11]. Unfortu-
nately in this paper "functor" is used in two dierent meanings, as a
lingual function and as a functor between categories.

MML Identier: ISOCAT2.

The notation and terminology usedin this paper are introducedin the following
l[oa5ri>ersr [17], [18], [4], [S], (3], [7], [1], [2], [10], [13], [8], [14], [6], [9]. [16], and
19].

1. Preliminaries

The scheme ChoiceD concernsa non-empty set A, a non-empty set B, and a
binary predicate P, and states that:
there exists a function h from A into B such that for every elemen a of A
holds P[a; h(a)]
provided the parameters meet the following requiremert:
for every elemen a of A there exists an elemen b of B suc that
Pl[a;bl.
Let A, B, C be non-empty sets, and let f be a function from A into CB.
Then uncurry f is a function from [ A; B ] into C.
We now state seweral propositions:

(1) For all non-empty setsA, B, C and for every function f from A into
CB holds curry uncurry f = f.
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(2) For all non-empty setsA, B, C and for every function f from A into
CB and for every elemen a of A and for every elemern b of B holds
(uncurry f)(ha; bi) = f (a)(b).

(3) For an arbitrary x and for every non-empty set A and for all functions
f, gfrom fxginto A suc that f (x) = g(x) holdsf = g.

(4) For all non-empty setsA, B and for every elemen x of A and for every
function f from A into B holdsf (x) 2 rngf.

(5) For all non-empty setsA, B, C and for all functionsf , g from A into [ B;
Clsucdhthat (B C)f = 1(B C)gand (B C)f= B C)g
holdsf = g.

We adopt the following rules: A, B, C will be categoriesand F, F1, Fo will
be functors from A to B. The following two propositions are true:

(6) For every morphism f of A holdsidcgs f = f.

(7) For every morphism f of A holdsf idgoms = f.

In the sequelo, m will be arbitrary. The following two propositions are true:
(8) ois an object of BA if and only if o is a functor from A to B.

(9) For every morphism f of BA there exist functors F1, F» from A to B
and there exists a natural transformation t from F; to F, sud that F;
is naturally transformable to F, and domf = F; and codf = F, and
f = H'Fl; in; ti.

2. The isomorphism between A -®™ and A

Let us considerA, B, and let a be an object of A. The functor a 7! B yields a
functor from B2 to B and is de ned by:

(Def.1) for all functors F1, F, from A to B and for every natural transformation
t from F; to F» such that F1 is naturally transformable to F, holds (a 7!
B)(hhi1; Fai; ti) = t(a).

One can prove the following two propositions:
(10) The objects of _(o;m) = fog and the morphismsof _(o;m) = fmg.
(11) A-©©m = A,

3. The isomorphism between CEAB1and (CB)*

Next we state four propositions:
(12) For ewery functor F from [ A; B ] to C and for every object a of A and
for every object bof B holds F(a; )(b) = F(ha; hi).
(13) For all objects a;, a» of A and for all objects by, by, of B holds
hom(a;;ap) 6 ; and hom(b;bp) 6 ; if and only if hom(hay; bii; hay;
bi) 6 ;.
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(14) Let a;, a» be objects of A. Then for all objects by, b, of B sud that
hom(hay; byi; hay; byi) 6 ; and for every morphism f of A and for every
morphism g of B holds i ; gi is a morphism from hag; byi to hay; i if
and only if f is a morphism from a; to a, and g is a morphism from b,
to bp.

(15) For all functors Fy, F> from [A; B] to C sud that F; is naturally
transformable to F, and for ewvery natural transformation t from F; to
F» and for every object a of A holds Fy(a; ) is naturally transformable
to Fo(a; ) and (curry t)(a) is a natural transformation from Fi(a; ) to
Fa(a; ).

Let us consider A, B, C, and let F be a functor from [A; B] to C, and
let f be a morphism of A. The functor curry(F;f) yields a function from the
morphisms of B into the morphisms of C and is de ned by:

(Def.2)  curry(F;f) = (curry F)(f).

The following two propositions are true:

(16) For all objects a;, a, of A and for all objects b, I of B and for every
morphismf of A and for every morphism g of B sud that f 2 hom(ay; ay)
and g 2 hom(by; by) holds i ; gi 2 hom(hay; byi; hay; bpi).

(17) For ewery functor F from [ A; B ] to C and for all objects a, b of A suc
that hom(a;b) 6 ; and for every morphism f from ato b holds F(a; )
is naturally transformable to F(b; ) and curry(F;f) the id-map of B is
a natural transformation from F(a; ) to F(b; ).

Let us considerA, B, C, and let F be a functor from [A; B ] to C, and let
f be a morphism of A. The functor F(f; ) yielding a natural transformation
from F(domf; ) to F(codf; ) isdened by:

(Def.3) F(f; )= curry(F;f) theid-map of B.

We now state four propositions:

(18) For ewery functor F from [ A; B ] to C and for every morphism g of A
holds F (domg; ) is naturally transformable to F(codg; ).

(19) For ewery functor F from [A; B ] to C and for every morphism f of A
and for every object bof B holds F(f; )(b) = F(hf; idpi).

(20) For every functor F from [ A; B ] to C and for every object a of A holds
ide(q; ) = F(ida; ).

(21) For ewery functor F from [A; B ] to C and for all morphisms g, f of
A such that domg = codf and for every natural transformation t from
F(domf; ) to F(domg; ) sucdhthat t = F(f; ) holdsF(g f; ) =
F(g ) t.

Let us considerA, B, C, and let F be a functor from [A; B] to C. The
functor export(F) yielding a functor from A to CB is de ned as follows:

(Def.4)  for every morphism f of A holds (export(F))(f) = hhF(domf; );
F(codf; )i; F(f; )i.
We now state seweral propositions:
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(22) For ewery functor F from [ A; B ] to C and for every morphism f of A
holds (export(F))(f) = hhF (domf; ); F(codf; )i; F(f; )i.

(23) For all functors F1, F, from A to B sud that F; is transformable to F»
and for every transformation t from F; to F, and for every object a of A
holds t(a) 2 hom(F1(a); F2(a)).

(24) For every functor F from [ A; B ] to C and for every object a of A holds
(export(F))(a) = F(a; ).

(25) For ewvery functor F from [ A; B ] to C and for every object a of A holds
(export(F))(a) is a functor from B to C.

(26) For all functors F1, F» from [A; B] to C sud that export(F1) =
export(F2) holds F; = F».

(27) Let F1, F» be functors from [A; B ] to C. SupposeF; is naturally
transformable to F,. Let t be a natural transformation from F; to F».
Then export(F1) is naturally transformable to export(F») and there ex-
ists a natural transformation G from export(F1) to export(F,) sudc that
for every function s from [ the objects of A; the objects of B ] into the
morphisms of C such that t = s and for every object a of A holds
G(a) = hh(export(F1))(a); (export(F2))(a)i; (curry s)(a)i.

Let us consider A, B, C, and let F;, F» be functors from [A; B] to C
satisfying the condition: F1 is naturally transformable to F,. Let t be a nat-
ural transformation from F; to F». The functor export(t) yielding a natural
transformation from export(F1) to export(F,) is de ned asfollows:

(Def.5) for ewery function s from [ the objects of A; the objects of B ] into
the morphisms of C suc that t = s and for ewvery object a of A holds

(export(t))(a) = hi{export(F1))(a); (export(F2))(a)i; (curry s)(a)i.
We now state seweral propositions:

(28)  For ewery functor F from [A; B ]to C holds ideyport(r) = €xport(id g ).

(29) For all functors Fq, F», F3 from [ A; B ] to C such that F; is naturally
transformable to F, and F» is naturally transformable to F3 and for every
natural transformation t, from F1 to F, and for ewvery natural transfor-
mation t, from F, to F3 holds export(t, t;) = export(ty) export(tq).

(30) For all functors Fy, F> from [A; B] to C suc that F; is naturally
transformable to F, and for all natural transformations tq, t, from F; to
F» such that export(t;) = export(ty) holdsty = t,.

(31) For ewery functor G from A to CB there exists a functor F from [ A;
B ] to C such that G = export(F).

(32) For all functors F1, F» from [ A; B ] to C sud that export(F;) is nat-
urally transformable to export(F,) and for every natural transformation
t from export(F1) to export(F») holds F; is naturally transformable to
F, and there exists a natural transformation u from F; to F, suc that
t = export(u).
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Let us consider A, B, C. The functor export .5 .c Yyields a functor from
CIAB1to (CB)A and is de ned by:

(Def.6) for all functors F1, F2 from [ A; B ]to C such that F1 is naturally trans-
formable to F» and for every natural transformation t from F; to F» holds
export p.g .c (hhiFy; Fai; ti) = hhexport(F1); export(F,)i; export(t)i.

Next we state two propositions:
(33) export o.g.c is anisomorphism.
(34) CEABI= (CB)A,

4. The isomorphism between [B;CJ]* and [BA;CA]

We now state the proposition

(85) For all functors F1, F» from A to B and for ewvery functor G from B
to C such that F; is naturally transformable to F, and for every natural
transformation t from F; to F, holdsG t= G tqua a function .

We now de ne two new functors. Let us considerA, B. Then (A B)is

a functor from [A; B]to A. Then (A B) is afunctor from [A; B ]to B.
Let us considerA, B, C, and let F be a functor from A to B, and let G be a
functor from A to C. Then hF;Gi is a functor from A to [B; C]. Let F bea
functor from A to [B; C]. The functor 1 F yielding a functor from A to B is
de ned asfollows:

(Def.7) 1 F= 1(B C) F.
The functor , F yielding a functor from A to C is de ned by:

(Def.8) 2 F= 2B C) F.

The following two propositions are true:

(36) For ewery functor F from A to B and for every functor G from A to C
holds ; HF;Gi=F and , HF;Gi = G.

(87) For all functors F, G from Ato [B;C]suchthat ; F= 1 G and
2o F= o5 GholdsF = G.

We now de ne two new functors. Let us considerA, B, C, and let F4, F>
be functors from A to [B; C ], and let t be a natural transformation from F;
to F». The functor 1 t yielding a natural transformation from 1 Fito 1 F»
is de ned as follows:

(Def.9) 1 t= (B C) t.

The functor » t yielding a natural transformation from , F;to > F»isde ned
as follows:

(Def.10) 2t= (B C) t.

We now state seweral propositions:
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(38) For all functors F, G from A to [ B; C ] such that F is naturally trans-
formableto G holds ; F is naturally transformableto ; Gand , F
is naturally transformableto , G.

(39) For all functors Fy, Fo, G1, G, from A to [B; C] sudch that F; is
naturally transformable to F, and G; is naturally transformable to G,
and for every natural transformation s from F; to F, and for every natural
transformation t from G; to G, suchthat ; s= ; tand , s= >t

holds s = t.
(40) For ewery functor F from A to [B; C] holdsid ,r = 1 (idg) and
id e = 2 (id).

(41) For all functors F, G, H from A to [B; C] sud that F is naturally
transformable to G and G is naturally transformable to H and for every
natural transformation s from F to G and for every natural transforma-
tiontfrom GtoH holds 1 (t s)= 1t 1sand ,(t s)= >t »s.

(42) For ewery functor F from A to B and for every functor G from A to
C and for all objects a, b of A such that hom(a;b) 6 ; and for ewvery
morphism f from a to b holds hF;Gi(f) = h=(f); G(f)i.

(43) For ewery functor F from A to B and for every functor G from A to C
and for every object a of A holds hF; Gi(a) = hF(a); G(a)i.

(44) For all functors F1, G; from A to B and for all functors F,, G, from A
to C sud that F; is transformable to G; and F» is transformable to G,
holds HF1; F»i is transformable to hGq; Gai.

Let us considerA, B, C, and let F1, G; be functors from A to B, and let
F», G, befunctors from A to C satisfying the condition: F1 is transformable to
G;1 and F» is transformable to G,. Let t; be a transformation from F; to Gy,
and let t, be a transformation from F, to G,. The functor htj;t,i yielding a
transformation from hFq; Foi to hGy; Gai is de ned as follows:

(Def.11) hq;toi = hg;ta.
One can prove the following propositions:

(45) Forall functors F1, G1 from A to B and for all functors F», G, from A to
C sud that F; is transformable to G; and F5 is transformable to G, and
for ewvery transformation t; from F; to G; and for every transformation
t, from F, to G, and for every object a of A holds ht;tsi(a) = h4i(a);
ta(a)i.

(46) For all functors F1, G1 from A to B and for all functors F», G, from
A to C sud that F; is naturally transformable to G; and F, is naturally
transformable to G, holds hFy; F»i is naturally transformableto hGy; Goai.

Let us consider A, B, C, and let F;, G; be functors from A to B, and
let F», G, be functors from A to C satisfying the conditions: F1 is naturally
transformableto G; and F» is naturally transformableto G,. Let t; beanatural
transformation from F1 to G;, and let t, be a natural transformation from F,
to G,. The functor hq;t,i yielding a natural transformation from hFq; F,i to
hG1; Gyi is de ned as follows:
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(Def.12) htqi;toi = Hq;toi.

Next we state the proposition

(47) For all functors F1, G1 from A to B and for all functors F», G, from

A to C sud that F; is naturally transformable to G; and F, is naturally
transformable to G, and for every natural transformation t; from F; to Gy
and for every natural transformation t, from F, to G, holds 1 htq;toi = t3
and 5 hq;toi = to.

Let us consider A, B, C. The functor distribute a.c Yyielding a functor

from [B; C " to [BA; CA ] is de ned by:
(Def.13) for all functors Fq1, Fo from A to [B; C] suc that F; is naturally

transformable to F, and for every natural transformation t from F1 to F»
holds distribute A:B ;C(”Fl; in; tl) = hihif 1 F1; 1 in; 1 ti; hifn 2 F1;
o Foi; o til.

One can prove the following two propositions:

(48) distribute a.g.c is an isomorphism.
(49) [B;CI"=[B" C*]

(1]
(2]

(3]
(4]
(5]
(6]
(7]

(8]
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The Lattice of Domains of a Topological
Space 1

Toshihiko Watanabe
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Nagano

Summary . Let T be a topological spaceand let A be a subset of
T. Recall that A is said to be a closed domain of T if A = IntA and A
is said to be an open domain of T if A = IntA (seee.g. [8], [15]). Some
simple generalization of these notions is the following one. A is said to
be a domain of T provided IntA A IntA (see[15] and compare [7]).
In this paper certain connections between these concepts are intro duced
and studied.

Our main results are concernedwith the following well{known theo-
rems (seee.g. [9], [2]). For a giventopological spaceall its closeddomains
form a Boolean lattice, and similarly all its open domains form a Boolean
lattice, too. It is proved that all domains of a given topological space
form a complementeal lattice. Moreover, it is shovn that both the lattice
of open domains and the lattice of closel domains are sublattices of the
lattice of all domains. In the beginning some useful theorems about sub-
sets of topological spacesare proved and certain properties of domains,
closed domains and open domains are discussed.

MML Identi er: TDLATI1.

The terminology and notation usedin this paper are introducedin the following
articles: [14], [11], [4], [5], [26], [3], [13], [10], [15], [1], [12], and [6].

1. Preliminar y Theorems on Subset of Topological Spaces

In the sequelT is a topological space. We now state a number of propositions:
(1) For all subsetsA, B of T holdsA[ B = +t ifandonly if A B.
(2) For all subsetsA, B of T holdsA\ B = ;1 ifandonly if B A°.

1This paper was done under the supervision of Z. Karno while the author was visiting the
Institute of Mathematics of Warsaw Univ ersity in Bialystok.
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(3) For every subsetA of T holdsIntA A.
(4) For ewvery subsetA of T holdsIntA IntintA.

(5) For every subsetA of T holds IntA = Int Int A.

(6) For all subsetsA, B of T sudh that A is closedor B is closedholds
IntA[ IntB = Int(A[ B).

(7) For all subsetsA, B of T such that A is open or B is open holds
IntA\ IntB = IntA\ B.

(8) For every subsetA of T holds Int(A\ A°) = ;.

(9) For every subsetA of T holds A[ Int(A¢) = 1.

(10) For all subsetsA, B of T holdsInt A[ (IntB[ B)[ (A[ (IntB[ B)) =

IntA[ B[ (A[ B).
(11) For all subsetsA, C of T holds IntIntA[ A[ C[ (IntA[ A[ C) =

IntA[ C[ (A[ C).

(12)  For all subsetsA, B of T holdsInt(A\ (IntB\ B))\ (A\ (intB\ B)) =
Int(A\ B)\ (A\ B).

(13)  For all subsetsA, C of T holds Int((IntA\ A\ C)\ (intA\ A\ C) =
INt(A\ C)\ (A\ C).

2. Properties of Domains of Topological Spaces

In the sequelT will be a topological space.Next we state a number of proposi-
tions:

(14) ;71 is adomain.
(15) T is adomain.
(16) For every subsetA of T sud that A is a domain holds A€ is a domain.

(17) For all subsetsA, B of T sud that A is a domain and B is a domain
holdsint A[ B[ (A[ B) isadomainand Int(A\ B)\ (A\ B) isadomain.

(18) ;7 is acloseddomain.

(29) T is a closeddomain.

(20) ;1 is an open domain.

(21) T is an open domain.

(22) For every subsetA of T holds Int A is a closeddomain.

(23) For ewvery subsetA of T holds Int A is an open domain.

(24) For ewery subsetA of T sud that A is a domain holds A is a closed
domain.

(25) For every subsetA of T such that A is a domain holds Int A is an open
domain.

(26) For ewery subsetA of T suc that A is a domain holds A€ is a closed
domain.
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(27) For every subsetA of T such that A is a domain holds Int(A°) is an
open domain.

(28) For all subsetsA, B, C of T such that A is a closeddomain and B is
a closeddomain and C is a closeddomain holds Int(A\ Int(B\ C)) =
Int(Int(A\ B)\ C).

(29) For all subsetsA, B, C of T such that A is an open domain and B
is an open domain and C is an open domain holds IntA[ IntB[ C =
IntintA[ B[ C.

3. The Lattice of Domains

We now de ne v e new functors. Let T be a topological space. The domains
of T yields a non-empty family of subsetsof the carrier of T and is de ned as
follows:

(Def.1) the domainsof T = fA : A is a domaing, where A rangesover subsets
of T.

The domains union of T yielding a binary operation on the domains of T is
de ned by:
(Def.2) for all elemerts A, B of the domainsof T holds (the domains union of
T)A; B)=IntA[ B[ (A[ B).
We introduce the functor D-Union(T) asa synonym of the domainsunion of T.

The domains meet of T yields a binary operation on the domainsof T and is
de ned asfollows:

(Def.3) for all elements A, B of the domains of T holds (the domains meet of
T)(A; B) = Int(A\ B)\ (A\ B).
We introduce the functor D-Meet(T) as a synorym of the domains meet of T.
One can prove the following proposition

(30) For ewery topological spaceT holds the domains of T; D-Union(T);
D-Meet(T)i is a complemerted lattice.

Let T be a topological space. The lattice of domains of T yields a comple-
merted lattice and is de ned by:

(Def.4) the lattice of domainsof T = hthe domains of T; the domains union of
T;the domainsmeetof Ti.

4. The Lattice of Closed Domains

Let T be a topological space. The closeddomains of T yielding a non-empty
family of subsetsof the carrier of T is de ned asfollows:
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(Def.5) the closeddomainsof T = fA : A is a closeddomaing, where A ranges
over subsetsof T.

Next we state the proposition
(31) For ewery topological spaceT holds the closed domains of T the
domainsof T.

We now de ne two new functors. Let T be a topological space. The closed
domains union of T yielding a binary operation on the closeddomainsof T is
de ned by:

(Def.6) for all elemens A, B of the closed domains of T holds (the closed
domainsunion of T)(A; B) = A[ B.
We introduce the functor CLD-Union(T) as a synorym of the closeddomains
union of T.
Next we state the proposition
(32) For all elemerts A, B of the closeddomainsof T holds
(CLD-Union( T))(A; B) = (D-Union(T))(A; B).

We now de ne two new functors. Let T be a topological space. The closed
domains meet of T yielding a binary operation on the closeddomains of T is
de ned asfollows:

(Def.7) for all elemens A, B of the closed domains of T holds (the closed
domains meetof T)(A; B) = Int(A\ B).
We introduce the functor CLD-Meet(T) as a synonym of the closed domains
meetof T.

One can prove the following two propositions:

(33) Forall elemerts A, B ofthe closeddomainsof T holds (CLD- Meet(T))(A;
B) = (D-Meet(T))(A; B).

(34) For every topological spaceT holds hthe closeddomains of
T; CLD-Union(T); CLD-Meet(T)i
is a Boolean lattice.

Let T be a topological space. The lattice of closeddomains of T yielding a
Boolean lattice is de ned as follows:

(Def.8) the lattice of closeddomainsof T = hthe closeddomainsof T ; the closed
domains union of T;the closeddomains meet of Ti.

5. The Lattice of Open Domains

Let T beatopological space.The opendomainsof T yields a non-empty family
of subsetsof the carrier of T and is de ned by:

(Def.9) the opendomainsof T = fA : A is an open domaing, where A ranges
over subsetsof T.

Next we state the proposition
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(35) For ewery topological spaceT holds the open domainsof T  the do-
mains of T.

We now de ne two new functors. Let T be a topological space. The open
domains union of T yielding a binary operation on the open domains of T is
de ned by:

(Def.10) for all elemerts A, B of the opendomainsof T holds (the open domains
union of T)(A; B) = IntA[ B.
We introduce the functor OPD-Union(T) as a synonym of the open domains
union of T.
One can prove the following proposition
(86) Forall elemerns A, B ofthe opendomainsof T holds (OPD-Union(T))(A,
B) = (D-Union(T))(A; B).

We now de ne two new functors. Let T be a topological space. The open
domains meet of T yielding a binary operation on the open domains of T is
de ned by:

(Def.11) for all elemerts A, B of the opendomainsof T holds (the open domains
meetof T)(A; B) = A\ B.

We intro ducethe functor OPD-Meet(T) asa synorym of the open domains meet
of T.
We now state two propositions:
(837) Forall elemerns A, B ofthe opendomainsof T holds (OPD-Meet(T))(A;
B) = (D-Meet(T))(A; B).
(38) For every topological spaceT holds hthe open domains of
T; OPD-Union(T); OPD-Meet(T)i
is a Boolean lattice.

Let T be a topological space. The lattice of open domains of T vyielding a
Boolean lattice is de ned by:

(Def.12) the lattice of open domains of T = hthe open domains of T;the open
domains union of T;the open domains meet of Ti.

6. Connections between Lattices of Domains

In the sequelT will be a topological space. The following propositions are true:
(89) CLD-Union(T) = D-Union(T) [the closeddomains of T; the closed
domainsof T ].
(40) CLD-Meet(T) = D-Meet(T) [the closeddomainsof T; the closeddo-
mains of T ].
(41) The lattice of closeddomainsof T is a sublattice of the lattice of domains
of T.
(42) OPD-Union(T) = D-Union(T) [ the open domains of T; the open do-
mains of T ].
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(43)

(44)
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OPD-Meet(T) = D-Meet(T) [the open domains of T; the open do-
mains of T ].

The lattice of opendomainsof T is a sublattice of the lattice of domains
of T.
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Summary . This article contains the notions of trivial and non-
trivial leftmodules and rings, cyclic submodules and inclusion of sub-
modules. A few basic theorems related to these notions are proved.

MML Identi er: LMODb.

The notation and terminology usedhere are introducedin the following papers:
[135], [16], [3], [4], [2], [1], [5], [6], [7], [14], [9], [13], [12], [10], [11], and [8].

1. Preliminaries

For simplicity we adopt the following rules: x is arbitrary, K denotesan asso-
ciativering, r denotesa scalarofK, V, M, M1, M,, N denoteleft modulesover
K, a denotesa vector of V, m, m1, m, denote vectorsof M, n, ny, n, denote
vectorsof N, A denotesa subsetof V, | denotesa linear combination of A, and
W, Wy, Wy, W3 denote submodules of V. Next we state four propositions:
(1) If M1 = the left module structure of M, then x 2 M, if and only if
X 2 Mo.
(2) For ewvery vector v of the left module structure of V sudc that a = v
holdsr a=r wv.
(3) The left module structure of V is a strict submodule of V.

(4) V isasubmodule of .

C 1992 Fondation Philipp e le Ho dey
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2. Trivial and non-trivial modules and rings

We now de ne two new predicates. Let us considerK, V. We sa that V is
non-trivial if and only if:

(Def.1) there exists a vector a of V such that a6 .
Let us considerK . We say that K is non-trivial if and only if:
(Def.2) Ok 6 1k.
We now state three propositions:

(5) If K is trivial, then for every r holdsr = Ok and for ewery a holds
a= v.

(6) If K istrivial, then V is trivial.
(7) V istrivial if and only if the left module structure of V = 0y, .

3. Submodules and subsets

We now de ne two new functors. Let us considerK, V, and let W be a strict
submaodule of V. The functor W) yields an elemer of Sub(V) and is de ned
by:
(Def.3) W)= W.
The functor c¢(V) yields a non-empty subsetof V and is de ned as follows:
(Def.4)  c¢(V) = the carrier of V.

The following two propositions are true:

(8) For all setsX, Y, A such that X Y andA is a subsetof X holds A
is a subsetof Y.

(9) Every subsetof W is a subsetof V.

Let us considerK, V, W, and let A be a subsetof W. The functor ¢(A)
yields a subsetof V and is de ned by:

(Def.5) <(A) = A.
Let A be a non-empty subsetof W. Then +(A) is a non-empty subsetof V.
The following propositions are true:

(10) x2c(V)ifandonlyif x 2 V.

(11) x2e<(c(W)) if andonlyif x 2 W.

(12) A c(Lin(A)). b

(13) If A6 ; andA is linearly closed,then FI>2 A.

(24) If v 2 A andA islinearly closed,then |2 A.

(15) If v 2 A and A islinearly closed,then A = ¢c(Lin( A)).
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4. Cyclic submodules

bet us considerK, V, a. Then fag is a non-empty subsetof V. The functor
a yielding a strict submodule of V is de ned by:

(Det.6) a = Lin(fag).

5. Inclusion of left R-modules

Let us considerK , M, N. The predicate M N is de ned as follows:
(Def.7) M is a submodule of N.

We now state a number of propositions:

(16) IfM N,thenif x2 M, thenx 2 N but if x is a vector of M, then x
is a vector of N .
(17) SupposeM N. Then
(1) M= N,
(i) ifmy=nqyand my = ny, then my+ my = ny+ ny,
@iy ifm=n,thenr m=r n,
(iv) ifm=n,then n= m,
(v ifmyi=ngandm,=ny thenm; mya=n; ny,
(vi) N2M,
(vii) M 2N,
(vii)  ifni2M andny;2 M, thenni+ n,2 M,
(ix) ifn2M,thenr n2M,
xX) fn2M,then n2M,
xi) fng2M andny,2 M, thenny n,2 M.
(18) SupposeM1 N andM, N. Then
(i) Mi= Mg
(i) My 2 Mo,
(iii)y  if the carrier of M1  the carrier of M, then M; Mo,
(iv) if for every n such that n 2 M holdsn 2 M,, then M; My,
(v) if the carrier of M = the carrier of M, and M1 is strict and M5 is
strict, then M1 = My,
(VI) OM1 Mo.
(19) Wi+ W, VandW;\ W, V.

(200 N N.
(21) For all strict left modulesV, M overK suchthat V. M andM V
holdsV = M.

22 Ifv MandM N,thenV N.
(23) IfM N,thenOy N.
(24) IfM N,thenOy M.
(25) IfM N,thenM N -
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(26)
(27)
(28)
(29)
(30)
(31)
(32)
(33)
(34)
(35)
(36)
(37)
(38)
(39)
(40)
(41)
(42)
(43)
(44)

(1]

(2]
(3]

(4]
(5]
(6]
(7]

(8]
9]

(10]
(11]
(12]
(13]

(14]
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W;: Wi+ Woand W, Wi+ Wos.

Wi\ Wo Wpand Wi\ W, Wo.

If Wy W5, then Wi\ W3 Wy \ Ws.

If Wi Ws, then Wi\ W, Wsa.

If Wi W, andW; Ws;, then W7 W\ Ws.

Wi\ Wy Wi+ Wo.

Wi\ Wo+ Wo\ W3 W)\ (W1+ W3).

If Wy W5, then W\ (W1 + W3) = Wi\ Wo+ W\ Wi,

Wa+ Wi\ Wz (Wp+ W2)\ (W2 + W3).

If Wy Wy, then Wy + Wi\ W3 = (Wy+ W)\ (W, + W3).

If Wiy Wy, then W; Wy + Wa.

If Wy WzandW, Ws;, then Wi+ W, Ws.

For all subsetsA, B of V such that A B holdsLin(A) Lin(B).
For all subsetsA, B of V holdsLin(A\ B) Lin(A)\ Lin(B).

If My My, thenc(M1) c(M2).

Wi W, if and only if for every a suc that a2 W1 holdsa 2 Wo.
Wi W, if and only if c(W1) c(W>).

W1 W, if and only if «(c(W1)) <(c(W>)).

Ow VandOy W andOyw, Woa.
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Summary . Axiomatic description of properties of the oriented
orthogonality relation. Next we construct (with the help of the oriented
orthogonality relation) vector spaceand give the de nitions of left-, right-,
and semi-transitiv es.

MML Identi er: DIRORT

The articles [1], [6], [7], [5], [3], [2], [4], and [8] provide the notation and termi-
nology for this paper. In the sequelV will be a real linear space, A; will be
an ane structure, and x, y will be vectorsof V. One can prove the following
propaositions:

(1) Supposex, y spanthe space.Then

() for all elemerns u, uy, v, v1, W, w1, Wy of the carrier of CESpaceV; x; y)
holds u;u>~v;w and u;v>~w;w but if u;v>>us;vs and u;v>~vq; Uy,
thenu = voruq = vq but if u;v>"uq; vy andu;v>~us;w, thenu; v>~ vy, w
or u;v>~w;vy but if u;v>~uq;vq, then v;u>~vq;uq but if u;v>>uq;vq
and u; v>~vq;w, then u;v>~uq;w but if u;u;>>v;vq, then v;vi>>u; uy
or v;vi>~U1; U,

(i)  for ewery elemens u, v, w of the carrier of CESpaceV;x;y) there
exists an elemen u; of the carrier of CESpaceV; x; y) such that w 6 u;
and w;u;>~u; v,

(i)  for ewvery elemens u, v, w of the carrier of CESpacel;x;y) there
exists an elemen u; of the carrier of CESpaceVy; x; y) suc that w 6 u;
and u;v>~w; uy.

(2) Supposex, y spanthe space.Then

() for all elemerts u, uq, v, v, W, Wy, W, of the carrier of CMSpace{V; x; y)
holds u;u>~v;w and u;v>~w;w but if u;v>>us;vs and u;v>~vq; Uy,
thenu = voruq = vq but if u;v>"uq; vy andu;v>~us;w, thenu; v>~ vy, w
or u;v>~w;vy but if u;v>~uq;vq, then v;u>~vq;uq but if u;v>>uq;vq

C 1992 Fondation Philipp e le Ho dey
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and u; v>~vq;w, then u;v>~uq;w but if u;u>>v;vq, then v;vi>>u; uq
or v;vi>~U1; U,

(i)  for every elemerts u, v, w of the carrier of CMSpace{V;x;y) there
exists an elemen u; of the carrier of CMSpacgV; x; y) suc that w 6 u;
and w;ui;>~u; v,

(i)  for every elemers u, v, w of the carrier of CMSpace{;x;y) there
exists an elemen u; of the carrier of CMSpacgV; x; y) suc that w 6 u;
and u; v>~w; uy.

We now de ne two new constructions. An a ne structure is oriented orthog-

onality if it satis es the conditions (Def.1).

(Def.1) (i) For all elemens u, ug, v, vi, W, wq, Wy of the carrier of it holds
u;u>~v;w and u;v>>w;w but if u;v>>uq;vy and u;v>~vq;uq, then
U= voru; = vy but if ujv>>uy;vs and u;v>~uq;w, then u;v>" v w
or u;v>~w;vy but if u;v>~uq;vq, then v;u>~vq;ug but if u;v>>uq; vy
and u; v>~vq;w, then u;v>~uq;w but if u;u>>v;vq, then v;vi>>u; uq
or v;vi>~ U1 U,
(i)  for ewvery elemerns u, v, w of the carrier of it there exists an elemen
uq of the carrier of it such that w 6 u; and w;u;>~u;v,
(i)  for ewvery elemerns u, v, w of the carrier of it there exists an elemernt
uq of the carrier of it sudch that w 6 u; and u;v>~w; uy.
An oriented orthogonality spaceis an oriented orthogonality a ne structure.
Next we state three propositions:
(3) The following conditions are equivalen:
() for all elemens u, uq, v, vi, w, wy, wy of the carrier of A; holds
u;u>v;w and u;v>~w;w but if u;v>"uq;vy and u;v>"vq;uq, then
U= voru; = vy but if uyv>"usy;v1 and u;v>~uq;w, then u;v>~ v w
or u;v>~w; vy but if u;v>~uq;vq, then v;u>~vq;uq but if u;v>>uq; vy
and u; v>~vq;w, then u;v>~uq;w but if u;u;>>v;vq, then v;vi>~u; uq
or v;vi>~uq;u and for every elemerts u, v, w of the carrier of A, there
existsan elemert uq of the carrier of A1 such that w 6 u; andw;u;>>u;v
and for every elemers u, v, w of the carrier of A, there exists an elemen
uq of the carrier of A1 sudh that w6 us and u;v>~w; uy,
(i) Ay is an oriented orthogonality space.
(4) If x, y spanthe space,then CMSpacgV;x;y) is an oriented orthogo-
nality space.
(5) If x, y spanthe spacethen CESpacel; x; y) is an oriented orthogonality
space.
We follow a convertion: A; will denote an oriented orthogonality spaceand
u, ugq, Uy, v, vi, Vo, w, wq will denote elemerts of the carrier of A;. We now
state three propositions:
(6) For ewery elemerts u, v, w of the carrier of A; there exists an elemen
uq of the carrier of A1 sudh that us;w>>u;v and u; 6 w.

(7) For all elemens u, v, w of the carrier of A; holds u;v>~ w; w.
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(8) For ewery elemerts u, v, w of the carrier of A; there exists an elemen
uq of the carrier of A1 sudh that u 6 uq but v;w>>u;u; or v;w>>uj; u.

We now de ne several newconstructions. Let A; bean oriented orthogonality
space,and let a, b, ¢, d be elemerts of the carrier of A;. The predicatea;b? c;d
is de ned by:

(Def.2) a;b>>c;dor a;b>"d;c.
Let a, b, ¢, d be elemerts of the carrier of A;. The predicatea;b k c;d is de ned
as follows:
(Def.3) there exist elemerts e, f of the carrier of A; such that e 6 f and
e;f>a;bande;f>"c;d.
An oriented orthogonality spaceis semitransitiv e if:

(Def.4) for all elemerts u, u1, Uy, v, V1, V2, W, wy of the carrier of it such that
u;u>~v; vy and w; wi>~v; vy and w; wq>~ Uo; Vo holdsw = wy orv = vy
or U; U;>~ Uz; Vo.

An oriented orthogonality spaceis right transitiv e if:

(Def.5) for all elemerts u, u1, Uy, v, V1, V2, W, Wy Of the carrier of it suc that
u;u>~v; vy and v;vi>~ w; wy and up; Vo>~ w; wq holdsw = wy orv = vy
or U; Uus>~ Uz, Vo.

An oriented orthogonality spaceis left transitiv e if:

(Def.6) for all elemerts u, u1, Uy, v, V1, V2, W, wy of the carrier of it suc that
u;u>~v; vy and v;vy>~w;wy and u;u;>~us; v holdsu = ug orv= v
or Up; Vo>~ W, Wy.

An oriented orthogonality spaceis Euclidean like if:

(Def.7)  for all elemens u, uy, v, vy of the carrier of it such that u;u;>~v;v;
holds v; v{>~ uq; u.

An oriented orthogonality spaceis Mink owskian like if:

(Def.8) for all elemens u, uy, v, vi of the carrier of it such that u;u;>~v;v;
holds v; vi>~ u; us.

One can prove the following propositions:
(9) u;u; kw;wandw;w Kk u;uj.
(10) If u;uq k v;vq, then v;vy k u;u;y.
(11) If u;uq kv;vy, then ug;u Kk vq;v.
(12) Aq is left transitive if and only if for all v, vi, w, w1, Uz, Vo sud that
v;vy k uz;vo and v;vi>~w;wy and v 8 vy holds us; vo>~ w; wy.
(13) A1 is semitransitiv e if and only if for all u, uq, Uz, v, vi, vo sud that
u;us>v;vy and v;vy kK us;vo and v 8 vy holds u; ui>~ us; va.
(14) If A1 is semitransitiv e, then for all u, u1, v, v, w, wy sudc that u;u; k
v;vi and v;vy k w;wy and v 6 vy holds u; u; k w;wjy.
(15) If x, y spanthe spaceand A; = CESpacel/; x; y), then A, is Euclidean
like, left transitiv e, right transitive and semitransitiv e.
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Onecanreadily verify that there existsan oriented orthogonality spacewhich

is Euclidean like, left transitiv e, right transitive and semitransitiv e.

We now state the proposition

(16) If x, y spanthe spaceand A; = CMSpace(; x; y), then

A1 is Mink owskian like, left transitiv e, right transitiv e and semitransitiv e.
Let us note that there exists an oriented orthogonality spacewhich is Min-

kowskian like, left transitiv e, right transitiv e and semitransitiv e.

Next we state four propositions:

(17) If Aqis left transitiv e, then A; is right transitiv e.
(18) If Aqis left transitiv e, then A is semitransitiv e.
(19) If Ay is semitransitive, then A1 is right transitiv e if and only if for all

u, ug, V, Vi, Uy, Vo sud that u;ui>~uy;vo and v;vi>~ Uy Vo and Uy 6 Vs
holds u; u; k v;v;.

(20) If A1 isright transitive but A; is Euclidean like or A1 is Mink owskian

(1]
(2]
(3]
(4]
(5]
(6]
(7]
(8]

like, then Aq is left transitiv e.
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Summary . Let = hS;K;0;1;+; i be aring. The structure
°° = hS;K;0;1;+; i is called anti-ring, if = for elemerts

of K [12, pages5{7]. It is easily seenthat °® is also a ring. If
V is a left module over , then V is a right module over ® . If W
is a right module over , then W is a left module over ®® . Let K;L
be rings. A morphism J : K ! L is called anti-homomorphism, if
J( )=J() J() for elemerts , of K. IfJ :K ! Lisa
homomorphism, then J : K ! °PL is an anti-homomorphism. Let K ;L
be rings, V; W left modules over K ;L respectively andJ : K ! L an
anti-monomorphism. A mapf :V ! W is called J - semilinear, if
f(x+y)=f(XxX)+f(y)and f( x)=J( ) f(x) for vectors x;y of V
and a scalar of K.

MML Identier: MOD!L.

The papers[19], [18], [21], [3], [4], [1], [2Q], [17], [2], [7], [8], [11], [14], [19], [16],
[5], [6], [9], [13], and [1Q] provide the notation and terminology for this paper.

1. Opposite functions

In the sequelA, B, C are non-empty setsand f is a function from [ A; B ] into
C. Let usconsiderA, B, C, f. Then f isafunction from [B; A]into C.

We now state the proposition

(1) For every elemen x of A and for every elemen y of B holds f (x;
y) = ( £){y; x).
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2. Opposite rings

In the sequelK, L will be eld structures. Let us considerK . The functor °°PK
yielding a strict eld structure is de ned by:

(Def.1) °PK = hthe carrier of K; (the multiplication of K );the addition of K ;

the reversemap of K ;the unity of K; the zeroof Ki.
We now state four propositions:

(2) The group structure of °°K = the group structure of K and for an
arbitrary x holds x is a scalar of °°K if and only if x is a scalar of K .

(3) ©P(°PK) = the eld structure of K.

4 @) Ok = Ok,

(i) 1k = Lork,

(i)  for all scalarsx, y, z, u of K and for all scalarsa, b, c, d of °°K suc
that x = aandy = bandz = candu = dholdsx+y = a+bandx y=ba
and x= aandx+y+z=a+b+candx+ (y+2z)=a+ (b+c) and
(xy) z=c (baandx (y z)=(c b aandx (y+2z)=(b+c) a
and(y+2z) x=a (b+c)andx y+z u=b a+d c

(5) For every ring K holds °PK is a strict ring.

Let K bearing. Then °PK s a strict ring.

One can prove the following proposition

(6) For every assa@iative ring K holds °PK is an ass@iative ring.

Let K be an assaiative ring. Then °PK is a strict ass@iative ring.

Next we state the proposition

(7) For every skew eld K holds °PK is a skew eld.

Let K beaskew eld. Then °PK is a strict skew eld.

One can prove the following proposition

(8) Forewvery eld K holds °PK is a strict eld.

Let K bea eld. Then °PK is a strict eld.

3. Opposite modules

In the sequelV denotesa left module structure over K. Let us considerK, V.
The functor °PV yields a strict right module structure over °’K and is de ned
as follows:

(Def.2) for every function o from [ the carrier of V; the carrier of °°K ] into the

carrier of V such that o= (the left multiplication of V) holds °PV = hthe
carrier of V;the addition of V;the reversemap of V;the zeroof V;ai.
The following proposition is true

(9) The group structure of °°V = the group structure of V and for an
arbitrary x holds x is a vector of V if and only if x is a vector of °PV.
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Let us considerK, V, and let o be a function from [the carrier of K; the
carrier of V ] into the carrier of V. The functor °Po yields a function from [ the
carrier of °PV; the carrier of °PK ] into the carrier of °°V and is de ned by:

(Def.3) %o= o
One can prove the following two propositions:

(10) The right multiplication of °°V = °P(the left multiplication of V).
(11) ©°PV = hthe carrier of °PV;the addition of °PV;the reversemap of °PV;
the zero of °PV; °P(the left multiplication of V)i.
In the sequelW denotesa right module structure over K. Let us consider

K, W. The functor °°W vyields a strict left module structure over °°’K and is
de ned by:

(Def.4) for ewery function o from [the carrier of °PK; the carrier of W ] into
the carrier of W such that o = (the right multiplication of W) holds
OPW = hthe carrier of W; the addition of W; the reversemap of W; the zero
of W;ai.
We now state the proposition

(12) The group structure of °®°W = the group structure of W and for an
arbitrary x holds x is a vector of W if and only if x is a vector of °°W.

Let us considerK , W, and let o be a function from [ the carrier of W, the
carrier of K ] into the carrier of W. The functor °Po yielding a function from
[ the carrier of °PK; the carrier of °°W ] into the carrier of °°W is de ned as
follows:
(Def5) %o= o
The following propositions are true:
(13) The left multiplication of °®°W = °P(the right multiplication of W).
(14) °PW = hthe carrier of °°W; the addition of °°W; the reversemap of °PW;
the zero of °PW; °P(the right multiplication of W)i.

(15) For ewery function o from [ the carrier of K ; the carrier of V ] into the
carrier of V holds °P(°Po) = o.

(16) For every function o from [ the carrier of K; the carrier of V ] into the
carrier of V and for every scalarx of K and for every scalary of °°K and
for every vector v of V and for every vector w of °°V suc that x = y and
v = w holds (°Po)(w; y) = o(x; V).

(17) Let K, L berings. Then for every V being a left module structure over
K and for every W being a right module structure over L and for every
scalarx of K and for every scalary of L and for every vector v of V and
for every vector w of W such that L = °°K and W = °PV and x = y and
v=wholdsw y=x v.

(18) For all rings K, L and for every V being a left module structure over
K and for every W being a right module structure over L and for all
vectors v, v» of V and for all vectors wq, wo of W such that L = °PK
and W = %PV and v; = wy and v, = ws holds wq + wo = vq + Vo.
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(19) For ewery function o from [ the carrier of W; the carrier of K ] into the
carrier of W holds °P(°Po) = o.

(20)  For ewery function o from [ the carrier of W; the carrier of K ] into the
carrier of W and for ewvery scalarx of K and for every scalary of °°K and
for every vector v of W and for ewvery vector w of °°W suc that x = y
and v = w holds (°Po)(y; w) = o(v; x).

(21) Let K, L berings. Then for every V being a left module structure over
K and for every W being a right module structure over L and for every
scalarx of K and for every scalary of L and for every vector v of V and
for every vector w of W such that K = °°L andV = °°W and x = y and
v=wholdsw y=x v.

(22) For all rings K, L and for every V being a left module structure over
K and for every W being a right module structure over L and for all
vectors v, vo of V and for all vectors wq, wo, of W such that K = °PL
and V = °®W and v; = wy and v = w; holds wy + wp = vi + Vo

(23) For every K being a strict eld structure and for every V being a left
module structure over K holds °P(°PV) = the left module structure of V.

(24) For ewvery K beinga strict eld structure and for every W being a right
module structure over K holds °P(°PW) = the right module structure of
W.

(25) For ewvery assaiative ring K and for every left module V over K holds
OPV/ is a strict right module over °PK .

Let K be an assaiative ring, and let V be a left module over K. Then °PV
is a strict right module over °PK .

One can prove the following proposition

(26) For every assaiative ring K and for every right module W over K holds
OPW is a strict left module over °PK .

Let K be an asscaiative ring, and let W be a right module over K. Then
OPW s a strict left module over °PK .

4. Morphisms of rings

We now de ne sewral new attributes. Let us considerK, L. A map from K
into L is antilinear if:

(Def.6) for all scalarsx, y of K holdsit(x + y) = it(x) + it(y) and for all scalars
X,y of K holdsit(x y)=it(y) it(x) andit(lx)= 1_.
A map from K into L is monomorphismif:
(Def.7) it islinear and it is one-to-one.
A map from K into L is antimonomorphism if:
(Def.8) it is antilinear and it is one-to-one.
A map from K into L is epimorphism if:
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(Def.9) it islinear and rngit = the carrier of L.
A map from K into L is antiepimorphism if:
(Def.10) it is antilinear and rngit = the carrier of L.
A map from K into L is isomorphismif:
(Def.11) it is monomorphismand rngit = the carrier of L.
A map from K into L is antisomorphism if:
(Def.12) it is antimonomorphism and rngit = the carrier of L.
In the sequelJ denotesa map from K into K. We now de ne four new
attributes. Let us considerK . A map from K into K is endomorphismif:
(Def.13) it is linear.
A map from K into K is antiendomorphism if:
(Def.14) it is antilinear.
A map from K into K is automorphism if:
(Def.15) it is isomorphism.
A map from K into K is antiautomorphism if:
(Def.16) it is antiisomorphism.

One can prove the following propositions:
(27) J is automorphism if and only if the following conditions are satis ed:
() for all scalarsx, y of K holds J(x + y) = J(X) + J(y),
(i)  for all scalarsx, y of K holdsJ(x y) = J(x) J(y),
(i)  JI(k) = Xk,
(iv) J is one-to-one,
(v) rngJ = the carrier of K.
(28) J is antiautomorphism if and only if the following conditions are satis-
ed:
(i) for all scalarsx, y of K holdsJ(x + y) = J(X) + J(y),
(i)  for all scalarsx, y of K holdsJ(x y) = J(y) J(x),
(i)  JI(k) = Xk,
(iv) J is one-to-one,
(v) rngJ = the carrier of K.
(29) idk is automorphism.
We follow the rules: K, L will denoterings, J will denote a map from K
into L, and x, y will denote scalarsof K. Next we state three propositions:

(30) If Jislinear,thenJ(0k) = 0. andJ( x) = J(X)andJ(x vy)=

J(x) Iy
(81) If J isartilinear, thenJ(0kx)= 0. andJ( x)= J(XxX)andJ(x y)=
J(x) Iy

(32) For ewery assaiative ring K holdsidk is antiautomorphism if and only
if K is a commutativ e ring.

One can prove the following proposition
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(33) For ewery skew eld K holdsidk is antiautomorphism if and only if K
isa eld.

5. Opposite morphisms to morphisms of rings

In the sequelK, L will be eld structures and J will be a map from K into L.
Let us considerK, L, J. The functor °PJ yielding a map from K into °PL is
de ned by:
(Def.17) ©°PJ = J.
Next we state seweral propositions:
(34) ©°P(°PJ) = J.

(35) J islinear if and only if °PJ is antilinear.

(36) J is antilinear if and only if °PJ is linear.

(37) J is monomorphismif and only if °PJ is antimonomorphism.
(38) J is antimonomorphism if and only if °°J is monomorphism.
(39) J is epimorphismif and only if °PJ is antiepimorphism.

(40) J is antiepimorphism if and only if °PJ is epimorphism.

(41) J isisomorphismif and only if °PJ is antisomorphism.

(42) J is antiisomorphism if and only if °PJ is isomorphism.

In the sequeld will beamap from K into K. We now state four propositions:
(43) J is endomorphismif and only if °PJ is antilinear.
(44) J is antiendomorphism if and only if °PJ is linear.
(45) J is automorphism if and only if °PJ is antisomorphism.
(46) J is antiautomorphism if and only if °PJ is isomorphism.

6. Morphisms of gr oups

In the sequelG, H will denote groups. Let us considerG, H. A map from G
into H is said to be a homomorphismfrom G to H if:

(Def.18) for all elemerts x, y of G holds it( x + y) = it(x) + it(y).
Then zerd G; H) is a homomorphismfrom G to H.

In the sequelf is a homomorphism from G to H. We now de ne four
new constructions. Let us consider G, H. A homomorphism from G to H is
monomorphismif:

(Def.19) it is one-to-one.

A homomorphismfrom G to H is epimorphismiif:
(Def.20) rngit = the carrier of H.

A homomorphismfrom G to H is isomorphismif:
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(Def.21) it is one-to-oneand rngit = the carrier of H.
Let us considerG. An endomorphismof G is a homomorphism from G to G.
We now state the proposition
(47) For every elemen x of G holdsidg(x) = Xx.
We now de ne two new constructions. Let us considerG. An endomorphism
of G is automorphism-like if:
(Def.22) it is isomorphism.
An automorphism of G is an automorphism-like endomorphismof G.
Then idg is an automorphism of G.
In the sequelx, y will be elemens of G. We now state the proposition
(48) f(0g)=04 andf( x)= f(x)andf(x Oy)=f(x) O°f(y).
We adopt the following corvention: G, H denote Abelian groups, f denotes
a homomorphismfrom G to H, and x, y denote elemens of G. The following
proposition is true

(49) f(x y)=f() f(y).

7. Semilinear morphisms

For simplicity we adopt the following rules: K, L are assaiative rings, J is a
map from K into L, V is a left module over K, and W is a left module over
L. Let us considerK, L, J, V, W. A map from V into W is said to be a
homomorphismfrom V to W by J if:
(Def.23) for all vectors x, y of V holds it(x + y) = it(x) + it(y) and for every
scalara of K and for every vector x of V holdsit(a x) = J(a) it(x).

The following proposition is true
(50) zerqV; W) is a homomorphismfrom V to W by J.
In the sequelf denotesa homomorphismfrom V to W by J. We now de ne
three new predicates. Let us considerK, L, J, V, W, f. We say that f is a
monomorphismwrp J if and only if:
(Def.24) f is one-to-one.
We say that f is a epimorphismwrp J if and only if:
(Def.25) rngf = the carrier of W.
We say that f is a isomorphismwrp J if and only if:
(Def.26) f is one-to-oneand rngf = the carrier of W.

In the sequelJ will denote a map from K into K and f will denote a ho-
momorphism from V to V by J. We now de ne two new constructions. Let us
considerK , J, V. An endomorphismof J and V is a homomorphism from V
toV byJ.

Let us considerK , J, V, f. We say that f is a automorphism wrp J if and
only if:
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(Def.27) f is one-to-oneand rngf = the carrier of V.

In the sequelW is a left module over K. Let us considerK, V, W. A
homomorphismfrom V to W is a homomorphismfrom V to W by idg .

Next we state the proposition
(51) Forewerymapf from V into W holdsf is a homomorphismfrom V to
W if and only if for all vectorsx, y of V holdsf (x+vy) = f (x) + f (y) and
for every scalara of K and for every vector x of V holdsf (a x) = a f (x).
We now de ne v e new constructions. Let us considerK, V, W. A homo-
morphism from V to W is monomorphism if:

(Def.28) it is one-to-one.
A homomorphismfrom V to W is epimorphism if:
(Def.29) rngit = the carrier of W.
A homomorphismfrom V to W is isomorphismiif:
(Def.30) it is one-to-oneand rngit = the carrier of W.
Let us considerK, V. An endomorphismof V is a homomorphism from V to
V.
An endomorphismof V is automorphism if:
(Def.31) it is one-to-oneand rngit = the carrier of V.

8. Annex

Next we state three propositions:

(52) For ewery skew eld K holdsK isa eld if and only if for all scalarsx,
yof K holdsx y=y x.

(53) For every K beinga eld structure holdsK is a eld if and only if K
is a skew eld and for all scalarsx, y of K holdsx y=1y x.

(54) Forewery group G andfor all elements x, y, z of G such that x+y = x+z
holdsy = z.
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Prop erties of Caratheo dor's Measure

JozefBialas
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Summary . The paper contains de nitions and basic properties of
Caratheodor's measure,with valuesin , the enlargedset of real numbers,

where denotesset = [ f1 ;+1g - by [14]. The article includes
the text being a contin uation of the paper [3]. Caratheodor's theorem and
sometheorems concerning basic properties of Caratheodor's measureare
proved. The work is the sixth part of the seriesof articles concerning the
Lebesguemeasuretheory.

MML Identier: MEASURE4

The terminology and notation usedin this paper have beenintroduced in the
following papers: [16], [15], [10], [11], [8], [9], [1]. [13], [2], [12, [4], [S]. [7]. [€],
[3], and [17]. One can prove the following propositions:
(1) For all Real numbers x, y, zsudh that 0- xand0O- yandO- =z
holds (x +y) + z= x + (y + 2).
(2) For all Real numbkers x, y, zsuchthat x 6 1 andx 6 +1 holds
y+x zifandonlyify z x.

(3) For all Real numbkers x, y such that 0—- x and0- y holdsx+ vy =
y+ X.

(4) For ewery set X and for every -eld S of subsetsof X and for every
function F from into S and for ewery element A of S and for every
function G from. into S such tgat for every elemer n of holds G(n) =
A\ F(n) holds rmgG= A\ rngF.

(5) Let X beaset. Let Sbea -eld of subsetsof X. Let F be a function
from into S. Let G beafunction from into S. SupposeG(0) = F(0)
and for every elemert n of holdsG(n+ 1) = F(n+ 1)[ G(n). Then
for every function H from into S such that H(0) = £ (0) and fgr every
elemert n of holdsH(n+1)= F(n+ 1)nG(n) holds rngF = rngH.

(6) For every set X holds2* isa -eld of subsetsof X .
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Let X be a set, and let F be a function from into 2X. Then rngF is a
non-empty, family of subsetsof X. Let A be a non-empty family of subsetsof
X. Then ~ A is an elemern of 2X. Let F be a function from 2% into ~. We s&
that F is non-negatiwe if and only if:

(Def.1) for every elemert A of 2X holds0— F(A).

Let F be a function from into 2%, and let M be a function from 2% into .
Then M F is afunction from into .

One can prove the following propositions:

(7) For every set X and for every Real nhumkbers a, b there exists a function
M from 2% into ~ such that for every elemen A of 2X holdsif A = ;,
then M (A) = abut if A6 ;,then M(A) = h.

(8) For ewvery set X there exists a function M from 2% into ~ such that for
every elemert A of 2X holds M (A) = 0-.

(9) For every set X and for every function F from into 2% and for every
function M from 2X into ~ sud that M is non-negative holds M F is
non-negative.

(10) For ewvery set X and for every function F from into 2X and for every
function M from 2X into ~ and for every natural number n holds (M
F)(n) = M(F(n)).

(11) Let X be a set. Then there exists a function M from 2% into ~ suc
that M is non-negative and M (;) = 0— and for all elemerns A, B of 2%
suchthat A B golds M (A)3 M (B) and for ewvery function F from
into 2% holds M (" rngF) (M F).

We now de ne two new constructions. Let X be a set. A function from 2%

into  is said to be a Caratheodor's measureon X if:

(Def.2) it is non-negative and it (;) = O— and for all elemens A, B of 2X such
that A SB holds it(PA) it(B) and for every function F from into 2%
holdsit( rngF) (it F).

Let C be a Caratheodor's measureon X. The functor -Field(C) yielding a
non-empty family of subsetsof X is de ned by:

(Def.3) for every elemen A of 2% holds A 2 -Field(C) if and only if for all
elemens W, Z of 2% suchthat W A andZ X nA holds C(W) +
C(z) C(W] 2).

The following propositions are true:

(12) For every set X and for ewvery Caratheodor's measureC on X and for
all elemeris W, Z of 2% holdsC(W [ Z) C(W)+ C(2).

(13) For every set X and for every Caratheodor's measureC on X and for
all elemeris W, Z of 2X holds C(Z) + C(W) = C(W) + C(2).

(14) For every set X and for ewvery Caratheodor's measureC on X and for
every elemen A of 2% holdsA 2 -Field(C) if and only if for all elemerts
W, Z of 2X sudhthat W A andZ X nA holds C(W)+ C(Z) =
CW][ 2).
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(15) For every set X and for every Caratheodor's measureC on X and for
all elemeris W, Z of 2% such that W 2 -Field(C) and Z 2 -Field(C)
andZ\ W =; holdsC(W [ Z)=C(W)+ C(2).

(16) For every set X and for every Caratheodor's measureC on X and for
every set A sud that A 2 -Field(C) holds X nA 2 -Field(C).

(17) For ewery set X and for ewvery Caratheodor's measureC on X and
for all setsA, B such that A 2 -Field(C) and B 2 -Field(C) holds
A[ B 2 -Field(C).

(18) For ewery set X and for every Caratheodor's measureC on X and
for all setsA, B such that A 2 -Field(C) and B 2 -Field(C) holds
A\ B 2 -Field(C).

(19) For ewery set X and for ewvery Caratheodor's measureC on X and
for all setsA, B such that A 2 -Field(C) and B 2 -Field(C) holds
AnB 2 -Field(C).

(20) For ewvery set X and for every -eld S of subsetsof X and for every
function N from into S and for ewery elemeri A of S there exists
a function F from into S such that for every elemert n of holds
F(n)= A\ N(n).

(21) For ewvery set X and for every Caratheodor's measureC on X holds

-Field(C) isa -eld of subsetsof X.

Let X beaset,andlet C bea Caratheodor's measureon X. Then -Field(C)
isa -eld of subsetsef X. Let S bea -eld of subsetsof X, and let A be a
subfamily of S. Then A is an elemen of S. The functor -MeaqC) yields a
function from -Field(C) into and is de ned by:

(Def.4) for every elemen A of 2% such that A 2 -Field(C) holds
( -MeaqC))(A) = C(A).
One can prove the following proposition

(22) For every set X and for every Caratheodor's measureC on X holds
-MeaqC) is a measureon -Field(C).

Let X be a set, and let C be a Caratheodor's measureon X, and let A be
an elemer of -Field(C). Then C(A) is a Real numker.

One can prove the following proposition
(23) For ewvery set X and for every Caratheodor's measureC on X holds
-MeaqC) isa -measureon -Field(C).
Let X beaset,andlet C bea Caratheodor's measureon X. Then -MeaqC)
isa -measureon -Field(C).
The following propaositions are true:

(24) For ewvery set X and for every Caratheodor's measureC on X and for
every elemer A of 2X sud that C(A) = 0- holds A 2 -Field(C).
(25) For ewvery set X and for every Caratheodor's measureC on X holds
-MeagqC) is completeon -Field(C).
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Summary . Let T be a topological spaceand let A be a subset of
T. Recall that A is said to be a domain in T provided IntA A IntA
(see[24] and comp. [14]). This notion is a simple generalization of the
notions of open and closed domains in T (see[24]). Our main result is
concerned with an extension of the following well{known theorem (see
e.g. [5], [17], [13]). For a given topological spacethe Boolean lattices of
all its closeddomains and all its open domains are complete. It is proved
here, using Mizar System, that the complemented lattice of all domains
of a given topological space is complete, too (comp. [23)]).

It is known that both the lattice of open domains and the lattice of
closeddomains are sublattices of the lattice of all domains [23]. However,
the following two problems remain open.

Problem 1. Let L be a sublattice of the lattice of all domains.
Suppose L is complete, is smallest with respect to inclusion, and
contains as sublattices the lattice of all closed domains and the
lattice of all open domains. Must L be equal to the lattice of all
domains ?

A domain in T is said to be a Borel domain provided it is a Borel set. Of
course every open (closed) domain is a Borel domain. It can be proved
that all Borel domains form a sublattice of the lattice of domains.

Problem 2. Let L be a sublattice of the lattice of all domains.
Suppose L is smallest with respect to inclusion and contains as
sublattices the lattice of all closed domains and the lattice of all
open domains. Must L be equal to the lattice of all Borel domains ?

Note that in the beginning the closure and the interior operations for fam-
ilies of subsetsof topological spacesare introduced and their important
properties are preserted (comp. [16], [15], [17]). Using these notions, cer-
tain properties of domains, closeddomains and open domains are studied

(comp. [15], [13]).

MML Identier: TDLAT2.

1This paper was done while the secondauthor was visiting the Institute of Mathematics of
Warsaw Univ ersity in Bialystok.
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The papers[20], [22], [21], [18], [8], [9], [12], [4], [3], [19], [24], [11], [6], [7]. [25],
[10], [2], [1], and [23] provide the notation and terminology for this paper.

1. Preliminar y Theorems about Subsets of Topological Spaces

In the sequelT will denote a topological space. One can prove the following
propositions:
(1) For every subsetA of T holdsIntInt A IntA and IntintA IntA.
(2) For every subsetA of T holdsIntA IntA andIntA IntA.

(3) For all subsetsA, B of T sud that B is closedholdsif Int(A\ B) = A,
then A B.

(4) For all subsetsA, B of T such that A is openholdsif IntA[ B = B,
then A B.

(5) For ewery subset A of T sud that A IntA holds A[ IntA
Int(A [ IntA).

(6) For every subsetA of T such that IntA A holds Int A\ IntA
A\ IntA.

2. The Closure and the Interior Operations for Families
of Subsets of a Topological Space

In the sequelT will be a topological space. Let us considerT, and let F be a
family of subsetsof T. We introduce the functor F asa synornym of clf F.

One can prove the following propositions: W
(7) For every family F of subsetsof T holdsF = fA: z[A=B”"B 2 F]g,
where A rangesover subsetsof T, and B rangesover subsetsof T.
(8) For ewvery family F of subsetsof T holds F = F.
(9) For every family F of subsetsof T holdsF = ; if and only if F = ;.
(10)  For all families F, G of subsetsof T holdsF\ G F\ G.
(11) For all families F, G of subsetsof T holdsF nG F nG.

(12) For ewery familyrF_of subsetsof E and for every subsetA of T suct
that A2F holds F A andA F. - _
(13) For every family F of subsetsof T holds _ F - E
(14) For every family F of subsetsof T holds E Si
(15) For every family F of subsetsof T holds F F.
Let us considerT, and let F be a family of subsetsof T. The functor Int F
yielding a family of subsetsof T is de ned as follows:
(Def.1) for every subsetA of T holds A 2 IntF if and only if there exists a
subsetB of T sucththat A= IntB andB 2 F.
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The following propaositions are true:

W
(16) For every family F of subsetsof T holdsIntF = fA: g[A=IntB "
B 2 F]g, where A rangesover subsetsof T, and B rangesover subsetsof
T.

(17) For every family F of subsetsof T holdsIntF = IntIntF.
(18) For every family F of subsetsof T holds Int F is open.
(19) For every family F of subsetsof T holdsF = ; if andonly if IntF = ;.

(20) For ewery subsetA of T and for every family F of subsetsof T suc
that F = fAg holds Int F = fint Ag.

(21) For all families F, G of subsetsof T such that F G holds Int F
Int G.

(22) For all families F, G of subsetsof T holds Int(F [ G) = IntF [ IntG.
(23) For all families F, G of subsetsof T holds Int(F\ G) IntF\ IntG.
(24) For all families F, G of subsetsof T holdsIntF nintG Int(F nG).

(25) For ewery family F of sgbsetsof T :flnd for every subsetA of T such
that A 2 F holdsInt A Int F and IntSF Int A,

(26) For every family F of subsetsof T holds T Int F T F.

(27) For every family F of subsetsof T holds s Int F FS'

(28) For every family F of subsetsof T holds InTt F ITnt F.

(29) For every family F of subsetsof T holdsInt F IntF.

) L T
(30) 1 For every family F of subsetsof T such that F is nite holdsint F =
IntF.

In the sequelF denotesa family of subsetsof T. The following propositions
are true:

- W R
(31) IntF=fA: g[A=IntB”" B 2 F]g, where A rangesover subsetsof
T, and B rangesover subsetsof T.

(32) IntF=fA: Z[A=IntB”" B 2 F]g, where A rangesover subsetsof
T, and B rangesover subsetsof T.

B — W R —
(33) IntF=fA: g[A=IntB”" B 2 F]g, where A rangesover subsetsof
T, and B rangesover subsetsof T.

(34) IntintF = fA: g[A = IntIntB * B 2 F]g, where A ranges over
subsetsof T, and B rangesover subsetsof T.

(85) IntintF = IntF.
(36) IntIntF = IntF.
S — S —
(37) Int F IntF.
T — T —
(38) Int F IntF.
S— S—_
(39) Int F IntF.
T ___ T —
(40) o IntF IntF.
(41) Int Int F IntF.
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T — T —
(42) s IntInt F s IntF.
(43) T IntInt F T IntF.
(44) IntInt F IntF.

S = S _
(45) Int F F.

T = T _
(46) s Int F s F.
47) - Int F - IntInt F
(48) s Int F Inqt Int F
(49) InTt F ITnt F.
(50) Isnt F IntF.
(51) IntF Int ™ F.

— 7T —

52) Int F IntF.

S __ Q
(53) IntF Int F.
(54) Int F IntF.

S S
(55) IntInt F ITnt Int F.
(56) IntInt F IntintF.

(57) For ewery family F of subsetsof T sud that for every subsetA of T
S S S — s
sudhthat A2 F holdsA IntAholds F Int Fand F =Int F.

(58) For every family F of subsetsof T such ﬁh_ fo every subset& fT
that A2 F holdsIntA A holdsInt F F and Int Int =
Int F.

3. Selected Pr operties of Domains of a Topological Space

In the sequelT is a topological space.We now state seweral propositions:

(59) For all subsetsA, B of T sud that B is a domain holds Int A[ B [
(A[ B)=Bifandonlyif A B.

(60) For all subsetsA, B of T suc that A is a domain holds Int(A\ B)\
(A\ B)=Aifandonly if A B.

(61) For all subsetsA, B of T such that A is a closeddomain and B is a
closeddomain holdsInt A IntB if andonly if A B.

(62) For all subsetsA, B of T sudc that A is an open domain and B is an
opendomain holdsA B if andonly if A B.

(63) For all subsetsA, B of T sud that A is a closeddomain holdsif A B,
then Int(A\ B) = A
(64) For all subsetsA, B of T such that B is an opendomain holdsif A B,
then Int A[ B = B.
Let us considerT. A family of subsetsof T is domains-family if:

(Def.2) for every subsetA of T such that A 2 it holds A is a domain.
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The following propaositions are true:
(65) For ewvery family F of subsetsof T holds F  the domainsof T if and
only if F is domains-family.
(66) _For ewvery family E of subsetsof T sud that F is domains-family holds
S Q Y <
F Int Fand F=Int F.

(67) Fﬁ;_ever¥ family F of sg@setsofT.ﬁudq that F is domains-family holds
Int F FandiIntint F=1Int F.

(68) « For e\,eg/ﬁlmlly F of subsetsof T such that F is domains-family holds

F[ Int F isadomain.

(69) Let F bea family of Séjbsetsof g_Then for every subsetB of T such
that B 2 F holds B F [ Int F and for every subsetA of T such
that A is adcgnam hoIc§_for every subsetB of T such that B 2 F holds
B A,then F[ Int A.

(70) For eve y family F of subsetsof T sud that F is domains-family holds

F \ Int  F is adomain.
(71) Let F bea family of subsetsof T. Then T
(i) for every subsetB of T sudhthat B2 F holds F\ Int F B,
(i) F =; orfor every subsetA of T such that A is a doma holds |£for
every subsetB of T suchthat B 2 F holdsA B, then A F\ Int

Let us considerT. A family of subsetsof T is closed-domains-familyif:

(Def.3) for every subsetA of T such that A 2 it holds A is a closeddomain.

We now state seweral propositions:

(72) For every family F of subsetsof T holds F  the closeddomainsof T
if and only if F is closed-domains-family

(73) For every family F of subsetsof T such that F is closed-domains-family
holds F is domains-family.

(74) For every family F of subsetsof T suc that F is closed-domains-family
holds F is closed.

(75) For ewvery family F of subsetsof T such that F is domains-family holds
F is closed-domains-family

(76) For gwery family F of subsetsof T sud that F is closed-domains-family
holds F is acloseddomain and Int  F is a closeddomain.

(77) For every family F of§_bsetsofT holds for ewvery subsetB of T suc
that B 2 F holds B F and for ewvery subsetA of T suc that A is
a closeddomgﬂholds if for every subsetB of T such that B 2 F holds
B A, then A.

(78) Let F be a family of subsetsof T. Th_e|4_1 if F is closed,then for every
subsetB of T suchthat B 2 F holdsint F B but F = ; or for every
subsetA of T sudc that A is a closeddomain hOIEE for every subsetB
of T sudhthat B 2 F holdsA B,then A Int F.

Let us considerT. A family of subsetsof T is open-domains-family if:
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(Def.4)  for every subsetA of T such that A 2 it holds A is an open domain.

We now state seweral propositions:

(79) For ewvery family F of subsetsof T holdsF the open domainsof T if
and only if F is open-domains-family

(80) For ewery family F of subsetsof T such that F is open-domains-family
holds F is domains-family.

(81) For ewvery family F of subsetsof T suc that F is open-domains-family
holds F is open.

(82) For ewvery family F of subsetsof T such that F is domains-family holds
Int F is open-domains-family

(83) For evey family F of subsetsof T sudégat F is open-domains-family
holdsInt F is an opendomain and Int ~ F is an open domain.

(84) For ewery family F of subsetsof T holds ifSF_is open, then for every
subsetB of T suchthat B 2 F holdsB Int  F but for every subsetA
of T such that A is an open domaig@lds if for every subsetB of T such
that B 2 F holdsB A, thenint F A.

(85) For every family F ofsubsetsof T holds for every subsetB of T sud
that B 2 F holdsInt F B but F = ; or for every subsetA of T
such that A is an open domain hoIqis if for every subsetB of T such that
B2F holdsA B,thenA Int F.

4. Completeness of the Lattice of Domains

In the sequelT denotesa topological space.Next we state seeral propositions:
(86) The carrier of the lattice of domainsof T = the domainsof T.

(87) For all elemerts a, b of the lattice of domainsof T and for all elemeris
A, B of the domainsof T sudh that a = A and b= B holdsat b=

IntA[ B[ (A[ B)andau b= Int(A\ B)\ (A\ B).

(88) ?the lattice of domainsof T = + T and > the lattice of domains of T = T~

(89) For all elemerts a, b of the lattice of domainsof T and for all elemeris
A, B of the domainsof T sudh that a= A and b= B holdsav bif and
only if A B.

(90) For every subsetX of the lattice of domainsof T there existsan elemert
a of the lattice of domainsof T sud that X v a and for every elemen b
of the lattice of domainsof T such that X v bholdsav b.

(91) The lattice of domainsof T is complete.

(92) For ewvery family F of subsetsof T sud that F is domains-family and
E)r ewvery subsetX of the Iatt'ge of dorga_ins of T such that X = F holds

(the lattice of domains of T) X = F [ Int  F.
(93) For every family F of subsetsof T sud that F is domains-family and
for every subsetX of the lattice of domainsof T such that X = F holds
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. T T
if X 6 - then thhe lattice of domains of T)X = F\ Int F butif X = -,
then dche lattice of domains of T)X = T~

5. Completeness of the Lattices of Closed Domains
and Open Domains

In the sequelT will be a topological space. The following propositions are true:

(94) The carrier of the lattice of closeddomainsof T = the closeddomains
of T.

(95) For all elemerts a, b of the lattice of closeddomains of T and for all
elemens A, B of the closeddomainsof T sudh that a= A andb= B
holdsat b= A[ B andau b= Int(A\ B).

(96) ?the lattice of closeddomains of T = 7 T and > the lattice of closeddomains of T = T~
(97) For all elemerts a, b of the lattice of closeddomains of T and for all
elemens A, B of the closeddomainsof T sudh that a= A andb= B
holdsav bif andonly if A B.
(98) For ewery subset X of the lattice of closeddomains of T there exists
an elemen a of the lattice of closeddomainsof T such that X v a and
for every elemen b of the lattice of closeddomainsof T such that X v b
holdsav b
(99) The lattice of closeddomains of T is complete.
(100) For ewery family F of subsetsof T such that F is closed-domains-family
and for everyFsubsetX of the lattice of closecgdﬁmains of T such that
X = F holds (the lattice of closeddomains of T) X = F.
(101) For ewery family F of subsetsof T such that F is closed-domains-family
and for ewvery subset X of the lattice of closeddomains of T such EEat
X = F holdsif X & ;, then dche lattice of closeddomains of )X = Int  F
but if X = ;, then dche lattice of closed domains ofT)X = T
(102) For every family F of subsetsof T such that F is closed-domains-family

and for every subsetX of the lattice of domains of T_suc that X = F
holds if X 6 ;, then de lattice of domains of T)X = Int  F but if X =7,
then dche lattice of domains ofT)X = T

(103) The carrier of the lattice of open domainsof T = the open domains of
T

(104) For all elemens a, b of the lattice of open domains of T and for all
elemerts A, B of the opendomainsof T such that a= A andb= B holds
at b=IntA[ Bandaub= A\ B.

(105) ? the lattice of opendomainsof T = T and > the lattice of opendomainsof T = T-

(106) For all elemens a, b of the lattice of open domains of T and for all
elemerts A, B of the opendomainsof T such that a= A andb= B holds
av bifandonly if A B.
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(107) For ewery subsetX of the lattice of open domains of T there exists an
elemernt a of the lattice of open domains of T such that X v a and for
every elemert b of the lattice of opendomainsof T such that X v bholds
av b

(108) The lattice of opendomainsof T is complete.

(109) For ewvery family F of subsetsof T such that F is open-domains-family
and for everyFsubsetX of the lattice of open d(gn_ains of T such that

X = F holds (the lattice of open domains ofT)X =Int F.

(110) For every family F of subsetsof T suc that F is open-domains-family
and for ewvery subset X of the lattice of open domainsof T s that
X = F holdsif X 8 ;, then d&e lattice of opendomains of T)X = Int ~ F but

if X =, then dche lattice of open domains ofT)X = T
(111) For every family F of subsetsof T suc that F is open-domains-family
and fq; ewvery subset X of the lattice g@omains of T such that X = F

holds (the lattice of domains of T) X =Int F.
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On Paracompactness of Metrizable Spaces
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Summary . The aim is to prove, using Mizar System, one of the
most important result in general topology, namely the Stone Theorem
on paracompactness of metrizable spaces[19]. Our proof is based on
[18] (and also [16]). We prove rst auxiliary fact that every open cover
of any metrizable spacehas a locally nite open re nement. We show
next the main theorem that every metrizable spaceis paracompact. The
remaining material is devoted to concepts and certain properties needed
for the formulation and the proof of that theorem (seealso [5]).

MML Identier: PCOMP&

The notation and terminology usedhereare introducedin the following articles:

[21], [7], [8], [13], [26], [15], [10], [20], [11], [23], [1], [14], [9], [3]. [12], [17], [24],
[2], [3], [4], [23], [6], and [22.

1. Selected Pr operties of Real Numbers

We adopt the following rules: r, u, v, w, y are real numbers and k is a natural
number. One can prove the following propositions:

(1 r%=1.

2 rt=r.

(3 Ifr > 0andu > 0, then there exists a natural number k suc that
u
x I

(4 Ifk nandr 1,thenrk ",
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2. Certain Functions Defined on Families of Sets

We adopt the following corvertion: R will be a binary relation, A, B, C will
be sets, and t will be arbitrary. The following proposition is true

(5) If R well orders A, then R j? A well ordersA and A = eld (Rj?A).

The sdheme MinSet concernsa set A, a binary relation B, and a unary
predicate P, and states that:
there exists arbitrary X such that X 2 A and P[X] and for an arbitrary Y
such that Y 2 A and P[Y] holds hX; Yi 2 B
provided the parametersmeet the following conditions:
B well orders A,
there exists arbitrary X sud that X 2 A and P[X].
We now de ne three new functors. Let F; be a family of sgts,and let R be
a binary relation, and let B be an elemen of F;. The functor = __g vyieldsa
family of setsand is de ned as follows:

S S
(Def.1) <gs = (R SedB)).
Let F1 be a family of sets,and let R be a binary relation. The disjoint family
of F1, R yielding a family of setsis de ned by:

(Def.2) A 2 the disjoint family of Fq1, R if ar‘gi only if there exists an elemen
B of Fysudhthat B2 F;andA=Bn  _ g

Let X bea set, and let n be a natural number, and let f be a function from
into 2X. The functor _ _, f( ) yields a setand is de ned as follows:

(Detf.3) « FC)= (f (Segnnfng)).

3. Para compactness of Metrizable  Spaces

We adopt the following corvertion: P will denote a topological space, F1, G1
will denote families of subsetsof P;, and W, X will denote subsetsof P;. We
now state several propositions:

(6) If Py isa T3 space,then for every F1 such that F; is a cover of P; and
F1 is open there exists H1 suc that H1 is openand H1 is a cover of P
and for every V sud that V 2 H, there exists W such that W 2 F; and
vV w.

(7) For all P1, F1 such that Py is a T, spaceand P; is paracompactand F4
is a cover of P; and F1 is open there exists G; sudc that G; is open and
G is a cover of P71 and clf Gy is ner than F; and G is locally nite.

(8) For ewery function f from [ the carrier of P4; the carrier of Py ] into
such that f is a metric of the carrier of P; holds if P, = MetrSp((the
carrier of P1);f), then the carrier of P, = the carrier of P;.

(9) For ewery function f from [ the carrier of Pq; the carrier of P; ] into
such that f is a metric of the carrier of P; holds if P, = MetrSp((the
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carrier of P;);f), then x is a point of Py if and only if x is an elemern of
the carrier of P.

(10) For ewvery function f from [.the carrier of P1; the carrier of P1 ] into
such that f is a metric of the carrier of Py holds if P, = MetrSp((the
carrier of Py);f), then X is a subsetof P, if and only if X is a subsetof
the carrier of P.

(11) For ewvery function f from [.the carrier of P1; the carrier of P1 ] into
such that f is a metric of the carrier of Py holds if P, = MetrSp((the
carrier of Py);f), then F1 is a family of subsetsof P, if and only if F; is
a family of subsetsof the carrier of P».

In the sequelk is a natural number. Let P, be a non-empty set, and let g
be a function from into (22P2) , and let us considern. Then g(n) is a nite
sequenceof elemerts of 2272,

The following propositions are true:

(12) If Py is metrizable, then for every family F; of subsetsof P, suc that
F1 is a cover of P; and F1 is open there exists a family G; of subsetsof
P1 such that G; is open and G; is a cover of P1 and G1 is ner than F;
and G is locally nite.

(13) If Py is metrizable, then P4 is paracompact.
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The Brou wer Fixed Point Theorem
for Interv als 1

Toshihiko Watanabe
Shinshu University
Nagano

Summary . The aim is to prove, using Mizar System, the following
simplest version of the Brouwer Fixed Point Theorem [2]. For every
continuous mapping f : ! of the topological unit interval there exists
a point x suchthat f (x) = x (seee.g. [9], [3]).

MML Identier: TREALL.

The terminology and notation usedhere are introducedin the following papers:

[23], [22], [29], [16], [5], [6], [20], [4], [18], [10], [24], [14], [19], [17], [7], [19], [11],
[1], [21], [8], [13], and [12].

1. Pr operties of Topological Inter vals

The following three propaositions are true:

(1) For all real numbersa, b, ¢c, dsuththat a candd bandc d
holds [c;d] [a;b].

(2) For all real numbersa, b, ¢, dsuchthat a candb dandc bholds
[a;b [ [c;d] = [a;d].

(3) For all real numbersa, b, c,dsuchthat a candb dandc bholds
[a;b]\ [c;d] = [c;hb].

In the sequela, b, ¢, d are real numbers. We now state four propositions:

(4) For ewery subsetA of 1 suc that A = [a;b] holds A is closed.

(5) If a b, then [a; bl is a closedsubspaceof 1.

(6) Ifa candd bandc d,then]c;d]r isa closedsubspaceof [a; blt.

1This paper was done under the supervision of Z. Karno while the author was visiting the
Institute of Mathematics of Warsaw Univ ersity in Bialystok.
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(7) Ifa <candb dandc b then[a;d]y = [a; b [ [c;d]y and
[c; blt = [a; by \ [c; d]r.
We now de ne two new functors. Let a, b be real numbers. Let us assume
that a b. The functor aj,y, Yyields a point of [a; blr and is de ned by:
(Def.1) Qg = A
The functor by, yields a point of [a; bjy and is de ned by:
(DEfZ) b[a;b]T = h
One can prove the following two propositions:
(8) 0= 0[0;1]T and1l = 1[0;1]T.

9) Ifa bandb c then Aablr = Haclr and Clo:dr = Caclr -

2. Continuous Mappings Between Topological Inter vals

Let a, b be real numbers satisfying the condition: a h. Let t;, t> be points
of [a; blr. The functor Lo1(t1;t2) yielding a mapping from [0; 1}t into [a; b]r is
de ned asfollows:
(Def.3) for every point s of [0; 1]y and for all real numbersr, rq, r, such that
s=randry=tyandry =ty holds (Lo1(t1;t2))(s)= (1 r) ri+r ro.

We now state four propositions:

(10) Let a, b bereal numbers. Then if a b, then for all points t;, t, of
[a; blT andfor every point s of [0; 1]y and for all real numbersr, rq, ro sudc
that s=r andri =ty andry = ty holds (Lox(t1;t2))(s) = (r2 ri1) r+ry.

(11) For all real numbers a, b such that a b and for all points tq, t, of
[a; bl holds Loi(ty;t2) is a continuous mapping from [0; 1]y into [a; b]r.

(12) For all real numbers a, b such that a b and for all points tq, t, of
[a; bt holds (Loa(t1;t2))(Op0:13, ) = t1 and (Lox(ta;t2))(Lj0:13,) = to

(13)  Lo1(Opo;11r 5 Loy ) = ido; ar)-

Let a, b be real numbers satisfying the condition: a < b. Let t;, t, be
points of [0; 1]y. The functor Pgi(a;b;ty;t2) yielding a mapping from [a; bjt
into [0; 1]t is de ned asfollows:

(Def.4) for every point s of [a; bjt and for all real numbersr, rq, ro suc that
s=randr;=t;andr, = t holds (Poi(a; bity; tp))(s) = L Hr a2,

The following propositions are true:

(14) Let a, bbereal numbers. Supposea < b. Let tq, t> be points of [0; 1]r.
Let sbeapoint of [a; bly. Then for all real numbersr, rq, r, such that s =
randry =ty andry = ty holds (Poi(a; bity;t2))(s) = 2+ r+ br%%

(15) Forall realnumbersa, bsud that a < bandfor all points tq, t, of [0; 1};
holds Po1(a; b;t1;t2) is a continuous mapping from [a; blt into [0; 1]y.

(16) Forall real numbersa, bsud that a < band for all points tq, t, of [0; 1]t
holds (Po1(a; b;t1;12))(ay, ) = t1 and (Pow(a; bita; t2))(Bay, ) = ta.
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(A7) Pou(0; L, Oprayr 5 Loy ) = idgo; 2yy)-
(18) Let a, bbereal numbers. Then if a < b, then
id((a;byr) = Loa(agaiyy ; Bayr)  Pox(@;0:0p0;11, 5 Ljoiayy )
and idqo; 13) = Po1(a;b;0p;13; 5 Loy ) Low(@gaityr s ity )-
(19) Let a, bbereal numbers. Then if a < b, then
id((a; ) = Lo1(Qapyy i Bgapir ) Po1(@bilpo;a, ; Oorayy )
and ido; 13r) = Po1(a;0; 10117 5 Oy ) Lor(Bratyy  Agaeyy )-
(20) Let a, b bereal numbers. Supposea < b. Then
() Low(aap s bap, ) is @ homeomorphism,
(i) (Los(ajapy s Bany ) 1= Pox(a;b;0p.1 ; Lo:gr )
(i) Po1(a;b;0p0;1); ; 1013, ) is @ homeomorphism,
(iv)  (Pou(a;b;0p.1}r i Loy )) 1= Loa(@ayr : Bty )-
(21) Let a, b bereal numbers. Supposea < b. Then
() Loi(bay ;s apyy ) is @ homeomorphism,
(i) (Lor(Dapy;aany)) * = Poi(a;b;10.15 ; Opo:apr )
(i) Poi(a;b;1i:13; 5 Opo;13, ) is @ homeomorphism,
(iv)  (Poa(a;b;Lp1} i Oy ) 1= Loa(Bamyy ; Aty )-

3. Connectedness of Inter vals and Br ouwer Fixed Point Theorem
for Inter vals

We now state seweral propositions:

(22) is connected.

(23) For all real numbersa, bsuch that a b holds [a; bt is connected.

(24) For every continuous mapping f from into there exists a point x of

such that f (x) = x.

(25) For all real numbers a, b such that a b and for ewvery continuous
mapping f from [a; b]t into [a; bt there exists a point x of [a; blt sud
that f (x) = x.

(26) Let X, Y be subspacesof 1. Then for every continuous mapping f
from X into Y sudh that there exist real numbersa, bsud that a band
[a;b] the carrier of X and [a;b] the carrier of Y andf [a;b] [a;b]
there exists a point x of X sud that f (x) = x.

(27)  For all subspacesX, Y of 1 and for every cortinuous mapping f from
X into Y sud that there exist real numbers a, b such that a b and
[a;b] the carrier of X andf [a;b] [a;b] there exists a point x of X
such that f (x) = x.
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Summary . In the rst section the results of [23, axiom (30)]*, i.e.
the correspondence between natural and ordinal (cardinal) numbers are
shown. The next section is concerned with the concepts of in nit y and
conalit y (see[3]), and introduces alephs as in nite cardinal numbers.
The arithmetics of alephs, i.e. somefacts about addition and multiplica-
tion, is presert in the third section. The conceptsof regular and irregular
alephsare intro ducedin the fourth section, and the fact that @ and every
non-limit cardinal number are regular is proved there. Finally, for every
alephs and

8 :

2 P if
- < ; if <cf and islimit cardinal;
- > P cf

: if cf

Some proofs are basedon [20].

MML Identi er: CARID®.

The papers[24], [6], [16], [14], [21], [19], [26], [10], [17], [12], [13], [13], [25], [22],
[11], [2], [18], [5], [9], [1], [8], [7], [4], and [3] provide the notation and terminology
for this paper.

1. Results of [23, axiom (30)]

One canreadily ched that every set which is cardinal is also ordinal-like.

For simplicity we adopt the following convertion: n denotesa natural num-
ber, A, B denoteordinal numbers, X denotesa set, and x, y are arbitrary. We
now state several propositions:

Axiom (30) { n=fk2 :k< ngfor every natural number n.
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(1) 0=;and1= f0gand2= f0;1g.

(2) succn=n+ 1.

(3) For everyn holdsord(n) = nand = n.
4 0=0and1l=1.

(5) 0=0and1=1land2= 2.

(6) If X is nite, then cardX = X

@) =l and = @.

(8 Segn= (n+ 1)nf0g.

2. Infinity, alephs and cofinality

We adopt the following rules: f is a function, K, M, N are cardinal numbers,
and p;, p2 are sequencesf ordinal numbers. The following propositions are
true:
@ X =X*.
(10) y2 S f if and only if there exists x sud that x 2 domf andy 2 f (x).
(11) @ isnot nite.
(12) If M isnot nite, then there exists A such that M = @).
(13) There exists n such that M = T or there exists A suc that M = @).
Let us considerp;. Then  p; is an ordinal number.
Next we state a number of propositions:
(14) If X A, thenthere existsp; suc that p; = the canonicalisomorphism
between ” and x and p; is increasingand domp; = x andrngp; =
X.
(15) If X A, then supX is conal with x.

(16) If X A, thenX = .

(17) There exists B suc that B A and A is co nal with B.

(18) There existsM such that M A and A is co nal with M and for every
B such that A isconal with B holdsM  B.

(19) If rngp:1 = rng p2 and p; is increasingand ps is increasing,then p; = po.

(20) If py1 is increasing,then p; is one-to-one.

(21) (p1 p2) dompg = p;.

22) If X 6 ;,thenfY Y <M g M 7M , WhereY rangesover elemerts
of 2% .

(23) M < 2",

We now de ne four new constructions. A setis in nite if:
(Def.1) it is not nite.
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Let us obsene that there exists a set which is in nite. One can readily chedk
that there exists a cardinal number which is in nite. One canreadily ched that
ewvery set which is in nite is also non-empty.
An alephis an in nite cardinal number.
Let us considerM . The functor cfM yielding a cardinal number is de ned
by:
(Def.2) M isconal with cfM and for every N such that M is co nal with N
holdscfM  N.

Let us consider N. The functor (7! N) , yielding a function yielding
cardinal numbersis de ned as follows:

(Def.3) for every x holds x 2 dom(( 7! N) ,u) if andonly if x 2 M and
X is a cardinal number and for every K such that K 2 M holds (7!
N) am(K) = KN,
Let us considerA. Then @ is an aleph.

3. Arithmetics  of alephs

In the sequela, b will be alephs. The following propositions are true:
(24) There exists A such that a= @\.

(25) a6 0anda6 landa6 2andaé mand<aand @ a.
(26) Ifa M ora< M, then M is an aleph.

27) Ifa Mora<M,thena+M =M andM +a=M anda M =M
andM a= M.

(28) a+a=aanda a= a.
299 fM aorM < a thena+M =aandM + a= a.
(30) fO<M©butM aorM<athena M =aandM a= a
(31) g/l M @,
(32) a= a
Let us considera, M. Then a+ M is an aleph. Let us considerM, a. Then

M + ais an aleph. Let us considera, b. Then a+ bis an aleph. Then a bis an
aleph. Then aP is an aleph.

4. Regular alephs

We now de ne two new attributes. An aleph is regular if:
(Def.4) cfit = it.

An aleph is irregular if:
(Def.5) cfit < it.
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Let us considera. Then a* is an aleph. We seethat the elemen of a is an
ordinal number.
One can prove the following propositions:
(33) cfM M.
(34) cl(@) = @.
(35) cf(a")=a".
(36) @ cfa
(37) cf0=0andcfn+ 1= T.
(38) IfX M andX < cfM, then supX 2 M and > X 2 M.
(39) S If domp; = M andmgps N and M < cfN, then supp; 2 N and
p12 N.
Let us considera. Then cfa is an aleph.
One can prove the following propositions:
(40) If cfa< a, then ais alimit cardinal number.
(41) If cfa< a, then there exists a sequencex; of ordinal numberssud that

domxi = cfaandrngx: aand Xy is increasingand a = supxi and X1
is a function yielding cardinal numbersand 0 2 rng x ;.

(42) @ isregularand a* is regular.

5. Infinite  powers

In the sequela, b will denote alephs. The following propositions are true:
(43) Ifa b thenab= 2"

(44) (a*)b=abl (a*).

(45) 70 P o) &~ b

(46) If aisalimit cardinal numberandb< cfa, thena?=" (( 7! 9 ,a).
(47) Ifcfa bandb<a thenal= ( (( 7! ) 5a)°2.
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Summary . Someproperties of line segmerts in 2-dimensional Eu-
clidean space and some relations between line segmens and balls are
proved.

MML Identier: TOPREAL3

The terminology and notation usedin this paper have beenintroduced in the

following papers: [17], [13], [1], [7], [2], [8], [4], [19], [16], [18], [6], [14], [3], [9],
[10], [3], [11], and [12].

1. Real Numbers Preliminaries

For simplicity we follow the rules: p, p1, p2, p3, q will denote points of E%, f,h
will denote nite sequence®f elemerts of E%, r,ri, ro, S, 1, S2 will denotereal
numbers, u, ui, u, will denote points of E2, n, m, i, j, k will denote natural
numbers, and x, y, z will bearbitrary. One can prove the following propositions:

(1) 3 2=1and3 1=2and3=1 3.
(2 0 jandi 1.

(3) Ilfr<s/thenr< S5Sand 52 <sandr< 55 and 55 < s.

(4) Ifrés,thenr6& 52 and 526 s.

(®5) Ifri>spandr, sporr; spandry;> sy, thenrp+rp> 51+ S).

1The article was written during my visit at Shinshu Univ ersity in 1992.
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2. Pr operties of Line Segments

We now state a number of propositions:
(6) 12 Seglenhx;y;zi and 22 Seglentx;y;zi and 32 Segdlenhx; y; zi.
(7)  (p1+ P2)1 = P11+ P2z and (p1+ pP2)2 = P12 + P22.
8) (P P2)1=p11 P2pand(pr P2)2= P2 P22
9 (r pa=r prand(r p)2=r p2.
(10) If pp = hry;sqi and po = hrp;soi, then pp+ po = hrp + ;81 + Spi and
Pr p2=Hhrp rgs1 sal.
(11) p=gqgifandonlyif p1 = g and py = qz.q
(12) Ifu;=pranduz = pz, then 2(ug;uz) =  (P1; P21)? + (P12 P22)2.
(13) The carrier of Ef = the carrier of E".
(14) x is a point of E? if and only if x is a point of E2.
(15) Ifry<sg,thenfpy:ipig=r~ry pip”pz  s19= L([r;ra];[r;sa)).
(16) Ifry<sgthenfpiipip=r"ry pig”pigr S19= L([ra;rli[sur)).
a7y I p2L(r;ra];[r;s1]), thenpg =r.
(A8) If p2L(ra;r];[s1;r]), thenpo = r.
(19) If p1 & qu and p2 = cp, then [ p] 2 L (p;0).
(20) If py = andp2 & q, then [pr; 22521 2 L(p;q).
(21) Iff = hp;py;gi andi 6 Oandj i> 1,thenL(f;j;j+1)=;.
22) Ifi=0,thenL(f;i;i+1)=;.
(23) If f = hpg;p2; psi, then 15(f) = L(p1;p2) [ L(p2;pa)-
(24) Ifi 2 domf andj 2 dom(f i) andk 2 dom(f i), then L(f;j; k) =
L(f i;; k).
(25) If j 2 domf andi 2 domf,then L(f h;j; i) = L(f;j; i).
(26) L(f;i;i+ 1) [E(¢F).
27) & i) IE(f).
(28) Forallr, p1, p2, usud that r > Oand p; 2 Ball(u;r) and p, 2 Ball(u;r)
holds L (p1;p2) Ball(u;r).
(29) If u = pi and p; = [ri;s1] and p; = [rz;sp] and p = [rz;s1] and
p2 2 Ball(u;r), then p 2 Ball(u;r).
(30) Ifry6 s;andr > 0and|[s;r1] 2 Ball(u;r) and [s;s1] 2 Ball(u; r), then
[s; 2531 2 Ball(u; r).
(31 Ifri6s;andr > 0and|[rq;s] 2 Ball(u;r) and [s1;s] 2 Ball(u; r), then
[[1552;s] 2 Ball(u;r).
(32) Ifry 6 s;andsy 8 ro andr > 0 and [rq;r] 2 Ball(u;r) and [s1;
sy] 2 Ball(u;r), then [rq;s2] 2 Ball(u;r) or [s1;r2] 2 Ball(u;r).
(33) Supposethat
@) () 2Ball(u;r),




basic properties of connecting points with ... 97

@iy 1 m,
@i) m lenf 1,
(iv) L(f;m;m+ 1)\ Ball(u;r) 6 ;,
(v) for ewery i such that 1 i and i lenf 1 and L(f;i;i+ 1)\
Ball(u;r) 6 ; holdsm .
Then f (m) 2 Ball(u;r).
(34) For all g, pz, p sudch that op = pzp and p2 6 pzp holds (L (pz; [P21;
P2]) [ L([p21;p2];P) \ L(g;p2) = fp20.
(35) For all g, pz2, p sud that g1 = p2; and p1 6 p2; holds (L(p2;[p1;
P22]) [ L([P1;p22L;P)) \ L(g;p2) = fp20.
(36) If p1 6 aqu and pz 6 o, then L(p;[p1;c])\ L([p1;a];d) = flp1; a]g.
One can prove the following propositions:

(37) 1f pL & ar and p2 & op, then L(p;[a1; p2)) \ L([ar;p2];a) = floi; p2g.

(38) If pr = q andpz 6 o, then L(p;[p1; 252\ L([p1; 252, q) = f[pa;
p2+Q2]
719

(39) If p1 & cn and pz = cp, then L(p;[M5 % po]) \ L(IX5 % po)i0) =
p1+01.
f[=5—:p2lg.
(40) Ifi> 2andi 2 domf andf is aspecial sequencethenf i isa special
sequence.
(41) Ifpp 68 q andp, 8 o and f = hp;[py; ®];qi, then f(1) = p and
f(lenf) = gandf is a special sequence.
(42) If pp 6 q andp, 6 o and f = hp;[a1;p2];qi, then f(1) = p and
f(lenf) = gandf is a special sequence.
43) Ifpr=qgandp2 6 g andf = hp;[py; pZJrTqZ];qi, then f (1) = p and
f(lenf) = gandf is a special sequence.
(44) Ifpr6gandp = g andf = rp;[Wqu;pg];qi, then f (1) = p and
f(lenf) = gandf is a special sequence.
(45) Ifi 2 domf andi+ 12 domf andf (i) = pandf (i + 1) = q, then
B (+1)=1EFf i)[ L(p;a).
(46) Iflenf 2andp 2 [E(f), thenforevwerynsuchthatl nandn lenf
holds f (n) 6 p.
(47) If g6 pandL(qgp)\ I8(f) = fqg, then p 2 IE(f).
(48) Supposethat
() f is aspecial sequence,
(i fA)=p
@iy  f(lenf)=q,
(iv) pzBall(u;r),
(v) g2 Ball(u;r),
(vi) gq2L(f;mm+ 1),
(vi) 1 m,
(vii) m lenf 1,
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(ix) L(f;m;m+ 1)\ Ball(u;r)6 ;.
Then m = lenf 1.
(49) Supposethat
@ r>0,
(i) p12Ball(u;r),
(i) g2 Ball(u;r),
(iv) p2Ball(u;r),
(v) p2ZL(p1;a),
(Vi q=prandg 6 pp orq: 6 pp andp = po,
(Vi) p11 = Qi Or p1p = Gp.
Then L(p1;a) \ L(g;p) = fag.
(50) Supposethat
@i r>0,
(i)  p12Ball(u;r),
(i) p2 Ball(u;r),
(iv)  [p1;e] 2 Ball(u;r),
(v) g2 Ball(u;r),
(vi)  [p1;0] 2 L(p1;p),
(Vi) p11 = P21,
(vii)  p1 6 o,
(i) p26 .
Then (L(p;[p1;]) [ L([p1;%];d) \ L(p1;p) = fpg.
(51) Supposethat
@i r>0,
(i)  p1ZBall(u;r),
@iy p2 Ball(u;r),
(iv)  [o1;p2] 2 Ball(u;r),
(v) g2 Ball(u;r),
(Vi)  [a1;p2] 2 L(p1;p),
(vii)  p12 = p2,
(vii)  p1 6 o,
(i) p26 .

(1]
(2]
(3]

(4]
(5]

(6]

Then (L(p;[on;p2D) [ L([az;p2]; ) \ L(p1;p) = fpo.
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Summary . A concept of special polygonal arc joining two di eren t
points is de ned. Any two points in a ball can be connected by this kind
of arc, and that is also true for any region in E2.

MML Identier: TOPREAL4

The notation and terminology used here have beenintroducedin the following
articles: [13], [9], [1], [4], [2], [12], [11], [14], [20], [5], [3], [6], [7], and [8]. For
simplicity we follow a convertion: P, P;, P,, R will denote subsetsof ETZ, p,
p1, p2, q will denote points of E%, f, h will denote nite sequence®f elemeris
of E2, r will denote a real number, u will denote a point of E2, and n, i will
denote natural numbers. We now de ne three new predicates. Let us consider
P, p, g We say that P is a special polygonal arc joining p and g if and only if:
(Def.1) there exists f such that f is a special sequenceand P = 1§(f) and
p=f(1) and g= f (lenf).
Let usconsiderP. We say that P is a special polygonif and only if the conditions
(Def.2) is satis ed.

(Def.2) (i) There exist p1, po such that p;1 6 ppandps 2 P andp, 2 P,

(i) forall p,gsuchthat p2 P andg2 P and p 6 g there exist P, P>
such that P; is a special polygonal arc joining p and g and P> is a special
polygonal arc joining pand gand P, \ P, =fp;gqgand P = Py [ Po.

We say that P is aregionif and only if:
(Def.3) P isopenand P is connected.

The following propaositions are true:

1The article was written during my visit at Shinshu Univ ersity in 1992.
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(1) If P is a special polygonal arc joining p and g, then P is a special
polygonal arc.

(2) If P is a special polygonal arc joining p and g, then P is an arc from p
to Q.

(3) If P is a special polygonal arc joining p and g, thenp2 P and g2 P.

(4) If P is a special polygonal arc joining p and g, then p 6 q.

(5) If P is a special polygon, then P is a simple closedcurve.

(6) Supposep; = g andpr 6 @ andr > 0 and p 2 Ball(u;r) and
q 2 Ball(u;r) and f = tp;[p1; P25%];qi. Then f is a special sequence
andf (1) = pandf (lenf) = gand E(f ) is a special polygonal arc joining
pandgand E(f) Ball(u;r).

(7) Supposep; 8 g andp, = g andr > 0 and p 2 Ball(u;r) and
g2 Ball(u;r) and f = rp;[lerqu;pz];qi. Then f is a special sequence
andf (1) = pandf (lenf) = gand I&(f ) is a special polygonal arc joining
pandgand E(f) Ball(u;r).

(8) Supposep; 6 g andpr 8 o andr > 0 and p 2 Ball(u;r) and
g2 Ball(u;r) and [p1; 3] 2 Ball(u;r) and f = hp;[p1;];qi. Then f is
a special sequenceand f (1) = p and f (lenf) = g and [&(f ) is a special
polygonal arc joining p and g and I€(f) Ball(u;r).

(9) Supposep; 8 g andpr 8 o andr > 0 and p 2 Ball(u;r) and
g2 Ball(u;r) and [qy; p2] 2 Ball(u;r) and f = hp;[ay;p2];0i. Then f is
a special sequenceand f (1) = p and f (lenf) = g and IE(f ) is a special
polygonal arc joining p and qand IE(f)  Ball(u;r).

(10) Ifr > 0andp6 gandp 2 Ball(u;r) andq2 Ball(u;r), then there exists
P sud that P is a specialpolygonalarcjoining pandgand P Ball(u;r).

(11) Supposep 6 p; and pio = p2 and f is a special sequenceand f (1) = p1
and f (lenf) = ppand p2 L(f;1;2) and h = hpy; [P PLp;,];pi. Then
h is a special sequenceand h(1) = p; and h(lenh) = p and 1€(h) is a
special polygonal arc joining p; and p and [E(h) €(f) and 1€(h) =
E(f 1) L(ps;p).

(12) Supposep 6 p; and p11 = p1 andf is a special sequencaand f (1) = p1
and f (lenf) = ppandp 2 L(f;1;,2) and h = hpy;[p11; W];pi. Then
h is a special sequenceand h(1) = p; and h(lenh) = p and [E(h) is a
special polygonal arc joining p1 and p and I€(h) E(f) and 1€(h) =
E(f 1) [ L(ps;p)

(13) Supposethat

() p6py,
(i) f is a special sequence,
(i) (1) = py,

(iv) f(lenf) = py,
(v) i2domf,
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(vi) i+ 12 domf,

(viiy 1>1,
(viii)  p2 L(f;i;i+ 1),
(ix)  pé&f(i),

(x) p6&f(i+1),
(xi) h=(f i) hoi,
(xiiy qg= f().
Then h is a special sequenceand h(1) = p; and h(lenh) = p and [E(h)
is a special polygonal arc joining p; and p and 1€(h)  1€(f) and I€(h) =
&t [ L(ap)
(14) Supposep 6 p1 andf isaspecialsequenceandf (1) = p; andf (lenf) =
P2 andf (2) = pand pz = prp and h = hpy; [247 2L pyo ] pi. Then
() his aspecial sequence,
(i) h(@) = pa,
@ii)  h(lenh) = p,
(iv)  IE(h) is a special polygonal arc joining p; and p,
(v) Eh) I15(F),
(vi) &) = 1&Ff 1)[ L(p;p)
(viiy &) = &F  2)[ L(p;p).
(15) Supposep 6 p1 andf isaspecialsequenceandf (1) = p; andf (lenf) =
p2and f(2) = pand p1 = pyg and h = hpg; [prg; 22;°2];pi. Then
() his aspecial sequence,
(i) h(@) = pa,
@ii)  h(lenh) = p,
(iv)  IE(h) is a special polygonal arc joining p; and p,
(v) 1&(h) &),
(viy &) = 1&Ff 1)[ L(ps;p),
(viiy  1&h) = I&(F  2)[ L(p;p).

(16) Supposep 6 p1 andf isaspecialsequenceandf (1) = p; andf (lenf) =
p, andf (i) = pandi > 2andi 2 domf andh=f i. Then his a special
sequenceand h(1) = p; and h(lenh) = p and I€(h) is a special polygonal
arc joining p, and p and IE(h)  [E(f ) and I€(h) = I1€(f i)[ L(p;p).

(17) Supposep 6 p1 andf isaspecialsequenceandf (1) = p; andf (lenf) =
pandp2 L(f;n;n+ 1) and g = f(n). Then there exists h such that
h is a special sequenceand h(1) = p; and h(lenh) = p and 1€(h) is a
special polygonal arc joining p1 and p and I€(h) E(f) and 1€(h) =
€ n)[ L(ap).

(18) Supposep 6 p1 andf isaspecialsequenceandf (1) = p; andf (lenf) =
p2 and p 2 IE(f ). Then there exists h such that h is a special sequence
and h(1) = p; and h(lenh) = p and [E(h) is a special polygonal arc joining
p: and p and [E(h)  1§(f).
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(19) Supposethat
()  p1= P21 andpz & ppp Or p1 & pz; and p2 = P2y,
@iy r>0,
(i)  p1 2 Ball(u;r),
(iv)  p2 2 Ball(u;r),
(v) p2Ball(u;r),
(vi) f is a special sequence,
(i) (1) = py,
(viii)  f(lenf) = po,
(ix) L(pzp)\ &) = fpeg,
x) h=f Hhoi.
Then h is a special sequenceand 1€(h) is a special polygonal arc joining
p1 and p and 1€(h) 1€(f) [ Ball(u;r).
(20)  Supposethat
@ r>0,
(i) p12Ball(u;r),
(i)  p2 2 Ball(u;r),
(iv) p2Ball(u;r),
(V) [p1;p22] 2 Ball(u;r),
(vi) f is a special sequence,

(vii) (1) = pa,
(viiy  f (lenf) = py,
(iX)  p16 p21,
(X)  p26 p2o,

(xi) h=1f Hpi;p2l:pi,
(i) (L(p2;[p1;p22]) [ Lp1;p22ip) \ I5(F) = fp2g.
Then [€(h) is a special polygonal arc joining p1 and p and [E(h)  I€(f) [

Ball(u;r).
(21) Supposethat
@ r>0,

(i)  p1ZBall(u;r),

(i)  p2 2 Ball(u;r),

(iv) p2 Ball(u;r),

(v)  [p21;p2] 2 Ball(u;r),
(vi) f is a special sequence,

(vi) (1) = pa,
(vii)  f(lenf) = py,
(iX) P16 p2a,
(X)  p2 6 p22,

(xi) h=7f Hp21;p2];pi,

(i) (L(p2;[p21;p2]) [ L(Ip21;p2lip)) \ 18(F) = fpog.
Then [€(h) is a special polygonal arc joining p; and p and [E(h)  1(f) [
Ball(u;r).
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(22) Supposer > 0and p; Z Ball(u;r) and p, 2 Ball(u;r) and p 2 Ball(u;r)
andf is aspecialsequenceand f (1) = p; andf (lenf) = p, and p 2 I§(f ).
Then there exists h suc that [E(h) is a special polygonal arc joining p;
and p and [E(h) 1(f) [ Ball(u;r).

(23) GivenR, p, p1, p2, P, r, u. Thenif p6 p; and P is a special polygonal
arc joining p; and p, and P R andr > 0 and p 2 Ball(u;r) and
p2 2 Ball(u;r) and Ball(u;r) R, then there exists P; such that P; is a
special polygonal arc joining p; andpand P; R. W

(24) Forewerypsudithat RisaregionandP = fq:q6é p*q2 R": 5 [P1
is a special polygonal arc joining p and g~ P;  R]g holds P is open.

(25) If Risaregionandp2 RandP = fgq:q= p_ p,[P1 is a special
polygonal arc joining p and g” I?/Q’ R]g, then P is open.

(26) Ifp2RandP =fqg:q=p_ p,[P:1isaspecial polygonal arc joining
pandg” P1 R]g, thenP R. W

(27) If Risaregionandp2 RandP = fg:q= p_ p,[P1 is a special
polygonal arc joining pand g® P1.  R]g, then R PW

(28) If Risaregionandp2 RandP = fg:q= p_ p,[P1 is a special
polygonal arc joining pand g® P1  R]g,then R = P.

(29) IfRisaregionandp2 Randg?2 R and p 6 q, then there exists P
such that P is a special polygonal arc joining pandgand P R.
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Summary . In the article we introduce Go-board as some kinds
of matrix which elemerts belong to topological spaceEZ?. We de ne the
functor of delaying column in Go-board and relation between Go-board
and nite sequenceof point from EZ. Basic facts about those notations
are proved. The concept of the article is basedon [16].

MML Identier; GOBOARD1

The notation and terminology used here have beenintroducedin the following

papers: [17], [11], [2], [6]. [3], [9]. [7]. [14], [19], [1], [18], [3]. [12, [4]. [8], [10,
and [13].

1. Real Numbers Preliminaries

For simplicity we follow the rules: p denotesa point of E%, f, fq, f2, g denote
nite sequencesf elemerns of E%, v denotesa nite sequenceof elemens of
, ', s denotereal numbers, n, m, i, j, k denote natural numbers, and x is
arbitrary . One can prove the following three propositions:
(1) jr sj=1lifandonlyifr>sandr=s+ lorr<sands=r+ 1.
2 ji jj+jn mj=1lifandonlyifji jj=landn=morjn mj=1
andi=j.
(3) n> 1if and only if there existsm such that n= m+ 1andm > 0.

1This article was written during my visit at Shinshu Univ ersity in 1992.
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2. Finite Sequences Preliminaries

The scheme FinSegDChoice concernsa non-empty set A, a natural number B,
and a binary predicate P, and states that:
there exists a nite sequencd of elemens of A such that lenf = B and for
every n sud that n 2 SegB holds P[n;f (n)]
provided the parametershave the following property:
for every n such that n 2 SegB there exists an elemert d of A suc
that P[n;d].
One can prove the following propositions:
4 Ifn=m+ landi?2 Segn, then lenSgm(Segrnfig) = m.
(5) Supposen = m+ landk 2 Segn andi 2 Segm. Thenif 1 i and
i < k, then (Sgm(Segn nfkg))(i) = i but if k i andi m, then
(Sgm(Sen nfkg))(i) = i + 1.
(6) For ewery nite sequencd and for all n, m suc that lenf = m+ 1 and
n 2 Seglenf holdslen(f ,) = m.
(7) For ewvery nite sequence and for all n, m, k such that lenf = m+ 1
andn 2 Seglenf andk 2 Segm holdsf (k) = f (k) orf (k) = f (k+ 1).
(8) For ewvery nite sequence and for all n, m, k such that lenf = m+ 1
andn 2 Segenf and1 Kk andk < n holdsf (k) = f (k).
(9) For ewvery nite sequencd and for all n, m, k such that lenf = m+ 1
andn 2 Segenf andn kandk m holdsf (k) = f(k+ 1).
(10) If n2 domf and m 2 Segn, then (f n)(m) = f (m) and m 2 domf .
We now de ne four new constructions. A nite sequenceof elemerts of is
increasingif:

(Def.1) for all n, m such that n 2 domit and m 2 domit and n < m and for

all r, ssuch that r = it(n) and s= it(m) holdsr < s.
A nite sequencds constart if:

(Def.2) for all n, m such that n 2 domit and m 2 domit holdsit(n) = it(m).
Let us obsene that there exists a nite sequenceof elemerts of  which is
increasing. Note alsothat there existsa nite sequenceof elemens of which
is constart.

Let us considerf. The functor X-coordinate(f ) yields a nite sequenceof
elemerts of and is de ned by:

(Def.3) lenX-coordinate(f ) = lenf

and for every n suc that n 2 domX -coordinate(f ) and for every p such
that p = f (n) holds (X -coordinate(f ))(n) = p1.
The functor Y -coordinate(f ) yielding a nite sequencef elemeris of isde ned
as follows:
(Def.4) lenY -coordinate(f ) = lenf
and for every n such that n 2 domY -coordinate(f ) and for every p such
that p= f (n) holds (Y -coordinate(f ))(n) = po.
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One can prove the following propositions:

(11) Supposethat
@ veér,
(i) rngv Seqmn,
@iy  v(lenv) = n,
(iv) foreweryksuchthat 1 kandk lenv 1andforallr, s sud that
r=v(k) ands=v(k+ 1) holdsjr sj=1orr =S5,
(v) i2 Segn,
(vi) i+ 12 Segn,
(vi) m 2 domv,
(vii)  v(m) =i,
(ix) for every k such that k 2 domv and v(k) = i holdsk m.
Thenm+ 12 domvandv(m+ 1)=i+ 1.

(12) Supposethat

@ veér,
(i) rngv Seqmn,
@iy v(1) = 1,

(iv) v(lenv) = n,
(v) foreveryksucdhthatl kandk lenv 1andforallr, s sud that
r=v(k) ands= v(k+ 1) holdsjr sj=1lorr =s.

Then

(vi) for every i such that i 2 Segn there exists k such that k 2 domv and
v(k) =i,

(vii)  for all m, k, i, r such that m 2 domv and v(m) = i and for ewery j

such that j 2 domvand v(j) =i holdsj m andm < k and k 2 domv
andr = v(k) holdsi < r.

(13) If i 2 domf and2 lenf, then f (i) 2 (&(F).

3. Matrix Preliminaries

Next we state two propositions:

(14) For every non-empty set D and for every matrix M over D and for
all i, j sudh that j 2 SeglenM and i 2 Segwidth M holds M i(j) =
Line(M;j)(i).

(15) For every non-empty set D and for every matrix M over D and for
every k such that k 2 SeglenM holds M (k) = Line(M ; k).

We now de ne seweral new constructions. Let T be a topological space. A
matrix over T is a matrix over the carrier of T.
A matrix over EZ is non-trivial if:

(Def.5) 0< lenit and 0 < width it.
A matrix over EZ is line X -constart if:
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(Def.6) for every n such that n 2 Seglenit holds X -coordinate(Line(it ; n)) is
constart.
A matrix over E2 is column Y -constart if:
(Def.7)  for every n sudh that n 2 Segwidth it holds Y -coordinate(it ;) is con-
stant.
A matrix over E2 is line Y -increasingif:
(Def.8) for every n such that n 2 Seglenit holds Y -coordinate(Line(it;n)) is
increasing.
A matrix over E2 is column X -increasingif:
(Def.9) for every n sudh that n 2 Segwidth it holds X -coordinate(it ) is in-
creasing.
Onecanreadily verify that there existsa matrix over E% which is non-trivial, line
X -constart, column Y -constart, line Y -increasingand column X -increasing.
We now state two propositions:
(16)  For every column X -increasingline X -constart matrix M over EZ and
for all x, n, m sud that x 2 rngLine(M;n) and x 2 rng Line(M ; m) and
n 2 SegenM and m 2 SegenM holdsn = m.
(17) For every line Y -increasing column Y -constart matrix M over E% and
for all x, n, m sudh that x 2 rng(M .3) and x 2 rng(M .,) and n 2
Segwidth M and m 2 Segwidth M holdsn = m.

4. Basic Go-Bo ard’s Not ation

A Go-boardis anon-trivial line X -constart columnY -constart line Y -increasing
column X -increasingmatrix over E2.
In the sequelG denotesa Go-board. The following four propositions are
true:
(18) If x= Gmx andx = Gj; and hm; ki 2 the indicesof G and hi; ji 2 the
indicesof G, thenm =i andk = j.
(19) If m2 domf andf (1) 2 rng(G 1), then (f m)(1) 2 rng(G .1).
(20) If m 2 domf and f (m) 2 mg(G .width c), then (f  m)(len(f m)) 2
mg(G width G)-
(21) If mgf \ mg(G ;) = ; andf(n) = Gukx and n 2 domf and m 2
SedenG, theni 6 k.
Let us considerG, i. Let us assumethat i 2 Segwidth G and width G > 1.
The deleting of i-column in G yielding a Go-board is de ned by:
(Def.10) len(the deleting of i-column in G) = lenG and for every k such that
k 2 SedenG holds (the deleting of i-column in G)(k) = Line(G;K) i.
One can prove the following propositions:

(22) If i 2 Segwidth G and width G > 1 and k 2 SeglenG, then Line(the
deleting of i-column in G; k) = Line(G;Kk) .
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(23) If i 2 Segwidth G and width G = m + 1 and m > 0, then width (the
deleting of i-column in G) = m.

(24) If i 2 Segwidth G and width G > 1, then width G = width (the deleting
of i-columnin G) + 1.

(25) If i 2 Segwidth G and widthG > 1 and n 2 SegenG and m 2
Segwidth (the deleting of i-column in G), then (the deleting of i-column
in G)p.m = Line(G;n) j(m).

(26) If i 2 Segwidth G andwidth G= m+landm > O0and1l kandk< i,
then (the deleting of i-column in G) x = G  and k 2 Segwidth (the
deleting of i-column in G) and k 2 Segwidth G.

(27) Supposei 2 Segwidth G and width G = m+ 1andm > Oandi Kk
and k m. Then (the deleting of i-columnin G) x = G + and
k 2 Segwidth (the deleting of i-column in G) and k + 12 Segwidth G.

(28) If i 2 Segwidth G and width G= m+ 1andm > 0 and n 2 SeglenG
and1 k andk < i, then (the deleting of i-column in G),x = Gpx and

k 2 Segwidth G.
(29) Supposei 2 Segwidth G and widthG = m+ 1landm > Oand n 2
SegenG and i k and k m. Then (the deleting of i-column in

(30) If widthG = m+ 1andm > 0 and k 2 Segm, then (the deleting of

1-columnin G) x = G x+1 and k 2 Segwidth(the deleting of 1-column
in G) and k + 12 Segwidth G.

Bl HwidhG=m+1andm> 0andk 2 Segm and n 2 SeglenG, then
(the deleting of 1-columnin G),k = Gpk+1 and 12 Segwidth G.

32) If widthG = m+ 1landm > 0 and k 2 Segm, then (the deleting
of width G-column in G) x = G . and k 2 Segwidth(the deleting of
width G-column in G).

(83) IfwidhG=m+ 1andm > 0andk 2 Segm and n 2 SeglenG, then
k 2 Segwidth G and (the deleting of width G-column in G)px = Gnk
and width G 2 Segwidth G.
(34) Supposerngf \ mg(G ) = ; and f(n) 2 rngLine(G;m) and n 2
domf andi 2 Segwidth G and m 2 SeglenG and width G > 1. Then
f (n) 2 rng Line(the deleting of i-column in G; m).
Let us considerf, G. We say that f is a sequencewhich elemerts belongto
G if and only if the conditions (Def.11) is satis ed.
(Def.11) (i) For every n such that n 2 domf there existi, j suc that h; ji 2 the
indicesof G and f (n) = G;j; ,
(i)  for every n such that n 2 domf and n+ 12 domf and for all m, k,

i, ] sudc that hm; ki 2 the indicesof G and hi; ji 2 the indices of G and
f(n)= Gnkx andf(n+ 1)= Gjj holdsjm ij+jk jj= 1.

One can prove the following propositions:
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(35) If f is a sequencewhich elemens belongto G and m 2 domf , then
1 len(f m)andf m isa sequencewhich elemens belongto G.

(36) Supposethat

() for every n such that n 2 domf ; there existi, j such that hj; ji 2 the
indicesof G and f 1(n) = Gj;,

(i)  for every n such that n 2 domf, there exist i, j suc that h; ji 2 the
indicesof G and f(n) = Gj; .

Then for every n such that n 2 dom(f1 f,) there existi, j suc that hi
ji 2 the indicesof G and (f1 f2)(n) = Gj; .
(37) Supposethat

() for every n suc that n 2 domf, andn+ 12 domf, and for all m, k,
i,j such that hm; ki 2 the indicesof G and h; ji 2 the indices of G and
f1(n) = Gmk andfy(n+ 1) = Gj; holdsjm ij+ jk jj= 1,

(i)  for every n sud that n 2 domf, andn+ 12 domf, and for all m, k,
i, suc that hm; ki 2 the indicesof G and hi; ji 2 the indices of G and
fa(n) = Gk andfo(n+ 1) = Gj; holdsjm ij+ jk jj= 1,

(i) for all m, k, i, j such that hm; ki 2 the indicesof G and h; ji 2 the
indicesof G and fy(lenf;) = Gk and f»(1) = Gj; and lenf; 2 domf,
and 12 domf, holdsjm ij+ jk jj= 1.

Givenn. Supposen 2 dom(f; fp)andn+ 12 dom(f; f»). Givenm, k,
i,j. Then if hm; ki 2 the indicesof G and hi; ji 2 the indices of G and
(f1 f2)(n) = Gmyk and (f1 f2)(n+ 1) = Gjj, thenjm ij+jk jj=1.

(38) If f is a sequencewhich elemerts belongto G and i 2 Segwidth G
and rngf \ rng(G ;) = ; and width G > 1, then f is a sequencewhich
elemerts belongto the deleting of i-columnin G.

(39) If f isasequencevhich elemerns belongto G andi 2 domf , then there
exists n such that n 2 SeglenG and f (i) 2 rng Line(G;n).

(40) Supposef is a sequencewhich elemens belongto G and i 2 domf
andi+ 12 domf and n 2 SeglenG and f (i) 2 rngLine(G;n). Then
f (i+ 1) 2 rngLine(G;n) or for every k such that f (i + 1) 2 rng Line(G; k)
and k 2 SeglenG holdsjn kj= 1.
(41) Supposethat
@i 1 lenf,
(i)  f(enf) 2 rngLine(G;lenG),
(i)  f is a sequencewhich elemerts belongto G,
(iv) i2 SegengG,
(v) i+ 12 SegengG,
(vij  m 2 domf,
(vii)  f(m) 2 rngLine(G;i),
(viii)  for every k such that k 2 domf andf (k) 2 rngLine(G;i) holdsk m.
Thenm+ 12 domf andf(m+ 1) 2 rngLine(G;i + 1).
(42) Supposel lenf andf (1) 2 rngLine(G;1) and
f (lenf) 2 rngLine(G;lenG)
and f is a sequencewhich elemerns belongto G. Then
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() foreweryisudhthat 1 i andi lenG there exists k sud that
k 2 domf and f (k) 2 rng Line(G; i),

(i) foreweryisuhthat 1 iandi lenGand2 lenf holds IE(f)\
rngLine(G;i) 6 ;,

(i) foralli,j,k,msuchthat 1 iandi IlenGandl jandj IlenG
and k 2 domf and m 2 domf and f (k) 2 rngLine(G;i) and for every n
such that n 2 domf and f (n) 2 rngLine(G;i) holdsn k and k < m
and f (m) 2 rng Line(G;j) holdsi < j.

(43) If f is asequencevhich elemerns belongto G andi 2 domf , then there
exists n sudh that n 2 Segwidth G and f (i) 2 rng(G ).

(44) Supposef is a sequencewhich elemerns belongto G and i 2 domf
andi+ 12 domf and n 2 Segwidth G and f (i) 2 rng(G .5). Then
f(i+ 1) 2 mg(G .,) or for every k such that f (i + 1) 2 rng(G ) and
k 2 Segwidth G holdsjn  kj = 1.

(45) Supposethat

@i 1 lenf,

(i) f(lenf) 2 mg(G widt ),

(i) f is a sequencewhich elemerns belongto G,

(iv) 12 Segwidth G,

(v) i+ 12 Segwidth G,

(vij  m 2 domf,

(vii)  f(m) 2 rng(G ;),

(viii)  for every k sudh that k 2 domf and f (k) 2 rng(G ;) holdsk m.
Then m+ 12 domf andf(m+ 1) 2 ng(G .j+1).

(46) Supposel lenf andf (1) 2 mg(G .1) andf (lenf) 2 rg(G .width )
and f is a sequencewhich elemers belongto G. Then

(i) foreweryisuchthat 1 i andi width G there exists k such that
k 2 domf andf (k) 2 rng(G ),

(i) forewryisuththat 1 i andi width G and 2  lenf holds
E(f)\ mg(G ;)6 ;,

(i) foralli,j,k, msuhthat 1 iandi widthGand1l | and
i width G and k 2 domf and m 2 domf and f (k) 2 rmg(G ;) and
for every n sud that n 2 domf and f(n) 2 rng(G ;) holdsn k and
k< mandf(m)2rng(G ;) holdsi < j.

(47) Supposethat

() n2domf,

(i) f(n)2mg(G x),

(i) k2 Segwidth G,

(iv)  f(1) 2 mg(G 1),

(v) f is asequencenhich elemers belongto G,

(vi) for everyi sud that i 2 domf andf (i) 2 rng(G ) holdsn i.
Then for every i such that i 2 domf andi n and for every m such that
m 2 Segwidth G and f (i) 2 rng(G ) holdsm k.
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(48) Supposef isasequencavhich elemeris belongto G andf (1) 2 rng(G 1)

andf (lenf) 2 rg(G .widgth c) andwidth G> 1land1 lenf. Then there
exists g sudh that g(1) 2 rng((the deleting of width G-column in G) 1)
and g(leng) 2 rng((the deleting of width G-column in

G) ;width(the deleting of width G column in G))

and 1l leng and g is a sequencewhich elemens belongto the deleting
of width G-columnin G andrngg rngf.

(49) Supposef is a sequencewnhich elemerts belongto G and

rmgf \ mg(G .1) 6 ; andrngf \ rmg(G wigih c) 6 ;.

Then there exists g sudh that rngg  rngf and g(1) 2 rng(G 1) and
g(leng) 2 mg(G .width c) and1l lengandgis asequenceavhich elemens
belongto G.

(50) Supposek 2 SegenG and f is a sequencewhich elemerts belong

(1]
(2]

(3]
(4]
(5]
(6]
(7]
(8]
9]
(10]
(11]
(12]
(13]
(14]

(15]

to G and f(lenf) 2 rngLine(G;lenG) and n 2 domf and f(n) 2
rng Line(G; k). Then

(i) foreweryi suchthat k i andi lenG there exists | sud that
j 2domf andn j andf(j) 2 rngLine(G;i),

(i) for every i such that k < i and i lenG there existsj sud that

j 2domf andn<j andf (j) 2 rngLine(G;i).
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Summary . In article we de ne Go-board determined by nite
sequenceof points from topological space E2. A few facts about this
notation are proved.

MML Identier; GOBOARD2

The papers [17], [10], [2], [6]. [3]. [8], [19], [16], [1], [18], [13], [5], [12], [11], [4],
[7], [9], and [14] provide the notation and terminology for this paper.

1. Real Numbers Preliminaries

For simplicity we follow the rules: p, q denote points of E2, f, f4, f,, g denote
nite sequencef elemerts of E2, R denotesa subsetof , r, s denote real
numbers, v, v, Vo denote nite sequence®f elemens of , n, m, i, j, k denote
natural numbers, and G denotesa Go-board. We now state the proposition
(1) If Ris nite andR 6 ;, then R is upper boundedand supR 2 R and
R is lower boundedand inf R 2 R.

2. Properties of Finite Sequences of Points fr om E%

One can prove the following propositions:

(2) For every nite sequencd holdsf is one-to-oneif and only if for all n,
m such that n 2 domf and m 2 domf and n 6 m holdsf (n) 6 f (m).

(3) Forewrynholdsl nandn lenf 1if andonlyif n2 domf and
n+ 12 domf.

1This article was written during my visit at Shinshu Univ ersity in 1992.
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(4) Forewerynholdsl nandn lenf 2if andonlyif n2 domf and
n+ 12 domf andn+ 22 domf.

(5) The following conditions are equivalen:

(i) foralln,msuhhthatn m>21orm n> 1lholdsL(f;n;n+ 1)\
L(f;mm+ 1)=,

(i) foralln,msuchthat n m> l1orm n> 1butn2 domf and
n+ 12 domf and m 2 domf and m+ 12 domf holdsL(f;n;n+ 1)\
LE;mm+1)=;.

(6) Supposethat

(i) forewrynsuhthat 1 nandn lenf 2holdsL(f;n;n+ 1)\
L(f;n+ Ln+2)=ff(n+ 1)g,

(i) foralln, msuchthat n m>21orm n> 1lholdsL(f;n;n+ 1)\
L(f;mm+ 1)=,

(i)  f is one-to-one,

(iv) f(lenf)2 L(f;i;i+ 1),

(v) i2domf,

(vi) 1+ 12 domf.

Theni+ 1= lenf.
(7) Ifk6 Oandlenf = k+ 1,then I8(f) = I8(f Kk)[ L(f;k;k+ 1).
(8) Supposethat

i) 1<Kk,

(i) lenf =k+ 1,

@iy forewerynsuchthat 1 nandn lenf 2holdsL(f;n;n+ 1)\
L(f;n+ Ln+2)=ff(n+ 1)g,

(iv) foralln,msuchthat n m>21orm n>1holdsL(f;n;n+ 1)\
Lf;mm+1)=;.

Then E(f k)\ L(f;k;k+ 1) = ff (k)g.

9 Iflenfi<nandn len(f; f,) landm=n lenfq, then L(f;
forn;n+ 1)=L(fo;m;m+ 1).

(10) I&f) &(F o).

(11) Supposeforalln,msuchthat n m> l1orm n> 1holdsL(f;n;n+
DN LE;mm+ 1) = ;. Then for all n, m such that n m > 1 or
m n>ZlholdsL(f i;nn+ D)\ L{E iimm+1)=;.

(12) Supposethat

() foraln,p,gsuchthat 1 nandn lenf; 1andfi(n) = pand
fa(n+ 1) = g holdsp; = o or p2 = @,

(i) foralln,p,gsuchthat 1 nandn lenf, 1andfy(n)= pand
fa(n+ 1) = qgholdspy = q or p2 = op,

@iy  for all p, g such that f1(lenf;) = pandf,(1) = gholdsp; = qq or
P2 = G-

Then for all n, p, q sud that 1 n and n len(f1 f») 1 and
(fr f2)(n)=pand(f1 fz)(n+ 1)=qgholdsp; = q or pz = .
(13) If f 8 ", then X-coordinate(f) 6 ".
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(14) Iff 6 ", thenY -coordinate(f) 6 ".

(15) Supposefor all n, p, g such that n 2 domf and n+ 1 2 domf and
f(n)=pandf(n+ 1) = qholdspy = g1 or p2 = . Given n. Suppose
n 2 domf and n+ 1 2 domf. Then for all i, j, m, k such that hi
ji 2 the indices of G and hm; ki 2 the indicesof G and f (n) = G;; and
f(n+1)= Gy holdsi= mork=j.
(16) Supposethat
(i) for every n such that n 2 domf there existi, j suc that hi; ji 2 the
indicesof G and f (n) = Gj; ,
(i)  for all n, p, gsuch that n 2 domf andn+ 12 domf andf(n) = p
andf(n+ 1)= qgholdspy = q or p2 = o,
(i)  for every n such that n 2 domf and n+ 1 2 domf holds f (n) 6
f(n+ 1)
Then there exists g sud that g is a sequencewhich elemers belong
to G and I8(f) = (g) and g(1) = f(1) and g(leng) = f (lenf) and
lenf leng.
(17) If visincreasing,then for all n, m such that n 2 domv and m 2 domv
andn mandfor all r, s such that r = v(n) and s= v(m) holdsr s.

(18) If visincreasing,then for all n, m such that n 2 domv and m 2 domv
and n 6 m holds v(n) 6 v(m).

(19) If visincreasingandv; = v Segn, then v, is increasing.

(20) For ewery v there exists v; such that rngvy = rngv and lenvy =
cardrngv and v, is increasing.

(21) For all vy, vo such that lenvy = lenvy, and rngvy = rngvy and vy is
increasingand v, is increasingholds vi = vs.

3. Go-Bo ard Determined by Finite Sequence

We now de ne three new functors. Let vj, v, be increasing nite sequence®f
elemens of . Let us assumethat v1 6 " and v, 6 ". The Go-board of v, v»
yields a Go-board and is de ned by:

(Def.1) lenthe Go-board of vi, vo = lenv; and width the Go-board of vq, v, =
lenv, and for all n, m such that hn; mi 2 the indices of the Go-board
of v1, vo and for all r, s such that vi(n) = r and vo(m) = s holds (the
Go-board of vi, V2)n:m = [r;S].

Let us considerv. The functor Inc(v) yielding an increasing nite sequenceof
elemerts of is de ned by:

(Def.2) rnglinc(v) = rngv and leninc(v) = cardrngv.

Let us considerf. Let us assumethat f 6 ". The Go-board of f yielding a
Go-board is de ned by:
(Def.3) the Go-board of f = the Go-board of Inc(X -coordinate(f )),
Inc(Y -coordinate(f )).
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One can prove the following propositions:
(22) If vé ", thenInc(v) 6 ".

(23) If f 6 ", then lenthe Go-board of f = cardrng X -coordinate(f ) and
width the Go-board of f = cardrngY -coordinate(f ).

(24) If f 6 ", then for every n such that n 2 domf there existi, j suc that
h; ji 2 the indices of the Go-board of f and f (n) = (the Go-board of

(25) Iff 8 " andn 2 domf andr = (X -coordinate(f ))(n) and for every m
such that m 2 domf and for every s such that s = (X -coordinate(f ))(m)
holdsr s, then f (n) 2 rng Line(the Go-board of f ; 1).

(26) If f 8 " and n 2 domf andr = (X -coordinate(f ))(n) and for every m
such that m 2 domf and for every s such that s = (X -coordinate(f ))(m)
holdss r, then f (n) 2 rng Line(the Go-board of f ;lenthe Go-board of
f).

(27) Iff 8 " andn 2 domf andr = (Y -coordinate(f ))(n) and for every m
such that m 2 domf and for every s such that s = (Y -coordinate(f ))(m)
holdsr s, then f (n) 2 rng((the Go-board of f) .1).

(28) Iff 8 " andn 2 domf andr = (Y -coordinate(f ))(n) and for every m
such that m 2 domf and for every s sud that s = (Y -coordinate(f ))(m)
holdss r, then f (n) 2 rng((the Go-board of f) .width the Go board of f )-
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Summary . Two useful facts about Go-board are proved.

MML Identier; GOBOARD3

The terminology and notation usedin this paper have beenintroduced in the
following articles: [16], [8], [1], [5], [2], [14], [19], [17], [4], [20], [9], [3], [6], [7],
[13], [11], and [12]. For simplicity we follow the rules: p, q are points of EZ, f,
g are nite sequence®f elemers of E%, n, m, i, j are natural numbers, and G
is a Go-board. One can prove the following two propositions:
(1) Supposethat
(i) for every n such that n 2 domf there existi, j suc that hi; ji 2 the
indicesof G and f (n) = Gj; ,
(i) f is one-to-one,
(i) for everynsucththat 1 nandn lenf 2holdsL(f;n;n+ 1)\
L(f;n+ Ln+2)=ff(n+ 1)g,
(iv) foralln,msuchthat n m>2l1orm n> 1holdsL(f;n;n+ 1)\
Lf;mm+1)=;,
(vy foralln,p,gsuchthat 1 nandn lenf 21andf(n)= pand
f(n+ 1) = qgholdspy = q or p2 = Op.
Then there exists g suc that g is a sequencewhich elemens belong to
G and g is one-to-oneand for every n suchthat 1 nandn leng 2
holdsL(g;n;n+ 1)\ L(g;n+ 1;n+ 2)= fg(n+ 1)g and for all n, m such
that n m>21orm n>21lholdsL(g;n;n+ 1)\ L(gym;m+ 1) = ;
and for all n, p,gsuchthat 1 nandn leng 1andg(n)= pand
g(n+ 1)=qgholdspy = q or pp = p and IE(f ) = 1¥(g) and f (1) = g(1)
and f (lenf) = g(leng) and lenf  leng.

1This article was written during my visit at Shinshu Univ ersity in 1992.
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(12]
(13]
(14]
(15]
(16]

(17]

jar oslaw koto wicz and yatsuka nakamura

Supposefor every n such that n 2 domf there exist i, | suc that
h; ji 2 the indicesof G and f(n) = G;; and f is a special sequence.
Then there exists g suc that g is a sequencewhich elemens belong to
G and g is a special sequenceand I€(f) = 1&(g) and f (1) = g(1) and
f (lenf) = g(leng) and lenf leng.
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Summary . We prove the Go-board theorem which is a special
caseof Hex Theorem. The article is basedon [15].

MML Identier; GOBOARD4

The terminology and notation usedin this paper are introducedin the following
articles: [16], [7], [1], [4], [2], [13], [14], [17], [3], [8], [5], [6], [9], [12], [1Q], and
[11]. For simplicity we adopt the following convertion: p, p1, P2, 9, Gi, ¢ will
be points of E2, P1, P, will be subsetsof E2, f, f, will be nite sequencef
elemerts of E%, r, s will be real numbers, n will be a natural number, and G
will be a Go-board. We now state se\eral propositions:

(1) GivengG, fq, fo. Supposethat
(i) 1 lenfq,
(i) 1 lenfy,
(i)  fq is a sequencewhich elemerts belongto G,
(iv) f,is a sequencewhich elemerts belongto G,
(v) f1(1) 2 rngLine(G; 1),
(vi) fi(lenf,) 2 mgLine(G;lenG),
(vii)  f2(1) 2 rg(G 1),
(vii)  fa(lenfz) 2 g(G .width 6)-
Then rngf1\ mgf, 6 ;.
(2) GivengG, fq, f2. Supposethat
i 2 lenfq,
(i) 2 lenfy,
(i)  fqis a sequencenhich elemeris belongto G,
(iv)  f, is a sequencewhich elemers belongto G,
(v) f1(1) 2 rngLine(G; 1),
(vi) fi(lenf,) 2 rgLine(G;lenG),

1This article was written during my visit at Shinshu Univ ersity in 1992.
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(vii)  f2(1) 2 rg(G 1),
(vii)  fa(lenfz) 2 g(G .width G)-
Then 1€(f1) \ 1E(f,) 6 ;.
(3) GivengG, fq, f2. Supposethat
() f, is a special sequence,
(i) f, is a special sequence,
(i)  fqis a sequencenhich elemeris belongto G,
(iv)  f, is a sequencewhich elemeris belongto G,
(v) f1(1) 2 rngLine(G; 1),
(vi) fi(lenf) 2 rngLine(G;lenG),
(vii)  f2(1) 2 rg(G 1),
(vii)  fa(lenfz) 2 g(G .width G)-
Then 1€(f1) \ 1E(f,) 6 ;.
(4) Givenfq, f,. Supposethat
i 2 lenfq,
(i) 2 lenfy,
(i)  forall n, p, gsuc that n 2 domf; andn+ 12 domf; andfi(n) = p
andfi(n+ 1) = gholdspy = g; or p2 = Op,
(iv) for all n, p, gsuc that n 2 domf, andn+ 12 domf, andf,(n) = p
andfy(n+ 1)= gholdspy = g or p2 = op,
(v) for every n such that n 2 domf; and n+ 12 domfq holds f1(n) 6
fa(n+ 1),
(vi) for every n such that n 2 domf, and n+ 1 2 domf, holds f,(n) 6
fo(n+ 1),
(vii)  for every r such that r = (X-coordinate(f 1))(1) and for all n, s suc
that n 2 domfq and s = (X -coordinate(f 1))(n) holdsr s,
(viii)  for every r such that r = (X -coordinate(f 1))(1) and for all n, s sud
that n 2 domf, and s = (X -coordinate(f2))(n) holdsr s,
(ix)  for every r such that r = (X -coordinate(f 1))(len f1) and for all n, s
such that n 2 domf; and s = (X-coordinate(f 1))(n) holdss r,
(x) for every r such that r = (X -coordinate(f 1))(len f1) and for all n, s
such that n 2 domf, and s = (X -coordinate(f »))(n) holdss r,
(xi)  for every r such that r = (Y -coordinate(f ))(1) and for all n, s sud
that n 2 domfq and s = (Y -coordinate(f 1))(n) holdsr s,
(xii)  for every r such that r = (Y -coordinate(f »))(1) and for all n, s sud
that n 2 domf, and s = (Y -coordinate(f »))(n) holdsr s,
(xiii)  for every r such that r = (Y -coordinate(f »))(len f,) and for all n, s
such that n 2 domf; and s = (Y -coordinate(f 1))(n) holdss r,
(xiv)  for ewvery r sud that r = (Y -coordinate(f »))(len f,) and for all n, s
such that n 2 domf, and s = (Y -coordinate(f »))(n) holdss r.
Then 1€(f1) \ 1E(f,) 6 ;.
(5) Givenfq, f,. Supposethat
() f, is a special sequence,
(i) f, is a special sequence,
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(i)  for every r such that r = (X -coordinate(f 1))(1) and for all n, s such
that n 2 domfq, and s = (X -coordinate(f 1))(n) holdsr s,
(iv)  for every r such that r = (X -coordinate(f 1))(1) and for all n, s sud
that n 2 domf, and s = (X -coordinate(f»))(n) holdsr s,
(v) for every r such that r = (X-coordinate(f 1))(len f1) and for all n, s
such that n 2 domf, and s = (X-coordinate(f 1))(n) holdss r,
(vi) for every r such that r = (X -coordinate(f 1))(len f1) and for all n, s
such that n 2 domf, and s = (X-coordinate(f »))(n) holdss r,
(vii)  for every r such that r = (Y -coordinate(f 2))(1) and for all n, s sud
that n 2 domfq and s = (Y -coordinate(f 1))(n) holdsr s,
(viii)  for every r such that r = (Y -coordinate(f »))(1) and for all n, s suc
that n 2 domf, and s = (Y -coordinate(f 2))(n) holdsr s,
(ix)  for every r such that r = (Y -coordinate(f ))(len f,) and for all n, s
such that n 2 domf; and s = (Y -coordinate(f 1))(n) holdss r,
(x) for every r such that r = (Y -coordinate(f »))(len f,) and for all n, s
such that n 2 domf, and s = (Y -coordinate(f »))(n) holdss r.
Then 1€(f1) \ 1E(f,) 6 ;.
(6) Given Py, P,. SupposeP; is a special polygonal arc and P is a special
polygonal arc. Given G, f,, f,. Supposethat
() f, is aspecial sequence,
(i)  Pr=1&(fy),
(i)  f, is a special sequence,
(iv) P2= 1&(F2),
(v) f,is asequencewhich elemers belongto G,
(vi) fo is a sequencewhich elemeris belongto G,
(vii)  f1(1) 2 rngLine(G; 1),
(viii)  fq(lenfq) 2 rngLine(G;lenG),
(ix)  f2(1) 2 mng(G 1),
(x)  fa(lenfz) 2 mg(G .width )-
Then P1\ P, 6 ;.
(7) Given Py, P,. SupposeP; is a special polygonal arc and P is a special
polygonal arc. Givenf 1, f,. Supposethat
() f, is aspecial sequence,
(i)  Pr=1&(f1),
(i)  f, is a special sequence,
(iv) P2=18(>2),
(v) for every r such that r = (X -coordinate(f 1))(1) and for all n, s sud
that n 2 domfq and s = (X -coordinate(f 1))(n) holdsr s,
(vi) for every r such that r = (X -coordinate(f 1))(1) and for all n, s sud
that n 2 domf, and s = (X -coordinate(f2))(n) holdsr s,
(vii)  for every r such that r = (X -coordinate(f 1))(len f1) and for all n, s
such that n 2 domf, and s = (X -coordinate(f 1))(n) holdss r,
(viii)  for every r such that r = (X -coordinate(f 1))(len f1) and for all n, s
such that n 2 domf, and s = (X -coordinate(f »))(n) holdss r,
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(ix)  for every r such that r = (Y -coordinate(f »))(1) and for all n, s sud
that n 2 domfq and s = (Y -coordinate(f 1))(n) holdsr s,
(x) for every r such that r = (Y -coordinate(f 2))(1) and for all n, s sud
that n 2 domf, and s = (Y -coordinate(f 2))(n) holdsr s,
(xi)  for every r such that r = (Y -coordinate(f »))(len f,) and for all n, s
such that n 2 domf; and s = (Y -coordinate(f 1))(n) holdss r,
(xii)  for every r such that r = (Y -coordinate(f »))(len f,) and for all n, s
such that n 2 domf, and s = (Y -coordinate(f »))(n) holdss r.
Then P1\ P, 6 ;.
(8) Given Py, Py, p1, p2, 01, (. Supposethat
() P71 is a special polygonal arc joining p; and i,
(i) P2 is a special polygonal arc joining p, and o,
(i)  for every psuchthat p2 P1[ P2 holdspi; p1randpr  aug,
(iv) for everypsudithat p2 Pi[ P2 holdspy, p2 andpy  opo.
Then P\ P, 6 ;.
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Some Prop erties of Binary Relations
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Summary . The article contains some theorems on binary rela-
tions, which are usedin papers [2], [3], [1], and other.

MML Identier. SYSREL

The articles [5], [6], [7], and [4] provide the terminology and notation for this
paper. We adopt the following rules: x, y are arbitrary, X, Y, Z, W are sets,
and R, S, T are binary relations. We now state a number of propositions:

Q) WX\VY=;andx2 X[ Y,thenx2 X andx 2Y orx 2 Y and
xzX.

2 XIY)[Z=X[Z[ ([ 2).
B X[X[Y)=X][Y.
4 1X Y\Z,thenX YandX Z.
(5) =3,
(6) nR= .
(7 R Sifandonlyif RnS=
(8 R\ S= ifandonlyif RnS=R.
9 RnR=
10) IR ,then R =
(1)) [ R=RandR[ =Rand \ R= andR\ =
Let us considerX, Y. Then [ X; Y ] is a binary relation.
Next we state seweral propositions:
(12) IfX6;andY 6 ;,thendomfX;Y]=X andrngfX;Y]=Y.
(13) dom(R\ [X;Y] X andrng(R\ [X;Y] Y.
a4) 1 X\VY =;,thendomR\ [X;Y]\ mg(R\ [X;Y] =; and
dom(R \ [X; YD\ mg(R \ [X;Y]=;.
(15) R [X;Y], thendomR X andrngR Y.
a6) IR [X;Y] thenR [Y; X1
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@7n HX\VY=;,thenfX;Y]I\[Y;X]=;.

(18) [X;Y] =[Y; X1

Next we state a number of propositions:

199 (R[S) T=R T[S TandR (S[T)=R S[R T.

200 R [X;Y]andhx yi2R,thenx2 X andy2Y.

2@ HX\VY=;andR [X;Y][[Y;X]Jandh; yi2 Randx 2 X,
thenx 2Y andy2X andy2Y,

) ifX\VY=;andR [X;Y][[Y;X]andhsyi2 Randy?2Y,
thenyZX andx 2Y andx 2 X,

@iy ifX\VY=;andR [X;Y][[Y;X]andhx;yi2 Randx 2,
thenx 2 X andy2Y andy 2 X,

vy ifX\VY=;andR [X;YI[[Y;X]andhxyi2Randy?2 X,
thenx 2 X andy2Y andx 2 Y.

(22) If rngR\ domS=; ordomS\ rmmgR=;,thenR S= .

23) KR [X;Y]andZ X,thenR Z =R\ [Z;Y]butifR [X;
Yl]andZ Y,thenZ R=R\ [X;Z].

24) IR [X;Y]JandX =Z[ W,thenR=R Z[ R W.

25) I X\VY=;andR [X;YI[[Y;X],thenR X [X;Y]

(26) IfR S,thenR S .

27) 4x [X; X1

(28) 4x 4x=4x.

(29) 4 1yq = fhix; xig.

(30) hx;yi 24y ifandonly if hy; xi 2 4 .

(31) 4x[Y=4x[4Yand4x\Y=4x\4Yand4Xny=4xn4y.

(32) If X Y, then 4 4.

(B3) 4xnyndx =

34) IR 4g4omr,thenR =4 4omr.

(35) If4x R[R ,thend4x Rand4x R .

(36) If4x R,thend4x R .

37) IR [X;X]thenRn4 jomr=Rn4x andRNn4 n,gr=Rn4x.

(38) Ifd4x (Rndyx)= ,thendom(Rn4 x)= domR ndom(4 x) but if
(Rnd4yx) 4x = ,thenrng(Rn4 x)=rngRnrng(4 x).

B39 IR R RandR (Rn4gyr)= ,then4,gr RbutifR R R
and (Rn4 gomr) R= ,then4 4omr R.

(40)() KR R RandR (Rn4gr)= ,thenR\ 4 gr =4 mgR,
(i) fR R Rand(Rn4g4gmr) R= ,thenR\ 4 4omr = 4 gomR-
(41) IfR (Rn4x)= andmgR X,thenR (Rn4gr)= butif

(Rnd4dx) R= anddomR X, then(Rn4 4omr) R= .

Let us considerR. The functor CL(R) yielding a binary relation is de ned
as follows:

(Def.1) CL(R) = R\ 4 gomr.



some pr oper ties of binar y rela tions 133

One can prove the following propositions:

(42) CL(R) RandCL(R) 4 gomr-

(43) If hx; yi 2 CL(R), then x 2 domCL(R) and x = y.

(44) domCL(R) = rng CL(R).

(45) () x 2 domCL(R) if and only if x 2 domR and hx; xi 2 R,
(i)  x2rngCL(R) if and only if x 2 domR and hx; xi 2 R,
(i) x2rngCL(R) if andonly if x 2 rngR and hx; xi 2 R,
(iv) x2 domCL(R) if andonlyif x 2 rmgR and hx; xi 2 R.

(46) CL(R) = 4 gomcL(Rr)-
@47 (@) KR R=RandR (RnCL(R)) = andhx;yi 2 Randx 6 v,
then x 2 domR ndomCL(R) andy 2 domCL(R),
(i) fR R=Rand(RnCL(R)) R= andhx;yi 2 Randx 6 vy, then
y 2 rng R ndomCL(R) and x 2 domCL(R).
48)() IR R=RandR (Rn4gmr)= andhx;yi 2 Randx 6 vy,
then x 2 domR ndomCL(R) andy 2 domCL(R),
(i) fR R=Rand(Rn4 4omr) R= andhx; yi 2 R andx 6 y, then
y 2 rngR ndomCL(R) and x 2 domCL(R).
49)() KR R=RandR (Rn4 gmr) = ,then domCL(R) = rngR
and g CL(R) = rngR,
@i fR R=Rand(Rn4 gmr) R= ,thendomCL(R) = domR and
rng CL(R) = domR.
(50) domCL(R) domR andrngCL(R) rmgR andrngCL(R) domR
and domCL(R) rngR.

(®1) 4 domcyr) 4domr @nd4 gcir) 4 domR-

(52) 4 dom CL(R) R and 4 rng CL(R) R.

(53) If 4 « R and 4 x (Rn4x): ,thenR X =4 x but if 4 x R
and(Rn4x) 4y = ,thenX R=4x.

(54) () 4 gomcur) (RN gomci(r)) = thenR domCL(R) = 4 gomcL(R)
and R mng CL( R) =4 gom CL(R)»

(i) if(Rn4 mg CL(R)) 4 mngcL(R) = then domCL(R) R = 4 yom CL(R)
and g CL(R) R =4 gci(Rr)-
(55) IR (Rn4gomr)= ,then4 gomcyr) (RN4 gomcyr)) = but if
(Rn4 gomr) R= ,then (RnN4 gomcy(r)) 4 domcu(rR) =

GB6)y@ IfS R=SandR (Rn4 4gmr)= ,thenS (Rn4 4omr) = ,
(i) fR S=Sand(Rn4g4gmr) R= ,then(Rn4 4mr) S= .
57) IfS R=SandR (Rn4 gmgr) = ,then CL(S) CL(R) but if
R S=Sand(Rn4 gmr) R= ,then CL(S) CL(R).
B8 (@ IfS R=SandR (Rn4gmr)= andR S=RandS (Sn
4 4oms) = , then CL(S) = CL(R),
(i) fRS=Sand(Rn4 gomr) R= andS R=Rand(Sn4 goms) S=
, then CL(S) = CL(R).
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